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PREFACE. 


In  dealing  with  each  example  in  this  work  it  has  been 
my  object  to  give  the  solution  which  follows  most  naturally 
from  the  formulae  and  theorems  with  which  the  Student 
is  acquainted  at  that  stage. 

I have  also  taken  great  care  that  the  solutions  should 
be  sufficiently  clear  and  explicit  to  be  of  use  to  Students 
who  are  reading  the  subject  without  the  aid  of  a Teacher. 

I have  to  express  my  deepest  thanks  to  Mr  Smith  for 
the  very  valuable  help  which  he  has  afforded  me,  and  for 
his  revision  of  the  sheets  for  the  Press. 

A.  G.  CRACKNELL. 

SUNBURY  MILITARY  COLLEGE, 

June,  1891. 
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KEY  TO  ELEMENTARY  ALGEBRA 


I.  Page  3. 

1.  7 + 6 + 4 = 13  + 4 = 17.  2.  5 -3  + 4 = 2 + 4 = 6. 

3.  11  + 7-12-6  = 18-12-6  = 6-6  = 0.  4.  7x6x4  = 42x4  = 168. 

k on  77  77 

5.  5-h3x  4 = ^x4=^.  6.  11  x 7^12-6  = 77 g-12g-6  = ^h-6=  ^. 

O O id  id 

7.  3-2  = 1.  8.  4-1  = 3.  9.  7 x 1 - 3 x 2 = 1.  10.  10x2-6x3  = 2. 

11.  5x1-2x2  + 6x3-4x4  = 5-4  + 18-16  = 3. 

12.  13x1-6x2  + 7x3-5x4  = 13-12  + 21-20  = 2. 

13.  18x2-3x3-4x4  + 9x1  = 36-9-16  + 9 = 20. 

14.  20x1x2-3x3x4  = 40-36  = 4.  15.  4x4x1-2x2x3  = 16-12  = 4. 

16.  1x2x3  + 2x3x4  + 3x4x1  + 4x1x2  = 6 + 24  + 12  + 8 = 50. 

17.  3x6x5  + 2x2x5  + 5x6  = 90  + 20  + 30  = 140. 

18.  7x6x0  + 9x2x5-3x5x6  = 0 + 90-90  = 0. 

19.  6 x 5-=-2  = 30-+2  = 15.  20.  6+-6  x 2 = ^ x 2=  ~ . 

5 5 

21.  2x5-f-6-^2  = 10-r6-+2=^2=5. 

6 6 

II.  Pages  7 — 8. 

13.  (10 + 15)  (9 -6)  = 25x3= 75.  14.  (5  + 6)  (1  + 0)  = 11  x 1 = 11. 

15.  (15  - 12)3  - 2 (9  - 6)2  + 2 (0  + 3)2  = 33  - 2 x 32  + 2 x 32  = 27. 

16.  4 x 53  + 4 x 33  + 4 x l3-  3 (3  + 1)(1  + 5)  (5  + 3) 

= 4x125  + 4x27  + 4x1-3x4x6x8  = 36. 

17.  5 (5  + 1)3  (3  - l)2  - ^ (5  - 0)3  (3  + 3)2=  5 x 63  x 2a  - ^ x 53  x 6s 

5 = 4320-180  = 4140. 

18.  When  x — 2,  x2-  5x + 6 — 4-  10  + 6,  and  when  x — 3, 

:r2-5a;  + 6=9-15  + 6. 

5£ 


K.  S.  E.  A. 
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19.  (i)  2x8-11x4  + 17x2-6  = 16-44  + 34-6  = 0. 

(ii)  2x27-11x9  + 17x3-6  = 54-99  + 51-6  = 0. 


27. 


28.  V18  (18  - 9)  (18  - 12)  (18  - 15)  = ijl.8  x 9 x 6 x 3 = ^542  = 54. 

29.  25  = 9 + 12  + 15  = 36;  .'.  s = 18.  Then 


30.  V(450  + 1152  + 3200  - 4096  - 625  - 81) =^(4802  - 4802)  = 0. 

31.  (i)  each  = 27,  (ii)  each  = 65,  (iii)  each=95. 

32.  (i)  each  = 19,  (ii)  each  =189,  (iii)  each  = 117. 


1.  2a  + 3a  + 5a  + 6 + 25  + 3c  + 2c  + c = 10a  + 36  + 6c. 

2.  6a-4a-36  + 26  + 2c-3c  = 2a-6-c. 

3.  5a2-4a2-3a+6a  + 6 + 3 = a2  + 3a  + 9. 

4.  7a3  - 3a3  - 3a2  - 4a  + 2a  + 9 + 7 - 16  = 4a3  - 3a2  - 2a. 

5.  5a3-  5 a3  - 4a26  - 4a26  + 3a62  - 363  = - 8a26  + 3a62  - 363. 

6.  3a2  - 2a2  - a2  + 6a6  - 4a6  - 2a6  - 462  + 362  + 62  = 0. 


(iii)  2x  g-  11  x |+17  x - 
20.  v/(25-16)  = j9  = 3. 


21.  ij  5x5  = 5. 


= 102  x 132  - 4 x 62  x 68  = 16900  - 16864  = 36. 


IV.  Page  15. 


7.  a + b 


a-b 


8.  2 x-y 


2 x + y 


n 1 1, 

9. 


10-  \a+th 


Ax 


2 a 


6 


26 
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11.  a2 -a 

+ a + a3 
a?  + a3 


12.  a + a2  + 4a 3 

-4a-a2  + 2a3 


3 a 


+ 6 a3 


13.  m2  + mn+  n * 
m2  - mn  - ii2 
“2m2 


14.  3p2  + 5pq-6q2 

- 3 p2  - 4pq  + 5 q2 

pq-  q2 


17.  4a  -3b-  c 
- a + 4b-3c 
-3a-  b + 4c 


20.  4x  - 2y  + 1 
-3x-  y + 2 
x + 3y  — 3 
2x 


15.  3a2-2ab+  b 2 
a2-2ab-^b2 


18. 


4a2 -4 ab-2b2 


4a2-3ab+  b2 
a2  + 4ab  -3b2 
-3a2+  ab  + 4b2 
2a2  + 2a6'+262 


16.  2 a+  b-3c 

— 3a  + 2b  + c 
a-3b  + 2c 


21.  -4a-  b + 2 
8 a-  5b + 2 
- a-  4b -2 
3a-  106  + 2 


19. 


22. 


17  1 
a~2b+2c 

1 , 1 

2S+  i“2C 

1 1, 

~2a+2b+  C 
a+  b+  c 

x3  - 2 x2y  — 2 xy2 

x2y  - 3 xy2^-  y3 
■ x3  + 3xy2  - 2y3 

x2y  - 2xy2  - 3 y3 


23.  a3  + 463-5c3  + 3a6c 
-5a3  + 63  + 4c3  + 6a6c 
4a3-563  + c3-9a6c 


24.  5a3  - 2 a2b  + 9 ab2  + 17  63 

-2a3  + 5a26-4a62-1263 

- a3  - 5a2b  - 4ab2  + 63 

- 2a 3 + 2a2b  - ab2  - 6 b3 


25. 


la3-  ^a2b  + 3b3 
6 o 


* -1»- 

27.  x3  - 3ax2  + 5a2x  - a3 

2x3  + 4 ax2  - 6 a2x 

Qax 2 - 3a2x  + a3 
- 2x3  + 4a2a;  - 5a3 


x3  + lax2 


5a3 


26. 


3x3  -4x+  5 

2a;2  - 6a;  + 7 
6x3-2x2-2x 
-4a;3  + 8a;  + 3 


5a;3 


4a;  + 15 


28.  3a;2  + y2  — 3yz  — z2 

- 3 y2  + 3 yz  + 2 xy 

- 4x2  + y2  +z2~2xy 

- x2-  y2 


29.  6 + 2c  - 3a- 

— 36  + c + 2a 
+ 26  — 3c  + a 


30. 


5a;  - 3 y - 2 z 
- 2x  + 5y  - 3z 
-3x-2y  + 5z 

o' 


1—2 
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V.  Pages  19 — 20. 

19.  Subtract  2 a - 3b  from  4 a - 6b. 

20.  Subtract  a2  + b2  from  2a2  - ab. 

21.  Subtract  5 ab  - 2bc  + 3ca  from  7ab  + 2ca. 

22.  Subtract  a2  + 3b2  + 2c2  from  b2  - 3a2. 

23.  24,  25.  Change  the  signs  of  all  the  terms  in  the  three  expressions 
to  be  subtracted,  and  then  add  to  the  fourth  expression. 

VI.  Page  22. 

1.  a + b-a  + b—2b.  2.  a — b — a-b  — - 2b. 

3.  a-b-c+b-c-a=  -2c.  4.  3x -y + 2x+z+y  - 5x=z. 

5.  x -y  + z - x=  -y  + z.  6.  a - [a  - {a  -a}]— a - [a] =0. 

7.  1 - [2  - { 3 - 4 + 5}]  = 1 - [2  - 3 + 4 -5]  = l-  2 + 3-  4 + 5 = 3. 

8.  a+b-[a-b  + {a  + b - a + b}]  = a + b - [a- b + a + b - a + b] 

= a + b-  a + b-  a-  b + a-  b = 0. 

9.  5-[4  + {5-(4  + 5-4)}]=5-[4  + {5-4-5  + 4}]  = 5-[4  + 5-4-5  + 4] 

= 5-  4-  5 + 4 + 5-  4 = l. 

10.  x-[y-  {z-(x-y  + z)}]=x-[y  - {z- x + y - z}]=x -[y  - z+x -y + z\ 

— x-y  + z-x  + y-z=0. 

11.  3x  - {2y  + 5z  - 3x  -y}  = 3x  -2y  - 5z  + 3x  + y = 6x  -y  - 5z. 

12.  {2x-{5y-3z-T)}-[4:  + {x-3y-2z-5}] 

= {2x  - 5y  + 3z  + 7}  - [4  + a;  - 3y  - 2z  - 5] 

= 2x  - 5y  + 3z+7  - 4 - x + 3y  + 2z  + 5 = x - 2y  + 5z  + 8. 

13.  [2a-{3b  + (4c-3b-2a)}]  = [2a-  {3b  + 4c  - 3b  - 2a}] 

= [2a  -3b  - 4c  + 3b  + 2a]  = 4a  - 4c. 

14.  x-y  + z + {2  z -3y  + 5x)—x-y  + z + 2z-3y  + 5x  = 6x-4:y  + 3z. 

15.  a -2b-  {3a-b+c-5c}  = a-2b-3a  + b-c  + 5c  = -2a-b  + 4c. 

16.  a ~ [3b  + {3c  - d + b + a}  - 2a]  = a - [3b  + 3c  - d + b + a-  2a] 

= a - 3b  - 3c  + d - b - a + 2a  = 2a  - 4b  - 3c  + d. 

17.  3a  - [2b  - {4c  - 12a  - 4b  + 8c}  - 6b  + 12c] 

= 3a  - [2b  - 4c  + 12a  + 4b  - 8c  - 6b  + 12c] 

= 3a-2b  + 4c-12a-4b  + 8c  + 6b-12c=  -9a. 

18.  {2x  - 3y  + 7z  + 3a>  - 2y  + 9s}  - {y  - 5z  - 3x  + y + 2z  + 82} 

— 2a;  - 3y  + 7z  + 3x  - 2y  + 9z  - y + 5z  + 3x  - y - 2z  - Qz  = 8x  - 7y  + 11  z. 
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19.  ft2-  3aft  + 4ft2  - 2a2  + 3cift  - 662  - {562  - (3aft  - 7 a2  + ft2) } 

= a2  - 3aft  + 4ft2  - 2a2  + 3aft  - 6ft2  - { 562  - 3 aft  + 7 a2  - ft2} 
= a2  - 3aft  + 462  - 2a2  + 3aft  - 662  - 5ft2  + 3aft  - 7a2  + ft2 
= - 8ft2  + 3ft6  — 6ft2. 

20.  m2  - «2  - { 3 mn  - 5 n2  + m2 } + [n2  - { 3 mn  - 5m2  + 6«2}  + 8 mn] 

— m-  - 7i2  - 3 mn  + 5 n2  - in 2 + [ft2  - 3mn  + 5m2  - 6 n2  + 8m«] 
- m2  - n2  - 3 mn  + 5 n2  - m2  + n2  - Smn  + 5ni2  - 6n2  + 8 mn 
= 5 vv2  - n2  + 2mn. 


VIII.  Page  31. 

20.  2 {3ftft  - 4ftc  + 8ft6}  = 6 ftft  - 8ac  + 16aft  = 22oft  - 8ftc. 

21.  3ft  - 2 [6  - {2c  - 6ft  - 2ft  + 4c}  - 3ft  + 6c] 

= 3ft  - 2 [ft  - 2c  + 6ft  + 26  - 4c  - 36  + 6c] 

= 3ft  - 2ft  + 4c  - 12ft  - 46  + 8c  + 66  - 12c  - - 9ft. 

22.  4ft3  - [263  - 3c3  - 662c  - 66c2  + 3c3  + 662c] 

= 4ft3  - 2 ft3  + 3c3  + 662c  + 66c2  - 3c3  - 662c  - 4ft3  - 263  + 66c2. 

23.  7ac  - 2 { 2ac  - 66c  - 15ac  + 6ftft } 

= 7 ftc  - 4ftc  + 126c  + 30ftc  - 12aft  = 33ac  + 12ftc  - 12ft6. 


IX.  Page  34. 

x +2  y 
x -2  y 

2. 

a - 3ft 
ft  +36 

3. 

2a;  +3  y 
Sx  -2 y 

x2  + 2 xy 
- 2 xy  - 4 y2 

a2 -Sab 
+ Sab  - 962 

6a;2  + 9 xy 
- 4 xy  - Gy2 

x 2 — 4 y2 

ft2  - 9ft2 

6.r2  + 5 xy  - Gy2 

5 ft  +46 
ft  - ft 

5. 

x + 7 
x + 6 

6. 

x - 7 
x - 6 

5ft2  + 4ft6 
- 5ft6  - 462 

x2+  7a; 

6a; + 42 

X2-  lx 

- 6a; + 42 

5ft2-  ftft -4ft2 

x2  + 13a;  + 42 

x2-  13a;  + 42 

x +7 
x - 6 

8. 

ft  +9 
a - 5 

9. 

2a;  - 4 
2a:  + 6 

x2  + lx 
- 6a;  - 42 

ft2  + 9ft 
- 5a -4:5 

4a;2  - 8a; 

+ 12a;  - 24 

x2+  a; -42 

ft2  + 4ft-45 

4a;2  + 4a;  - 24 

6 


3a;  - 7 
2a;  - 1 
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10. 


11. 


+ 56 
- 46 


6a;2  - 14a; 

- 3a; + 7 


Uby 


‘2062 


12.  3m2 -1 
3m2  + 1 
9m4  - 3m2 
+ 3m2-l 
-1; 


6a;2  -17a;  + 7 

6y2+  Iby  - 2062 

9 ?«4 

13.  2m2  + 5n2 
2m2-  5n2 

lx 

14.  a +2  5 

15.  2a  +^6 

4m4  + 10m2?t2 

- 10m2n2  - 25 n4 
4m4  - 25n4 

Sa+ii 

a2  + 1 a6 

6a2 + a6 

1 . 1„ 

; -i- 


+ ab  + ^b* 

6a2  + 2a6  + ^ 62 
6 


16. 


21. 


i 


12 


a6 


re  “*■5** 


17. 


19. 


1 2 25  , 1 M 
I2a  -144a6  + 126 


4a2  + 6a6  + 962 
2 a - 36 

8a3  + 12a26  + 18a62 

- 12a26  - 18a62  - 2763 


8a3 


• 2763 


x2  + a;  +1 
x - 1 

x3+  x2+  x 

- X 2 - X - 1 

a;3  - 1 

a2  + a6  +62 
a - 6 
a3  + a26  + a62 

- a26  - a62  - 63 

a3  - 63 


18. 


20. 


22. 


16jo2  + 20 pq 
4p  - 5 q 


x2-  x + 1 

X + 1 

a;3  — x2  4-  a 
+ a;2-  a 


+ 1 


a2-ab  +62 
a + 6 
a3  - a26  + a62 
+ a26-a62+63 


a3 

25?2 


+ 63 


64p3  + 80p2gf  + lOOpg'2 

-80p2q-100pq2-125q* 
64 p3  - 125 g3 


23. 

a;3  - 3aa;2  + 2a2a; 
a;  +3a 

24. 

a3  - 4a26  + 6a62 
a2  + 4a6 

a;4  - 3aa;3  + 2a2a;2 

+ 3a  a;3  - 9a2a;2  + 6a3a; 

a5  - 4a46  + 6a362 
+ 4a46-16a362  + 24a263 

a;4  - 7a2a;2  + 6a3a; 

a5  -10a362  + 24a263 

25. 

a?  - 3a;2  + 2a;  +1 
x2  + 3x  +2 

26. 

x3  + x2-  2x  +1 
x2-x  +2 

x5  - 3x4  + 2x3+  x2 
+ 3a;4  - 9a;3  + 6a;2  + 3a; 

+ 2a;'!  — 6a;2  + 4a;  + 2 

a;5  + a;4-2a;3+  x2 
-x4-  x3  + 2x2-  x 

2x3  + 2a;2  - 4a;  + 2 

x5  -5x3+  a;2  + 7a;  + 2 

x5  - x3  + 5x2-5x  + 2 
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27. 


29. 


30. 


21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 
32. 


x2  + xy  +y 2 
x2-xy  +y 2 
a:4  + a;3?/  + a;2?/2 
— x3y  - x2y 2 — xy3 

+ x2y2  + xy3  + y4 
x4  + x2y2  + y4 


28.  a4  + a262  + 64 
a4  - a2b2  + b4 
a8  + a6b2  + a4b4 
— aGb2  - a4b4  - a2b6 

+ a4b4  + a266  + b8 

a8  + a4b4  + b8 


2a:3  - 3 x2y  + 2 xy2  + y3 
x2  + S xy  +2  y2 
2x5  - 3 x4y  + 2 x3y2  + x2y3 

+ 6 x4y  - 9 x3y2  + 6 x2y3  + 3 xy4 

+ 4 x3y2  - 6 x2y3  + 4 xy4  + 2 y5 
2x5  + 3 x4y  - 3 x3y2  + x2y3  + 7 xy4  + 2 y5 

x3  - 4 x2y  + 6 xy2  - 3 y3 
3a;2  - 4xy  + 5 y2 
3a:5  - 12 x4y  + 18 x3y2  - 9 x2y3 

- Ax4!/  + 16 x3y2  - 24 x2y3  + 12 xy4 

+ 5 x3y2  - 20 x2y3  + 30 xy4  - 15 y5 
3a:5  - 16 x4y  + 39 x3y2  — 53 x2y3  + 42 xy4  - 15 y5 


XI.  Page  39. 


*6  + a;4  + a:2  + l + 2a;3  . a:3  + 2a:3  . a:  + 2a;3+2a:2  . a:  + 2a:2  + 2a:=&c. 

a;6  + x4  + x2  + 1 + 2a;3  ( - x2)  + 2a;3  . a:  + 2a;3  ( - 1)  + 2 ( - x2)  x + 2 ( - x2)  ( - 1) 

+ 2a;  (-  l)  = &c. 

4a;6  + x4y2  + x2y 4 + 9 y6  + 2 (2a;3)  ( - x2y)  + 2 . 2a;3  . xy2  + 2 (2a;3)  ( - 3 y3) 

+ 2 ( - x2y)  (xy2)  + 2 ( - x2y)  ( - 3 y3)  + 2 xy2  ( - 3 y3)  = &c. 
4a:6  + x4y2  + 4 x2y4  + y6  + 2 . 2x3  ( - x2y)  + 2 . 2a;3 . 2a;y2  + 2 . 2a;3  ( - y3) 

+ 2 ( - x2y) . 2xy2  + 2 ( - x ^y)  (-y3)  + 2 . 2 xy2  (-y3)  — &c. 

{(x-y)  + z)  {(x  -y)  - z}  = (x -y)2  - z2  = x2  -2xy  + y2  - z2. 

{(a;  - 2y)  +4z}  {(as  - 2 y)  - 4 z)  = (x-  2 y)2  - 1622=a;2  - 4xy  + 4y2  - 16^2. 

{(3a;  - 5z)  - y}  {(3a;  - 5 z)  + y)  = (3x  - 5 z)2  - y2— 9a;2  - 30 xz  + 25^2  - y2. 

{ -x  + (2y -Zz)}  [x  + (2y -3z)}=  -x2+(2y  -3z)2=&c. 

(x2  + y2)2  - xhy2 —x4  + xhj2  + y4. 

(3a;2  + 2y2)2  - x2y2  = 9a;4  + l\x2y2  + 4y*.  31.  (a;2  - a;)2  - 72=&c. 

(2x2  + 7)2  - (3a;)2 = 4a;4  + 19x2  + 49. 


33.  (a  + b)2-(c  + d)2.  34.  (2a  - 3ft)2  — (2c  - 4d)2. 

35.  (2a -2d)2- (36 + c)2.  36.  (a - 4c)2 - (36 - d)2. 
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XII. 


Page  41. 


1.  3a2  + ab  - b 2 
a2  - 2 ab  - 3 b2 


2.  a;2-  xy  - 3 y2 


3a;2  + a;?/  - y 2 
3a;4  - 3a;3?/  - 9a;2?/2 


3a4  + a36  - a2b2 

- 6a36  - 2 a252  + 2ai3 

- 9a262  - 3a53  + 3Z>4 


+ a;3?/  - a;2?/2  - 3 xy3 

- x2y2  + xy't  + Sy4 


3a4  - 5asb  - 12a262  - a&3  + 354 


3a;4  •-  2a;3?/  - 11  x-y2  - 2 xy3  + 3 ?/4 


3. 


4. 


5. 


6. 


5a;3  - 4a;2?/  + 3a;?/2 
a;2+  4a;?/  + 6 y2 
5a;5  - 4a;4?/  + 3a;3?/2 

+ 20a;4?/  - 16a;3?/2  + 12a:2?/3 

+ 30a;3?/2  - 24a;2?/3  + 18a;//4 
5a;5  + 16a;4?/  + 17a;3?/2  - 12a;2?/3  + 18a;?/4 
a:3  - 7a;2?/  + 3 xy2 
xi  + lxiy  - 3 x2y2 
x7 - i xGy+  3a;5?/2 

+ 7 x6y  - 49a;5?/2  + 21a;4?/3 

- 3a;5?/2  + 21a;4?/3  — 9a;3?/4 
x7  - 49a;5?/2  + 42a;4?/3  - 9a;3?/4 
3a;3-  7 a:2  + 5a;  - 3 
2a;3  + 7a;2-  5a;  + 4 
6a;6  - 14a;5  + 10a:4  - 6a;3 

21a;5  - 49a:4  + 35a;3  - 21a;2 

- 15a;4  + 35a;3  - 25a;2  + 15a; 

+ 12a;3  - 28a;2  + 20a; -12 
6a;6  + 7a;5  - 54a;4  + 76a;3  — 74a;2  + 35a;  — 12 
a3  + 3a2-  7a  + 6 
3a3-  a2+  5a  - 4 
3?i6  + 9a5-~2la4  + 18a3 

- a5-  3a4  + 7a3-  6a2 

+ 5a4  + 15a3- 35a2  + 30a 

- 4a3  - 12a2  + 28a -24 

3 a6  + 8a5  - 19a4  + 36a3  - 53a2  + 58a  - 24 
3 „ 5 2 

2X  ~ixy  + y2 


i 4 


3 11 

- rr4  - x3y  - ^ x2y 2 + xy 3 - y 4 

4 Id 


/4 
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8. 


\vl-  | xy  + 1 %2 

12a:2  + | xy  - j y2 
3a:4  - 8 xhy  + 144  x2y2 

+ \x*y-  \x2y2 
- T*xV 


+ 8 xy 3 

+ ^ xys  - %4 


3a:4  - 7|  a:3?/  + 143&*  a:  V + 8£  a;?/3  - 3 y* 


9.  a2+  fe2+  c2-  bc-ca  -ab 

a + b + c 

a3  + ab2  + ac2  - abc  - a2c  - a2b 

- ab 2 - afcc  + a2b  + b3  + be 2 - 62c 

- ac2  - abc  + a2c  - be 2 + fc2c  + c3 

a3  - 3aftc  + b3  + c3 

10.  4a2  + 962  + c2-  3 be  -2 ca  - 6a6 

2a  + 3ft  + c 

8a3  + 18a&2  + 2ac2  - 6a6c  - 4a2c  - 12a26 

- 18a&2  - 6a6c  + 12a26  + 27&3  + 3ftc2  - 9b2c 

-2 ac2-  6ahc  + 4a2c  - 3ftc2  + 9fc2c  + c3 

8a3_  - 18aftc  + 27P  V +c3 


11. 


a2+  62+  c2+  6c  + ca  -ab 
a + b - c 

a3  + ab 2 + ac2  + a&c  + a2c  - a26 

- aft2  + a&c  + a26  -f  fc3  + 6c2  + 62c 

- ac 2 + abc  - a2c  - be2  - b2c  - cs 

a3  +3 'abc  +F  ^c3 


12.  9a2  + b2  + 9c2  + 3 be  - 9ca  +3 ab 

3a  — b + 3c 

27a3  + 3a&2  + 27 ac2  + 9 abc  - 27a2c  + 9a26 

- 3 ab2  +*  9a&c  - 9a2&  - b3  - 9 be2  - 3 b2c 

-27  ac2+  9a&c  + 27a2c  + 9&c2  + 3&2c  + 27c3 

27a3  + 27a&c  -&3  + 27c3 


13.  Here,  and  whenever  it  may 
the  same  way.  [Art.  51]. 

x2  + xy  +y2 
x2  - xy  + y2 
x 4 + x3y  + xhy2 
- x?y  - xhy2  - xy3 

+x2y2  + xy3  + yi 
a:4  +x2y2  +y* 


necessary,  arrange  both  expressions  in 

14.  a2  - 2a&  + 4&2 
a2  + 2a&  + 4&2 
a 4 — 2a36  + 4a262 
+ 2a3&-4a2&2  + 8a&3 

+ 4a2&2-8a&3  + 16&4 
a4  + 4a2&2  + 16&4 
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15.  a3x3  + a2x2  + ax 
a2x2  -ax  +1 
a5x5  + a4x4  + a3x3 

- a4x4  - a?x 3 - a2x2 

+ a3x3  + a2x2  + ax 
a5x 5 + a3x3  + ax 

N.B.  The  factors  of  a product  may  be  taken  in  any  order.  [See  Art.  39.] 

16.  The  product  = (a;-l)(a;  + l)(a;2  + l)  = (a;2-  1) (x2  + l)  = .r4-  1. 

17.  The  product  = {a  - x)  (a  + x)  ( a 2 + x 2)  = (a2  - x 2)  (a2  + x 2)  = a4  - x 4. 

18.  The  product  = (x-  2 y)  (x  + 2 y)  ( x 2 + 4 y2)  = (.t2  - 4 y2)  (x2  + 4y2)  = x4-  16 y4. 

19.  The  product  = (3a;  -5y)(3x  + 5y)  (9x2  + 25y2)  = (9x2  - 25y2)  (9x2  + 25y2) 

= 81a4 -625 y4. 

20.  The  product  = (x  -y)(x  + y)(x2  + y2)  (x4  + y4)  = (x2  - y2)  (x2  + y2)  (x4  + y4) 

= (x4  - y4)  [x*  + y4)  =x8-  ys. 

21.  The  product  = {(a  - ft)  ( a + b ) ( a2  + ft2)}2  = {( a 2 - b2)  ( a2  + b 2)}2 

= (a4  - b4)2 = a8  - 2a464  + ft8. 

22.  The  product  = { (a;2  - x + 1)  (x2  + x + 1)  }2  = (re4  + x2  + 1)2 

= xs  + x4  + 1 + 2a;6  + 2a;4  + 2a;2. 

23.  (x2  — xy  + y2)(x2  + xy  + y2)  — x4  + x2y2  + y4 ; 

and  similarly  (a;4  + x2y2  + y4)  (x4  - xhj2  + y4)  =xs  + x*y4  + y8. 

24.  {a2  + ab  + b2)  ( a 2 -ab  + b2)  ( a 4 - a2b2  + b4)  = ( a 4 + a2b2  + b4)  (a4  - a2b2  + ft4) 

= a8  + a4b4  + ft8. 

25.  (x2-ax  + a2)  (x2  + ax  + a2) (a -x)(a  + x)~  (a;4  + a2aj2  + a4)  (a2  - x2)  = a6-  x 6. 

26.  [x  + y+z)(-x+y  + z){x-y+z)(x  + y-z)  = { - x2  + (y  + z)2} {x2  - {y  - z)2} 

= (2 yz  + y2  + z2  - x 2)  (2 yz  -y2-z2  + x2) 

= 4y2z2  - (y2  + z2-x2)2  = 2 y2z2  + 2 z2dfi  + 2 x2y2  -x4-y4-  z4. 

27.  (2a)3  + 3 (2a)2  (36)  + 3 (2a)  (36)2  + (36)3,  &c. 

28.  (2a)3 + 3 (2a)2  (-36) + 3 (2a)  (-36)2+ (-3ft)3,  &c. 

29.  (3a)3  + 3 (3a)2  ( - 26)  + 3 (3a)  ( - 26)2  + ( - 26)3,  &c. 

30.  {a  + (6  + c)}3  = a3  + 3a2(ft  + c)  + 3a  (6  + c)2  + (6  + c)3,  &c. 

Or.  See  Art.  251. 

31.  {a -(6  -c)}3=a3-3a2(6-c)  + 3a(6-c)2-(6-c)3,  &c. 

32.  {a-(6  + c)}3=a3-3a2(6  + c)  + 3a(6  + c)2-(ft  + c)3,  &c. 
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35.  The  left-side = (x2  + yz  + zx  + xy)  + (y2  + yz  + zx  + xy) 

4-  (z2  + yz  + zx  + xy)  - ( x 2 + y2  + z2  + 2 yz  + 2 zx  + 2 xy) 

= (yz  + zx  + xy). 

36.  Perform  the  operations  indicated,  and  all  the  terms  will  be  found  to 
vanish. 

Or  thus : The  given  expression  on  the  left 

= {(&  - c)3  - (b  - c)  (c  - a)  (a  - b)}  + two  similar  terms 

= (6  - c)  {(b  -c)2  - (c  - a)  (a-  6)}  + 

= (b  - c)  {a2  + b2  + c2  - be  - ca-  ab}  + 

= {a2+b2  + c2  - be  - ca  - ab}  {(6  - c)+  (c  - a)  + (a  - 6)} 

= 0. 

Or  thus.  We  know  that  identically 

Xs  + y3  + z3  - 3 xyz  — (x  + y + z)(x2  + y2  + z2-yz-zx-  xy) . 

Put  x = b-c,  y = c-a,  z~a-b  • then 

{b  - cf  + (c  - a)3  + (a  - b)3  - 3 (b  - c)  (c  - a)  (a  - b) 

= {(b-c)  + (c-a)  + (a-b)}{(b-c)2  + (c-  a)2  + (a  - b)2 

- (b  -c)(c  - a)  - (c  - a)  (a-b)  - (a  - b)  (b-c)j 
= 0,  since  (b-c)  + (c -a)  + (a-b)  = 0. 

37.  (x2  + y2  + z2  + 2 yz  + 2 zx  + 2 xy)  - (x2  + y2  + z2  + 2yz  - 2 zx  - 2xy) 

+ (x2 +y2  + z2-  2 yz  + 2 zx  - 2 xy)  - (x2  + y2  + z2-  2 yz  - 2 zx  + 2 xy)  = 8 xz. 

38.  x3+y3  + z3+x2y  + x2z  + y2z+y2x 

+ z2x  + z2y  - (y2z  + yz2)  - (z2x  + zx2)  - (x2y  + xy2) =x3  + y3  + z3. 

39.  (&  + c)  (c  + a)  (a  + b)  will  be  found  to  be 

2abc  + a2b  + a2c  + b2c  + b2a  + c2a  + c2b. 

Also  (a  + b + c)(bc  + ca  + ab)  will  be  found  to  be 

3 abc  + a2b  + a2c  + b2c  + b2a  + c2a  + c2b. 

40.  (2  y + 5z)3=  (2yf  + 3 (2  y)2  (5  z)  + 3 (2  y)  (5  z)2  + (5^)3 

= 8 y3  + 60 y2z  + 150 yz2  + 125z3 = 8 y3  + 125*3  + 30 yz  (2 y + 5 z). 
Hence  x3=8y3  + 125z3  + 3yzx. 

41 . x2  + y2  + z2  + 2 yz  + 2 zx  + 2 xy  = (x  + y + z)2 

= {(6  + c - 2a)  + (c-f  a - 25)  -f  (a-f  6 - 2c)}2=0. 

42.  (5  + c)  ( c +a)(«+ b)  will  be  found  to  be 

2 abc  + a2b  + a2c  + b2c  + b2a  -f  c2a  + c2b. 

Hence  a3  + 63  + c3  + 3(6  + c)(c  + a)(a  + fc) 

— a3  + b3  + c3  + 3a2b  + similar  terms  + 6abc  = (a  + b + c)3. 
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43.  Each  side  will  be  found  to  be  2 b2c2  + 2c2a2  + 2 a2b2  + 4 a&c  (a  + 6 + c). 

44.  The  left  side  is  {(a  + fc)  + c}3,  and  the  right  side  is  {a  + (b  + c)}3. 

45.  We  have 

{ ( ax 2 - a2x  + a3)  + (&a:2  - b2x  + ft3) } { (ax2  - a2x  + a3)  - (bx2  - b2x  + b3) } 
= (ax2  - a2x  + a3)2  - (bx2  - b2x  + b3)2 

= (a2  - b2)  x4  - 2 (a3  - ft3)  a:3  + 3 (a4  - &4)  a;2  - 2 (a5  - b5)  x + a6  - b6. 


XIV. 

1.  a; -2  ) a:2 -5a; + 6 ( a; -3  , 
x2  - 2x 

- 3a;  + 6 

- 3® + 6 


Page  50. 

2.  # + 8 ) a;2  + 5a;-  24  ( x - 3 
a;2 + 8# 

- 3a;  - 24 
-3a;- 24 


3.  a;  — 11  ) a:2  - 23a;  + 132  ( a;  - 12 
x2-  11a; 

-12a; + 132 
-12a;  + 132 

5.  x - 2 ) 3a;2  - 4a;  - 4 ( 3a;  + 2 

3a;2  - Qx 
2a^4 
2a; -4 


4.  ®+7  ) a;2-  4a;-77  ( a;- 11 
x2+  lx 
-11®  -77 
-11a; -77 

6.  3a;  - 5 ) 3a-2  - 11a;  + 10  ( a;  - 2 

3a:2 - 5x 

- 6a;  + 10 

- 6a;  + 10 


7.  a-b  ) a2-b2  ( a + b 
a2 -ah 
ab-b2 
ab-b2 

9.  x + 4y  ) x2-  16  y2  ( x-  iy 
a;2+  4 xy 

- 4 xy  - 16 y2 

- \xy  - l&y2 


8.  x - 3y  ) x2  - 9 y2  ( x + 3y 
x2  - 3 xy 

3 xy  - 9 y2 
3 xy  - 9 y2 

10.  3a;  + 8 y2  ) 9a;2  -64  y*  ( 3x  - 8 y2 
9a;2  + 24  xy2 

- 24 xy2  - 64?/4 

- 24 xy2  - 64?/4 


ll.  x-\y2)x2-\  v^{x+\y2 
a;2  - \ xy 2 


12. 


- ®6  - — a3x3 

9 12 


A /T3/J.3 A /j6 

12  a ^ 16 

1 „ „ 1 „ 

I2‘ 
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13.  6a;  + 12j3a;2  + 8a;  + 4Qa;  + | 


3a;2  + 6 a; 


2x  + 4 
2x  + 4 


14.  4x  + 3 


“I*" 1 


15.  a-b)as-b3  (a2  + ab  + b2 
as  - a2b 


a2b  - b3 
a2b  - ab2 


16.  2a  + 36 ) 8a3  + 27b3  ( 4a2  - Qab  + 9b2 
8a3  + 12a26 

-12a2&  + 2753 
- 12a26  - 18a62 


17. 


18. 


ab2  - b3  18ab2  + 27b3 

ab2  - b3  18ab2  + 21b3 

ax  + by  ) a3x3  + b3y3  ( a2x2  - abxy  + b2y2 
a3x3  + a2bx2y 

- a2bx2y  + b3y3 

- a2bx2y  - ab2xy2 

ab2xy2  + b3y3 
ab2xy2  + b3y3 

2a2x2  - by2  ) 8 a6xe  - 125 y6  ( 4a4a;4  + 10 a2x2y2  + 25y4 

8 a6x3  - 20a4x4y2 

20a4xiy2~125y* 

20 aixty2  - 50a2x2y 4 


19.  -x  + 8)  x3-8x  -8  ( -x2-8x-\ 
x3  - 3x2 

3x2  - 8a;  - 3 
3a;2  - 9x 

x — 3 
x — 3 


50a2x2y4  - 125  y6 
50a2x2y 4 - 125  y6 

N.B.  In  this  example  we  are 
careful  to  arrange  both 
dividend  and  divisor  in 
the  same  way.  [See 
Art.  67.] 


20. 


21. 


-x  + 2 ) 2x3-5x2  + 4 ( -2x2+x  + 2 
2x3  - 4x2 


-x2  + 4 
-x2  + 2x 


- 2a;  + 4 

- 2x  + 4 

- x + 3 ) 2a;4  - 9a;3  + 10a;2  - 5a;  + 6 ( - 2a;3  + 3x2  -x  + 2 
2x4  - 6x3 

- 3a;3  + 10a;2 -5a; + 6 

- 3a;3  + 9a;2 

x2- 5x  + 6 
x2  - 3a; 

-2a; + 6 
-2a; + 6 
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22. 


a2-a  + l ) a4  + 2a2-  a +2  ( a2  + a + 2 
x 4-  a3  + x 2 

x3+  x2-  a + 2 
X3-  x2+  x 
2x2  -2x  + 2 
2x2  - 2x  + 2 


XV.  Pages  53 — 54. 


1.  a2  + a + 1 ) a4  + a2  + 1 (a2-a  + l 
x*  + x3  + x2 

-a3  + l 2. 

-x3-x2-x 

x2  + x + l 
x2  + x+l 


1 -x2  + xi  )1  + a4  + a8  ( l + a2  + a4 
1 - x2  + x 4 
a2  + a8 
a;2  - xi  + x6 

x4  - x6  + a;8 
a4  - a6  + x8 


a2  + 2a  + 4 ) a4  + 4a2  + 16  (x2  -2a  + 4 

®4  + 2s»  + 4^2 

- 2a:3  + 16 

- 2a;3  - 4a,a  - 8a 

4a2  + 8a  + 16 
4a2  + 8a  + 16 


4a2  - 6a  + 9 ) 16a4  + 36a2  + 81  ( 4a2  + 6a  + 9 
1 6a4-  24a3  + 36a2 
24a3 + 81 
24a3  - 36a2  + 54a 


36a2 -54a + 81 
36a2 -54a + 81 


a2  + a + l ) a4  + 2a2  + a +2  ( a2-a  + 2 
a4+  a3+  a2 

- a3+  a2+  a + 2 


2a2  + 2a + 2 
2a2  + 2a  + 2 


6. 


c2-a  + l)2a4-  a3  + 2a2+l  ( 2a2  + a + l 
2a4  - 2a3  + 2a2 

a3  "~+l 


a2-  a + 1 
a2  - a + 1 
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7 - x + 2 ) xa  - 4a;3  + 2x  - 4 ( - x*  - 2xi  - 2 

x5  - 2a;4 

2a;4  - 4a:3  + 2a;  - 4 

2a:4 -4a;3 

2a:-  4 
2a; -4 

8.  -a;  + 2 ) x6  - 3a;2  - 52  ( - x5  - 2a:4  - 4a;3  - 8a;2  - 13a;  - 26 

a;6 -2a;5 

2a;5  - 3a;2  - 52 
2a;5 -4a;4 

4a;4 -3a;2 -52 
4a;4  - 8a;3 

8a^-  3a;2— 52 
8a;3  - 16a;2 

13a;2 -52 
13a;2 -26a; 

26a;  - 52 
26a;  -52 

9.  1 — 2a;  + 3a;2  ) 1-  a;  + 5a;3 - 3a;4  ( l+a:-a;2 

1 - 2a;  + 3a;2 

x - 3a:2  + 5a;3 
x - 2a;2  + 3a;3 
' - x2  + 2a;3  - 3a;4 
- x1  + 2a;3  - 3a;4 

10.  a;2  + 2a;  - 1 ) a;6  + 2a;5  - 4a;4  - 2a;3  + 12a;2  - 2a;  - 1 ( a;4  - 3a;2  + 4a;  + 1 

x6  + 2a;5  - x 4 

- 3a;4-  2a;3  + 12a;2 

- 3a;4  - 6a;3  + 3a;2 

4a;3  + 9a;2 -2a; 

4a;3  + 8a;2 -4a; 

a;2  + 2a;-l 
x2  + 2x-l 

11.  1 - 2a;  + a;2  ) 1 - 4a;3  + 3a;4  ( 1 + 2a;  + 3a;2 

1 - 2x  + x2 

2x  - x 2 - 4a;3 
2a;  - 4a;2  + 2a;3 

3a;2  - 6a;3  + 3a;4 
3a;2  - 6a;3  + 3a;4 

12  1 - 2a;  + a;2  ) 1 - 5a;4  + 4a;5  ( 1 + 2a;  + 3a;2  + 4a;3 

l-2a;  + x 2 
2a;  - x 2 
2a;  - 4x2  + 2a;3 

3a;2  -2a;3  -5a;4 
3a;2  - 6a;3  + 3a;4 


4x3  - 8x4  + 4a;5 
4x3-8a;4  + 4x5 
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13.  7 + 5x-3x1 2)35  + 4x  - 16x2  + 19x3  - 6x4  ( 5 - 3x  + 2x2 

35  + 25a;  - 15a;2 
- 21x  - x 2 
-21a;  -15x2  + 9a;3 

14a;2  + 10a;3  - 6a;4 
14a;2  + 10a;3  -6a;4 


14.  - a;3  + 3a;2  - 3a;  + 1 ) 3a;5  - 12a;4  + 17a;3  - 9a;2  + 1 ( -3x2  + 3x  + l 

3a;5-  9a;4  + 9a;3  -3a;2 

- 3a-4  + 8a;3  — 6a;2  + 1 

- 3a;4  + 9a;3  - 9a;2  + 3a; 

— xs  + 3a;2  — 3a;  + 1 

- x3  + 3a;2  - 3a;  + 1 


15.  x'2-  2a;  + 1 ) x5-  5x2  + 5x  - 1 ( x3  + 2x2  + 3x  - 1 

x5  - 2a;4  + x 3 

2a;4-  x3- 5x2  + 5x-  1 
2a;4  - 4a;3  + 2a;2 

3a;3  - lx'2  + 5x  - 1 
3a;3  - 6a;2  + 3a; 

- x2  + 2x  - 1 

- x2  + 2x  - 1 


16  4a;2  + 11a;  + 1 ) 16a;6 - 97.c4 - 84a;2  + 77a;  + 8 ( 4a;4- lla;3  + 5x3- lLc  + 8 

16a;6  + 44a;5  + 4a;4 

- 44a;5 -101a;4- 84a;8  + 77 x + 8 

- 44a;5  - 121a;4  - 11a;3 

20a;4  + 11a;3-  84x2  + 77x  + 8 
20a;4  + 55a;3  + 5a;2 

-44a;3-  89a;2  + 77a; + 8 
- 44a;3  - 121a;2  - 11a: 

32a;2  + 88a;  + 8 
32a;2 + 88a; + 8 


17. 


1 + a;  + a;2  ) 1 + 2a;5  + x6  + 2a;7  ( 1 -x  + x3-x4  + 2x5 
1+  x +x2 


- x -x2 

- x -x2-x3 

““  x3  + 2x5 

X3+  x4+  X5 

- X4+  X5+  X6 

- X4  - X5  - X6 


2x5  + 2x6+ 2x7 
2x5  + 2x6+  2x7 
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18. 


x^  + x + l ) xw  + a;5  + 1 ( x8-x7  + x5-x*  + x3-x  + l 


- x 9 - xs  + x5  + l 


x7  + x5 + 1 
x7  + x6+  x5 
-x6~+l 

-X6-  X5  - X4, 

; ' a:5  + a:4+l 
x5  + xi+  a 


- x3  + l 

- X3-  x2-x 


9.  2a:2  - 3 xy  + 4 y2  ) 6a;5  - 7 a:4?/  + x3y2  + 20 x2y3 

6a;5  - 9a;4?/  + 12 x3y2 


x2  + x + l 
x2  + x + l 

■ 22 xy4  +’  8 y5  ( 3a:3  + x2y  - 4 xy2  + 2 y3 


4 y2  - 3 xy  + 2a;2  ) 8 y5 
8 y5 


2 x4y  - llx3y2  + 20 x2y3  - 22a;?/4  + 8 y5 
2x4y  - 3 x3y2+  4a;2?/3 

- 8xhj2  + lQx2y3-22xyi+8y5 

- 8a;3?/2  + 12a;2?/3  - 16a;?/4 

4a;2?/3  - 6a;?/4  + 8 y5 
4:x2y3  - 6a;?/4  + 8 y5 

22a;?/4  + 20a:2?/3  + x3y2  — 7a;4?/  + 6a;5  ( 2 y3  - 4 xy2  + x2y  + Sx° 
6a;?/4  + 4a;2?/3 

6a;5 


- 16a;?/4  + 16a;2?/3  + 

- 16a;?/4  + 12a;2?/3  - 


x3y 2 - 7a;4?/  + ( 


21. 


4a;2?/3  + 9a;3?/2  - 7a:4?/  + 6a;5 
4a;2?/3  - 3a;3?/2 + 2a;4?/ 

12a;3?/2  — 9a:4?/  + 6a;5 
12a;3?/2  - 9a;4?/  + 6a:5 

a;-?/  ) x2-xz  -y2  + yz  (x  + y -z 
x2-xy 


,-yt  + yz 

- y 2 


-a;z  +yz 

-xz  +yz 

Note.  In  this  and  the  following  examples  the  arranging  of  the  terms  in 
the  divisor  and  dividend,  and  after  each  subtraction , is  of  the  utmost  im- 
portance. 

22.  x-y  ) x2  + 2xz  -y2-  2yz  ( x + y + 2z 
x2-  xy 


-2  xz  ■ 


2 yz 


+ 2 xz 
2 xz 


-2  yz 
-2  yz 


23.  a + b + c ) a2  + ac-b2-bc  ( a-b 
a2  + ab  + ac 

- ab  - b2  -be 

- ab  -b2 -be 


K.  S.  E.  A. 


18 


KEY  TO  ELEMENTARY  ALGEBRA. 


24.  -x  + y-z)x2-  y2  + 2yz-z2  ( -x-y  + z 

x2  — xy  + xz 

xy  - xz  -y2  + 2yz  - z2 
xy  -y2+  yz 

- xz  + yz-z2 

- xz  + yz-z2 

25.  - a + 26  + c ) a2  - 462  - 46c  - c2  ( - a - 26  - c 

a2  - 2 ab  - ac 

2 ab  + ac  - 4 62  - 46c  - c2 
2a  6 - 462  - 26c 

ac  - 26c  - c2 

ac  - 26c  - c2 

26.  - a - 26  + 3c  ) a2  + 4a6  - 6ac  + 462  - 126c  + 9c2  ( - a - 26  + 3c 

a2  + 2a6  - 3ac 

2a6  - 3ac  + 462  - 126c  + 9c2 
2ab  +462  ~ 66c 

- 3ac  - 66c  + 9c2 

- 3 ac  - 66c  + 9c2 

27.  a + 26  + 2c  ) 2a2  + 3a6  + 3ac-262  - 46c-2c2  ( 2a-6-c 

2a2  + 4a6  + 4ac 

- ab-  ac- 2b2 -Abe -2c2 

- ab  - 262  - 26c 

r ~ac  -26c -2c2 

- ac  - 26c  - 2c2 

28.  a + 46-4c)3a2+  8a6 - llac - 1662  + 206c - 4c2  ( 3a - 46  + c 

3a2  + 12a6  - 12ac 

- 4a6  + ac  - 1662  + 206c  - 4c2 

- 4a6  - 1662  + 165c 

ac  + 46c  - 4c2 

ac  + 46c  - 4c2 

29.  x + y - z ) xs  + dxyz  + y3  - z3  ( x2  - xy  + xz  + y2  + yz  + z 2 

xs  + x2y  - x2z 

- x2y  + x2z  + 3 xyz  + y3  - z3 

- x2y  - xy2  + xyz 

x2z  + xy2  + 2 xyz  + y3-  z3 
x2z  + xyz  - xz2 

xy2+  xyz  + xz2+y3  - z3 
xy 2 +y3-y2z 

xyz  + xz2  + ytz  - z3 
xyz  + y2z  - yz 2 
xz2  + yz 2 - z3 
xz 2 + yz 2 - z3 
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Or  thus:  x + y - z)  x3  + 3xyz  + y3  - z3  ( x2  - x (y  - z)  + y2+yz  + z2 

x3  + x2(y~  z) 

-x2(y-z)  + 3 xyz 
- x2  (y  - z)  - x (y  - z )2 

x (y2  + yz  + z 2)  + y3  - 23 

x(y2  + yz  + z2)  + (y-z)  {y2+yz  + z2) 

30.  -2x  + y-z  ) 8a:3  + 6 xyz  - y3  + z3  ( - 4a;2 - 2xy  + 2xz  -y2-yz-z2 

8a;3  - 4x'ly  + 4a;22 

4 x2y  - 4a;22  + 6 xyz  - y3  + z 3 
4a;2?/  - 2a:?/2  + 2xyz 

- 4a;2z  + 2a;?/2  + 4xyz  -y3+z3 

- 4x2z  + 2 xyz  - 2 xz2 

2 xy2  + 2 xyz  + 2a;,s2  - y3  + z3 
2 xy2  - y3  + y2z 

2 xyz  + 2 xz2  - y2z  + z3 

2 xyz -y2z  + yz2 

2 xz2  -yz2+z3 
2 xz2  - yz2  + z3 

31.  3a  — 2b  + c ) 27a.3  + 18a&c  - 8&3  + c3  ( 9a2  + 6afe  - 3ac  + 4 b2  + 2 be  + cr 

27a3-18a26+  9a2c 

18a26  - 9a2c  + 18a6c  - 86s  + c3 
18a2fe  - 12a62  + 6 abc 

~9a2c  + 12a6*  + 12a6c  - 8b3  + c3 

- 9a2c  + 6 abc  - 3 ac2 

12a&2  + 6 abc  + 3ac2  •-  8Z>3  + c3 

12  ab2 -8b3  + 4b2c 

6a.be  + Sac 2 - 4&2c  + c 3 
6abc  - 4 b2c  + 2 be2 

Sac2  - 2 be2  + c3 

Sac2  -2  bc2+cs 


32.  a + b + c ) a3  + 3 a2b  + Sab2  + b3  + c3  ( a2  + 2 ab  - ac  + b2  -bc  + c2 
a3  + a2b  + a2c 

2a2b  - a2c  + 3ab2  + b3  + c3 

2 a2b  +2ab2  + 2abc 

- a2c  + ab2-2abc+  b3  + c3 

- a2c  - abc  - ac2 

ab2  - abc  + ac 2 + b3  + c3 
ab2 + b3  + b2c 

- abc  + ac2  - b2c  + c3 

- abc  - b2c  - be2 

ac 2 + be 2 + <?3 

ac2  + be2  + c3 


Or  thus: 


(a  + 6)  + c ) (a  + b)3  + c3  ( (a  + b)2  - (a  + b)  c + c2 

(a  + b)3  + (a  + b)2c 

- (a  + b)2c  + c3 

- ( a + b)2c - (a  + b)  c2 


(a  + b)  c2  + c3 
(a  + b)c2  + e3 


2—2 
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37.  (9a2  + 6 ab  + b2  - 4c2  - 4 cd  - d2) (3a  + b - 2c  - d)  = { (3a  + b)2  - (2c  + d)2}  { (3a  + 6)  - (2c  + d) } = (3a  + 6)  + (2c  + d). 
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MISCELLANEOUS  EXAMPLES.  I.  Pages  54—56. 


A.  1.  (0  - 1)2  + (1  + 1)2  + ( - 1 - 0)2=l  + 4 + l = 6. 

2.  3a2  - 2ab  - 2 ac 

Sab  + 2b2  + Sbc 

- 2 ac  - 2 be  + c2 

3 «2  + a6-4ac  + 262+  6c  + c2 

3.  a3  + 63  + c3-  3aftc  - a3  + abc  - b3  + abc  - c3  + abc= 0. 


4. 


S*  + 3 
, i „ i 


6 a;2--a;  + l 
x3+~x2~  ~x  + l 


r 

1 2 1 . 

4*  2^1  y 

1 3 1 2 o 1 3 

-Qxy~lxy~2xy 
1 , 1 , , 
+r 


16' 


+ j-^2?/2 


+ ?/4 


Or  thus:—  (j x<2  + \ xy  + y2 j Q X<1  ~ \xy  + 2/2) 

f=  {(i^V^2)  +\xy\  {(i ^2+2/2)  - ^2/|  = (j*2  + 2/2)  - 

=lQx*+lx*y2+y4- 


5.  (x  + 1)  ( x + 2)  (x  + 3)  will  be  found  to  be  x 3 + 6a;2  + 11a;  + 6, 
and  (x  - 1)  (x  - 2)  (x  - 3)  will  be  found  to  be  x 3 - 6.r2+  11a;  - 6. 

Hence  given  expression 

= x3  + 6a;2  + 11®  + 6 - (a;3  - 6a;2  + 11a;  - 6)  = 12a;2  + 12. 

6.  1 - 2a;  + a;2  ) 2 - 12a;5  + 10a;6  ( 2 + ix  + 6x2  + 8a;3  + 10a;4 

2 - 4a;  + 2a;2 
4a;  - 2a;2 
4a;  - 8a;2  + 4a;3 
6a;2  - 4a;3 
6a;2- 12a;3  + 6a;4 

8a;3  - 6a;4  - 12a;5 
8a;3  - 16a;4  + 8a;5 


10a;4  — 20a;5  + 10a;6 
10a;4  - 20a;5  + 10a;6 
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B.  1.  62  + 3(6  + ll)  = 36  + 51  = 87; 

J2x3x6  - 11=  6 - 11=  - 5. 

2.  5b4  - 3ab3  + 4a2b2 

4a2b2  - 3a3b  + 5a4 
5b* -Sab3  +3a3b-5ai 

3.  x - (1  - 1 + x)  — x - 1 + 1 - x = 0, 

3x  - 7 - 4x  — 3x  - 7 + 4x  = 7x  - 7, 
b-2a  - {c-a  - (b  - a + c)}  = b - 2a  - {c-a-b  + a-c} 

= b - 2a-  c + a + b - a + c = 2b  -2a. 


4. 


9x2-l 
9x4  - x2 


9z<  -I 

{( a + b)  + c } {(a  + b)  - c}  = (a  + b)2  - c2—a2  + 2ab  + b2  - c2. 


5.  2 (a2  + b2  + c2  - be  - ca  - db)  = 2a2  + 2b2  + 2c2  - 2 be  - 2ca  - 2 ab, 

also  ( b-c)2  + (c-a)2+(a-b)2=  b2 -2bc  + c2  + c2 -2ca  + a2 + a2 -2ab  + b2 

= 2a2  + 2b2  + 2c2  -2bc-2ca-  2 ab. 

6.  x + y - 1 ) xs  -3x2  + 3x  + y3  - 1 ( x2  - x (y  + 2)  + y2 + y + 1 

*3+  x2(y-l) 

- x2(y  + 2)  + 3x 

- x2  (y  + 2)-  x(y-l)(y  + 2) 

x(y2  + y + l)  + y3-l 

x(y2  + y + l)  + (y-l)(y2  + y + l) 

Or  thus:  (x3  - 3x2  + 3x  + ys  - l)^-(x  + y - 1) 

= \(x  - l)3  + y3}  -f-  { (x  - 1)  + y}  = (x  - l)2  - (x  - 1)  y + y2. 


n N/42  + 2x3x(-2)  J32+(-2)x4  */(-2)2  + 4x3 

L.  1.  | + 3 + T2~ 

_ Vl6- 12  J9~^8  V^+12  2 14  7 

4 + 3 + -2  _4  + 3+-2__6' 

3.  { (ax2  + a)  - x}  x { (ax2  + a)  + a;}  = (ax2  + a)2  - x2  = a2x 4 + 2 a2x2  - x2  + a2. 

(2a db-  3c)2  = (2a)2  + b2  + ( - 3c)2  + 2 (2a)  b + 2 (2a)  ( - 3c)  + 2b  ( - 3c)  = &c. 

4,  x2  + 2 xy  + y2-  (x2-y2)  - {2 xy  - x2  -2xy  + y2\ 

= x2  + 2 xy  + y2  - x2  + y2  - 2 xy  + x2  + 2 xy  -y2=x2  + 2 xy  + y2. 
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5.  Expression  required  = ( x 6 + x5y  + a:4?/2  - x3ys  + y6)  -f-  (x2  + xt/  + y2) 

x2  + xy+y2)  x6  + x5y  + x4y 2 - x3?/3  + y6  ( x4  - xy3  + y 4 
x6  + x®?/  + x4y 2 

- x3ys  + y6 

- x3y3  - x2y4  - xy5 

x2y4  + xy5  + y6 
x2y 4 + xy5  + y6 

6.  (i)  ab-  ac  + bc  -ba+ca-cb=0,  (ii)  (b  - c)  (c  - a)  (a-b)  will  be  found 

to  be  6c2-62c  + ca2-c2a  + a62-a26. 

Hence  we  have 

a?b  - a2c  + 6%  - b2a  + c2a  - c2b  + (be2  - b2c  + ca 2 - c2a  + ab2  - a2b)  = 0, 
since  all  the  terms  cancel. 

D.  1.  6xl  + 3x2  + 4(-3)  = 6 + 6-12  = 0, 

l3  + 23  + ( — 3)3-3xl  x 2 (-3)  = 1 + 8 — 27  + 18  = 0. 

2.  3 {x  - 2y  + 2z)  - [4 y+  {2 y - z + x}]  = 3x  - (jy  + Qz  - [iy  + 2y  - z + x] 

= 3x  - 6y  + 6z  - 4y  - 2y  + z - x = 2x  - \2y  + 7z. 

3.  (a-b-  c)2-  (a  + b + c)2=a2  + b2  + c2 -2ab  - 2ac  + 26c 

- (a2  + b2  + c2  + 2a6  + 2ac  + 26c)  = - 4a6  - 4ac. 


4. 


a3 + b3 
a-b 


a4  + ab3 
- a3b  - b4 


a + b ) a4-  a3b  + ab3-b4  ( a3  - 2a2b  + 2ab2  - b3 
a4+  a3b 
-2a3b 

-2a3b-2a2b2 


2a2b2  + ab3 
2a?b2+2ab3 

- ab3  - b4 

- ab3  - b4 

X + 2 ) X3  + Z3  (X2-XZ  + Z2 
X3  + X2Z 

- x2z  + z3 

- X2Z  - xz2 


xz2  + z3 
xz2  + z3 

Hence  {(x  + y)3  + z3}-i-{(x  + y)  + z}  = (x  + y)2 - (x  + y)  z + z2. 

6.  (i)  x2 -y2  + ?/2-2:2  + «2-x2=0, 

(ii)  (x-y)2  + (y  - z)2  + (z  - x)2=x2  - 2xy  + y2  + y2  - 2yz  + z2  + z2-2zx  + x2 
= 2x2  + 2 y2  + 2^2  - 2 xy  - 2 yz  - 2 zx. 
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Again  2 (x-ij)  (x  - z)  + 2 (y  - z)  (y  - x)  + 2 (*  - x)  (z  - y) 

— 2 (x2  - xy  - xz  + yz)  + 2 (y2-xy+xz-  yz)  + 2 (z2  + xy-xz-  yz) 
= 2a;2  + 2 y2  + 2z2  - 2 xy  - 2 xz  - 2 yz. 

_ 2 ^/(B2  + 42)  + y/(32  + 42  - 52  + 6 . 62) 

h ' 11  6-  5 + 4 - 3 

2^/25  + 4/(9  + 16-25  + 216)  10  + 6 0 

= 2 = — =8' 

2.  4a;  - y + x - 3 {2 y -3x-3y}=4:X-y  + x-  6y  + 9a;  + 9y  = 14a;  + 2y. 

2x-3y -4:x  + 8y  + 5{3x-2x  + 2y}=2x-3y -Ax  + 8y  + 15x  - lOx  + 10  y 

= 3a;  + 15  y. 

14a;  + 2 y 

3a;  + 15  y 
42a;2  + 6 xy 

210 xy  + 30 y2 
42a;2  + 216  xy  + 30  y2 

3.  (a  + 6)3 = a3  + 3a2b  + 3 ab2  + b3 = a3  + 63  + 3 (a2b  + ab2) =a3  + b3  + 3ab  ( a + b ). 

(l-2)3=-l,  and  l + ( - 2)3  + 3 . 1 ( - 2)  (1  - 2)  = 1 - 8 + 6=  - 1. 

4.  Put  down  only  the  terms  which  contain  x2. 

x2  - (a-b)  x-  ab 
x2  + (a  + b)x  + ab 

- abx2 

- [a-  b)(a  + b)x 2 
+ abx2 
~{a2-¥)  x2 

The  required  coefficient  is  therefore  - (a2  - b2). 

5.  (2 a + 36)2  - (3a  + 26)2= 4a2  + 12a6  + 962  - (9a2  + 12a6  + 462) 

= - 5a2  + 562=  - 5 (a2  - b2). 

And  (a2-62)-=-(a  + 6)  = a-6.  - 5 (a2- 62)-+(a  + 6)=  - 5 (a  - b). 

(2a  - 36)s  + (3a  - 2b)3=8a3  - 36a26  + 54a62  - 27 b3  + 27 a3  - 54a26  + 36a62  - 86s 
= 35a3  - 90a26  + 90a62  - 35  b3. 
a-b)  35 a3 - 90a2fc  + 90a52 - 3553  ( 35a2 - 55a6  + 3562 
35a3  - 35a26 

-55a26  + 90a62 
-55a2b  + 55ab2 

35ab2  - 356* 

35ab2-35b3 

6.  {(a  + 6)  + (c  — d) } {(a  + 6)  - (c  - d) } + { (a  - 6)  + (c  + d) } { - (a  - 6)  + (c  + <Z)} 

= (a  + 6)2  - (c  - d)2  + (c  + d)2  -(a-b)2 

= a2  + 2a5  + b2  - c2  + 2cd  - d2  + c2  + 2cd  + d2  - a2  + 2 ab  -b2= 4 ab  + 4cd. 
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F.  1. 


(3  + 4)  (5  - 4)  - (4  + 5)  ( - 4 + 3)  _ 7 + 9 

3.  4 + 4.5-5(-4)-(-4)3  12  + 20  + 20  + 12 : 

a -x 

1 

a -kV 


a2-a(x  + ^]^j 


1 

4 Z 


1 


ai-a*[x  + -y  ) + ^axy 


1 / 1 \ 1 
+ la  \ x + ^yU-Qxyz 


3. 


''(^x+\y+\^  + a[^xy +\xz  + \y*)  - \xvz 

x + 4)x2  + 7x  + c(x  + 3 
x2  + Ax 
3 x + c 
3a: + 12 


c - 12 

If  x2  + 7x  + c is  exactly  divisible  by  a: + 4,  there  will  be  no  remainder ; but 
the  remainder  will  vanish  only  when  c-  12  = 0,  that  is,  when  c = 12. 

4.  x + y - z ) x2  - y2  + 2 yz  - z2  ( x-(y  -z) 

x2  + x (y  -z) 

-x(y-z)-y2  + 2yz-z2 
-x(y-z)-(y-z)2 

x-^y'j  8a+  + xy3  - y 4 5 6 ^8a;3  + 4 x2y  + 2 xy2  + . . . 

8a;4  - 4a:3?/ 

4 x3y  + xy3 
Ax3y  - 2 x2y2 


2 x2y2  + xy3 
2 x2y2  - xy3 
<fec. 

Thus  the  required  coefficient  is  2 y2. 

5 . Each  expression  = a2c 2 + b2c2  + a2d2  + b2d2. 

6.  (6  - c)2  + (a  - b)  (a-c)  = b2  + c2- 2bc  + a2  -ab  - ac  + bc 

= a2  + b2  + c2-  be  - ca-  ab, 
and  similarly  for  the  other  expressions. 
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G.  1.  5a;  - 3 [2x  + 9y  -2  {3a;  - 4y  + 4a;}]  = 5a;  - 3 [2a;  + 9y  -6x  + 8y  - 8a:] 

= 5a;  - 6a;  - 27 y + 18a;  - 24y  + 24a;  = 41a;  - 51  y. 

2.  2 a2  - 4a&  + 262  - (6a2  - 4a&  + 762)  - (4a2  - 6a6  + 562) 

= 2a2  - 4a6  + 262  - 6a2  + 4a6  - 762  - 4a2  + 6a6  - 562 
= 2a2  - 6a2  - 4a2  - 4a&  + 4 ab  + 6 ab  + 2 b2  - 762  -5b2=-  8a2  + 6a6  - 1062. 

3.  a2  - ab  - a + b2  - b + 1 
a + 5+1 

a3 -a2b-a2  + ab2-  ab  + a 

+ a2b  - ab 2 - ab  +b3-b2  + b 

+ a2  - ab- a +62-6  + l 
a * -Sab  +P  + 1 

4.  {a3  + 63  + 3a26  + Sab2  - 8c3}  { (a  + 6)  - 2c} 

= {(a  + 6)3-  (2c)3}-r-{(a  + 5)  -2c}  = (a  + 6)2  + 2c(a  + 6)  + (2c)2  [Art.  69. 

5 . The  other  expression = (x7  - 64a;)  4-  (x2  - 2x  + 4) . 

a;2-2a;  + 4 ) a;7-64a;  ( a;5  + 2a;4 -8a;2 -16<r 

x7-  2x6  + 4x5 
2x6  - 4a;5 
2a;6-  4a;5  + 8a;4 

^8air 

- 8a;4  -f  16a;3  - 32a;2 

- 16a;3  + 32a;2  - 64a; 

- 16a;3  + 32a;2  - 64a; 

6*  (1  + x + x2)  (1  - x + x2)  will  be  found  to  be  1 + x2  + a;4. 

Change  x into  x2 ; then  (1  + x2  + a;4)  ( 1 - x2  + a;4)  = 1 + x4  + x8. 

Again  change  x into  x2 ; then  (1  + a;4  + x8)  (1  - xi  + x8)  = 1 + x8  + x16. 

Hence  (1  + x + x2)  (1  - x + x2)  (1  - x2  + x 4)  (1  - a;4  + x8) 

= (l  + a;2  + a;4)(l  -a;2  + a;4)(l  - xi  + x8)  — (1  + x4  + x8)  (1  - a;4  + a;8)  = 1 + a:8  + a;16. 

a3  (b  - c) +b3  (c  - a) + c3  (a  - b)  — a3b  - asc  + b3c  - b3a  + c3a  — c3b. 

Also  (6  - c)  (c  - a)  (a  - b)  will  be  found  to  be  a2c  - a2b  + ab2  - ac2  - b2c  + be2. 
Multiply  by  a + 6 + c ; thus 

- a2b  + a2c  + ab2-a  c2-  b2c  + be2 
a +b  +c 

- a3b  + a3c  + a2b 2 - a2c2  - ab2c  + abc2 

-a2b2  -abc2  + a2bc  + ab3-b3c  + b2c2 

+ a2c2  + ab2c  - a2bc  - ac3  - b2c 2 + be3 

- a?b  -f  a3c  + a 63  - a c3  - b3c  + be3 

The  sum  of  the  two  expressions  is  now  obviously  zero. 
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XVI.  Pages  62—63. 

1.  3a;  - a;  = 10  - 4 ; i.e.  2x  = 6;  .'.  x—S. 

2.  a;  - 4a;  = 4 - 7 ; i.e.  -3x=-3;  x=l. 

3.  5a;-6a;  = 12-8;  i.e.  - x=4;  .-.  a;=-4. 

4.  7a;- 5a;  = 7 - 19 ; i.e.  2a;=  - 12;  x=  - 6. 

5.  Removing  brackets,  3a;- 6=2a;~ 6;  .*.  3a;-2a;  = -6  + 6;  i.e.  x = 0. 

6.  Removing  brackets,  5x  + 10  = 3a;  + 9 + 1 ; or  5a;  + 10=  3a;  + 10 ; 

.'.  5a;  - 3a;=10  - 10;  i.e.  2x=0;  .*.  a;=0. 

7.  Removing  brackets,  x- 4 + 2a;  = 7a;- 7;  a;  + 2a;-7a;  = 4-7; 

3 

i.e.  - 4a;  = - 3 ; x = ~ . 

4 

8.  Removing  brackets,  20  - 15a;  = 21  - 28a;;  28a;  - 15a;  = 21  - 20 ; 

i.e.  13a;=l;  /.  x = ^‘ 

9.  Removing  brackets,  2a;  - 6 = 5a;  + 5 + 2a;  - 1 ; 

2x-5x-2x=5-  1 + 6;  i.e.  - 5x= 10  ; :.  x=  -2. 

10.  Removing  brackets,  4 - 4a;  + 6 + 3a;  = 13  ; 

.\  - 4a;  + 3a;  = 13  - 6 - 4 ; i.e.  -x  — 3;  x—  -3. 

11.  Removing  brackets,  2a;  - 4 + 3a;- 9 + 4a;  - 16  - 20  = 0; 

49 

.'.  2a;  + 3a;  + 4a;=4  + 9 + 16  + 20;  i.e.  9a;  = 49;  .*.  a;=— . 

12.  Removing  brackets,  2a;  - 2 - 3a;  + 6 + 4a;  - 12  + 2 = 0 ; 

/.  2a;  - 3a:  + 4a;  = 2 - 6 + 12  - 2 ; i.e.  3a;  = 6 ; .\  a;=2. 

1 3 . Removing  brackets,  5sc  + 6a;  + 6 - 7a;  - 14  - 8a;  - 24  = 0 ; 

5a;  + 6a;  - 7a;  - 8jc=- 6 + 14  + 24;  i.e.  -4a;=32;  a;  = -8. 

14.  Multiply  by  3 ; tben  3a;  + 2a;  = 30;  i.e.  5x= 30;  .'.  a;  = 6. 

15.  Multiply  by  20 ; then  4a; -5a;  = 20;  i.e.  -a;  = 20;  .\  a;  =-20. 

16.  Multiply  by  6;  thei^  3 (x  - 1)  + 2 (x  - 2)  = 18; 

/.  3a;-3  + 2a;-4=18;  3se  + 2a;  = 18  + 3 + 4;  i.e.  5x  = 25;  x = 5. 

17.  Multiply  by  12 ; then  3 (x  + 1)  - 8 (x  - 1)  = 36 ; 

/.  3a;  + 3-8a;  + 8=36;  .'.  3a; - 8a; =36 - 3 - 8 ; i.e.  -5x=25;  ..  x——  5. 

18.  Multiply  by  10 ; then  5 (2  - x)  - 2 (5x  + 21)  = 10  (x  + 3 ) ; 

62 

.’.  10  - 5a; - 10a; - 42  = 10a;  + 30 ; whence  x—  - — . 


KEY  TO  ELEMENTARY  ALGEBRA. 


29 


19.  Multiply  by  12 ; then  6 (®  - 2)  + 4 (x  - 3)  + 3 (x  - 4)  = 120 ; 

6®-  12  + 4®-  12  + 3®-  12  = 120;  whence  ® = 12. 

20.  Multiply  by  12 ; then  6 (®  + l)  + 4 (®  + 2)  + 3 (®  + 4)  + 96  = 0; 

122 

6®  + 6 + 4®  + 8 + 3®  + 12  + 96  = 0;  whence  x = - — . 

Id 

21.  Multiply  by  6 ; then  3 (x  - 5)  - 2 (x  - 4)  = 3 (x  - 3)  - 6 (®  - 2) ; 

g 

.-.  3®-15-2®  + 8 = 3®-9-6®  + 12;  whence  ®=-. 

22.  Multiply  by  12 ; then  6 {x  + 1)  + 4 (x  + 2)  + 3 (®  + 3)  = 192 ; 

/.  6®  + 6 + 4®  + 8 + 3® + 9=  192 ; whence  ®=13. 

23.  Remove  brackets ; thus  2x  - [3  - {4a;  + x - 1 } - 5]  = 8 ; 

or  2®- [3 -4®-® + 1-5]  = 8;  or  2x -3  + 4®  + x-  1 + 5 = 8;  whence  x=l. 

24.  1 - 2 {a:  — 3 — 3a;}  = 0 ; or  1 - 2®  + 6 + 6®=0;  whence  x—  - 1 . 

25 . Remove  brackets ; then  a;2  + 3a;  + 2 = ®2  - 6®  + 8 ; 

.*.  ®2  + 3®-®2  + 6®=8-2;  i.e.9x  = Q;  ®= g. 

26.  Remove  brackets ; then  ®2  - 3a:  + 2 = ®2  - 7®  + 12 ; 

.-.  ®2  - 3®  - ®2  + 7®  = 12  - 2 ; i.e.  4®=10;  /.  ®=|. 

27.  Remove  brackets ; then  2®2=®2  + 2®  + l + ®2  + 6®  + 9; 
whence,  by  transposing  - 8a;  = 10 ; x=  - ^ . 

28.  Remove  brackets ; then  3®2=®2  + 2®  + l + ®2  + 4®  + 4 + ®2  + 6®  + 9; 

7 

whence  by  transposing  - 12a;  = 14 ; i.e.  ®=  -- . 

b 

29.  Remove  brackets ; then  x2  - lx  + 10  + x2  - 7®  + 12  = 2a;2  - 18®  + 40 ; 

9 

whence,  by  transposing  4®  = 18 ; i.  e.  x = - . 

30.  We  have  ®2  - 2®  + 1 + 4®2  - 24®  + 36  = 5®2  + 50®  + 125 ; 

22 

whence,  by  transposing  - 76®  = 88;  i.e.  x=  - — . 

31.  We  have  5®2  + 10® + 5 + 7®2  + 42®  + 63  = 12®2  + 48®  + 48  ; 

whence  4®  = - 20 ; i.e.  x=  -5. 

32.  We  have  ®2- 5®  + 4 = 2® + ®2- 5® + 6 ; whence  -2®=2;  i.e.x—- 1. 
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33.  Removing  the  brackets  in  the  equation 

x3-  3x2  + 3x-  1 + x3  - 6a;2  + 12a;  - 8 + x3-  9x2  + 27x-  27  = 3x3  - 18x2  + 33x-  18; 
x3  - 3a;2 + 3a;  + x3  - 6a:2  + 12x  + x3 - 9a;2  + 27a;  - 3x3  + 18a;2  - 33a; 

= -18  + 1 + 8 + 27;  i.e.  9x  = 18;  or  x = 2. 

34.  Multiply  by  10 ; then  5 ^x  + 

multiply  by  2;  then  5 (2x  + l)  - 2 (4x  - 1) + 25  = 0; 

10x  + 5 - 8x  + 2 + 25  = 0;  whence  x=  - 16. 

35.  Multiply  by  8;  then  3x  + 5 - 4 (21  + x)=40x- 120; 

•/.  3x  + 5 - 84 - 4x  = 40x - 120;  whence  -41x=-41;  i.e.  x=l. 

36.  Multiply  by  100 ; then  50x  + 375  = 525x  - 100 ; 

/.  - 475x=  - 475 ; i.e.  x— 1. 

37.  Multiply  by  1000 ; then  250x  + 4000  - 375x  = 200x  - 9000 ; 

whence  - 325x  =- 13000 ; .'.  x = 40. 

38.  Multiply  by  10000 ; then  1500x  + 12000  - 8750x  + 3750  = 625x ; 

whence  - 7875x=  - 15750;  x = 2. 


39.  Multiply  by  100 ; then  120x  - ^ (18x  - 5)  = 40x  + 890 ; 

5 

multiply  by  5 ; then  600x  - ( 18x  - 5)  = 200x  + 4450 ; 

/.  600x  - 18x  + 5 = 200x  + 4450 ; 

4445 

whence  382x  = 4445,  i.e.  x = — — . 

o 82 

40.  We  have  ax  - a2  = bx  - ft2;  ax  - bx  = - 52  + a2; 

fl2  — 7)2 

i.e.  x(a-b)=a2-b2;  ;.  x= r=a  + b. 

a-b 

41.  We  have  2x  - 2a  + 3x  - 6a  = 2a;  .-.  2x  + 3x  = 2a  + 2a  + 6a; 

whence  x = 2a. 

42.  Multiply  by  6 ; then  3 (x  + a + b)  + 2 (x  + a - b)  = 65 ; 

3x  + 3a  + 3fe  + 2x  + 2a-26  = 65;  whence  5x  = 56-5a;  i.e.  x = b-  a. 


43.  We  have  [a  + b + a-  6]x  = a2,  or  2ax  = u2;  ^ = |- 

44.  We  have  x[a  + 6+6-a]  = 62;  2 bx  — b2;  ^ = 

45.  Multiply  by  12 ; then  6 (a  + x)  + 4 (2a  + x)  + 3 (3a  + x)  = 36a; 

6a  + 6x  + 8a  + 4x  + 9a  + 3x  = 36a;  whence  13x  = 13a,  i.e.  x = a. 

46 . Multiply  by  ab ; then  xa2  + xb2  = ab  ( a 2 + 62) ; 

x = a6(a2  + 62)H-(a2  + 62)=a6. 
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47.  We  have  ab  + a2x  + b2x  + abx2 = abx2  - ab ; 

whence  a2x  + b2x=  - 2ab;  .-.  x=  * 

aJ  + tr 

48.  We  have  a2b2  + a2x  + b2x  + x2= a2b 2 + 2 abx  + x2 ; 

a2x  + b2x  + x2  - 2abx  -x2  = a2b2  - a2b2 ; a2x  + b2x  - 2abx  — 0 ; .*.  x=0. 

49.  We  have  ax  + a2  + b2  - bx=2ab,  or  ax -bx=2ab  - a2 -b2 ; 

2ab  - a2 -b2 

whence  x— r =-(a-b). 

a-b 

50.  We  have 

x2  + a2  + b2  + 2ax  + 2bx  + 2ab  + x2  + a2  + b2  + 2ax  - 2 bx  - 2ab  = 2x2; 
or  x2  + 2ax  + 2bx  + x2  + 2ax  - 2 bx  - 2x2z=  - a2  - b2-2ab  -a2  - b2  + 2ab, 

-2a2-2b2_  a2  + b 2 
4 a ~ 2a 


i.  e.  4 ax=  - 2a2  - 2b2 ; 


51.  We  have  x2  -ax- bx  + ab  + a2  + 2ab  + b2  = x2  + ax  + bx  + ab ; 

- ax -bx  + a2  + 2ab  + b2=ax  + bx;  - ax  - bx  - ax -bx=  - a2  - 2ab  - b2 ; 

-a2-  2ab  - b2  a + b 


/.  - 2 ax  - 2bx  = - a2  - 2 ab  -b2;  :.x  — - 


2a -2b 


52.  We  have  (x  + a + b + c)  (x + a-b  + c)  = (x  - a-b  - c)  (x  - a + b - c); 

(x  + a)2-  (b  + c)2  = (x  - a)2-  (b  - c)2; 

/.  a;2  + 2aa:  + a2  - b2  - 2 be  - c2-  x2-  2ax  + a2  - b2  + 2bc  - c2; 
2ax-2bc=  -2ax  + 2bc;  whence  4ax  = 4bc,  and  x = bcja. 

53.  We  have  ax2  + a2x  + bx2  + b2x  = ax2  + a2x  + 2 abx  + a2b  + bx2  + b2x  + ab2 ; 

a2b  + ab2  a + b 


0=2abx  + a2b  + ab 2;  i.e.  - 2abx—a2b  + ab2 ; 


- 2a6 


54.  We  have 

a:3  - 3 x2a  + 3rra2  -az  + x3-  3x2b  + 3 xb2  -b3+x3-  3 x2c  + 3xc2  - c3 

= 3x3  - 3ax2  - 3b x2  - 3 cx2  + 3 abx  + 3 acx  + 3 bex  - 3abc ; 

/.  3aja2  - a3  + 3 xb2  -b3  + 3 xc2  - c3= 3 abx  + 3 acx  + 3bcx  -3 abc; 

3 xa2  + 3 xb2  + 3 xc2  - 3 abx  - 3 acx  - 3 bex  — - 3 abc  + a3  + b3+c3\ 
a3+b3  + c3 - 3abc  a + b + c 

“•  = § (by  s 70’ Ex- 2)- 

Or  thus:  (x-a)3+(x-b)3  + (x-c)3-3(x-a)(x-b)(x-c)=0; 

{x  - a + x - b + x-  c}{(a;  - a-x-  b)2+(x  - b-x-c)2  + & c.}  =0; 

[See  Art.  70,  Ex.  2.] 

i.e.  (3x-a-b-c)  {(a  - b)2  + (b  - c)2 

+ (c  -a)2-  (a  - b)  (b  - c)  - (b  - c)  (c  - a)  - (c  - a)  (a  - b)}  = 0; 

3a:- a - 6 - c = 0,  or  a;  = - (a  + & + c). 
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XVII.  Pages  67—71. 

1.  Let  x be  the  larger  number,  then  the  other  will  be  200  - x. 

.*.  x - (200  - x)  = 2,  whence  x = 101,  and  200 -a;  = 99. 

2.  Let  x be  the  larger  number,  then  the  other  will  be  56  - x. 

/.  x - (56  -x)  = 20,  whence  x = 38,  and  56  - x = 18. 

3.  Let  x be  one  part,  then  the  other  will  be  25  - x. 

x - (25  - x)  - 5,  whence  x = 15,  and  25  - x = 10. 

4.  Let  x be  one  part,  then  the  other  will  be  100  - x. 

a; -(100 -a;)  = 45,  whence  x = 72 J and  100-a;  = 27J. 

5.  Let  a;  be  the  number.  Then  x + 40  = 3a;,  whence  x = 20. 

6.  Let  x be  the  number.  Then  x - 14  = ^ x,  whence  a;  = 21. 

7.  Let  x be  the  larger  number  then  x - 15  will  be  the  smaller. 

.-.  a;  = 4 (a;  - 15),  whence  a:  = 20  and  a;  - 15  = 5. 

8.  Let  x be  the  larger  number,  then  the  smaller  will  be  x - 10. 

/.  x = 3 (x  - 10),  whence  x = 15  and  x - 10  = 5.. 

9.  Let  x be  the  larger  number,  then  the  smaller  will  be  38  - x. 

a;  = 2 (38  - x)  + 2,  whence  a; =26  and  38  -x  = 12. 

10.  Let  x be  the  larger  number,  then  the  smaller  will  be  31  - a:. 

.*.  31  - x = ^ x - 2,  whence  a;  = 22  and  31  -x  = 9. 

2 


11. 

Let  x be  the  number. 

. Then 

12. 

Let  a;  = the  number. 

Then  \ 

13. 

Let  a;  = the  number. 

Then  4 

14. 

Let  a;=the  number. 

Then  8 

15. 

Let  x = the  number. 

Then  4 

16. 

Let  ajacthe  number. 

Then  5 

C>o‘ 

II 

Let  x and  100  - x be  the  parts 

18. 

Let  x and  100  - x 

be  the 

4 5 


3 7 


+ 4,  whence  a;  = 420. 


(x  x\  _ 

7 ~ 8j~ 


+ 44,  whence  a:  = 112. 


a;  = 60  and  100 -a;=40. 
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19.  Let  x be  the  larger  number  and  x - 20  the  smaller.  Then 

| (x  - 20)  = ^ x,  whence  x = 33|  and  x - 20  = 13^. 

20.  Let  x be  the  greater  and  36  - x the  smaller  number. 

/.  x - (36  - x)  = | , whence  x = 24  and  36  - x = 12. 

21.  Let  x = the  number  of  pounds  A must  give  JS;  then  A would  have 
100  - a;  and  B 20  + #. 

20  + x = ^(100  -x),  whence  x = 20. 

22.  Let  x be  the  number  of  shillings  A has.  If  A lose  he  will  have 
x - 5 shillings,  and  this  is  what  B will  have  after  winning  5s.  Hence  B must 
have  had  x - 5 - 5 shillings,  that  is  x - 10  shillings. 

Again,  if  A win  he  will  have  x + 5 shillings,  and  I?  will  have  £-10-5 
shillings.  But  in  this  case  A will  have  three  times  as  much  as  B.  Hence 
£ + 5 = 3(x- 15),  whence  x = 25. 

I 

23.  Let  A have  x pounds,  then  B must  have  50  - x pounds.  If  A win 
\ x pounds  he  will  have  x+x,  and  B will  have  50-x-x.  Hence 

2£  = 3(50-2£);  £ = 18|. 

j Thus  A has  £18.  15s.  and  B has  £50-  £18.  15s.  = £31.  5s. 

J 24.  Let  £ = the  whole  number  of  pounds.  Then  A has  B has  | and 
j G has  50. 

Hence  ^ + ~ + 50  = x,  whence  £ = 300. 

Thus  A has  £150  and  B has  £100. 

25.  Let  £ be  the  number  of  pounds  that  A has.  Then  B must  have 
j £ - 5 pounds.  Hence  x + (x  - 5)  = 75 , whence  x = 40. 

26.  Let  £ be  the  number  of  pounds  that  G has.  Then  B has  £ + 20 
I and  A has  x + 25.  Hence  (x  + 25)  + (x  + 20)  + x = 360,  whence  x = 105. 

27.  Let  A have  x pounds;  then  B must  have  £-15,  and  C must  have 

£ - 15  + 5 = £ - 10. 

Hence  x + (£  - 15)  + (x  - 10)  = 65,  whence  x = 30. 

28.  Let  A have  x pounds.  Then  B must  have  £ + 5 pounds,  and  G 
[ must  have  x + (x  + 5)  = 2x  + 5 pounds. 

i Hence  £ + (£  + 5)  + (2x  + 5)  = 100,  whence  x=22£. 

29.  Let  each  child  have  x shillings;  then  each  woman  will  have  2£ 
1 shillings,  and  each  man  will  have  £ + 15  shillings.  Hence,  the  whole 
i number  of  shillings  being  600,  we  have 

10  (x  + 15)  + 2x  x 20  + x x 40  = 600, 
whence  £=5. 

K.  S.  E.  A. 
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30.  Let  each  man  receive  x shillings,  then  each  woman  will  receive  x - 1 
shillings,  and  each  child  \ (x  - 1)  shillings.  Hence  3x  + 5 (x  - 1)  + 10  (x  - 1)  = 15, 
whence  aj=l|.  Thus  each  man  gets  Is.  8 d.,  each  woman  8 d.  and  each 
child  4 d. 

31.  Let  x be  the  number  of  years.  Their  ages  will  then  be  40  + x 
and  10  + x respectively.  Hence  40  + x = 8 (10  + a;),  whence  x = 5. 

32.  Suppose  the  first  man  was  twice  as  old  as  the  second  x years  ago. 
Their  ages  were  then  70  -x  and  50 -a;.  Hence  70 - x = 2 (50 - x),  whence 
a;  = 30. 

33.  Suppose  the  father  to  be  x years  old;  then  the  son  must  be  g years 

old.  In  10  years  their  ages  will  be  x + 10  and  g + 10  respectively.  Hence 
x + 10  = 2 + 10^  , whence  a;  = 30. 

34.  Let  x be  the  father’s  age  in  years.  Then  in  5 years  the  father  will 
be  x + 5 ; and  the  daughter  will  therefore  be  g (x  + 5).  After  5 years  more 
the  father  will  be  x + 10  and  the  daughter  will  be  - (x  + 5)  + 5.  Hence 
a; + 10  = 3 jj  (#  + 5)  + 5|  , whence  a:  = 35. 

35.  Let  x be  A’s  share  in  pounds.  Then  GO -a:  will  be  B’s  share,  and 
65  - x will  be  G' s share.  But  B and  G have  together  75.  Hence 

60  - x + 65  -x  = 75,  whence  a:  = 25. 

Thus  the  shares  are  £25,  £35  and  £40. 


36.  Let  x be  A’s  share  in  pounds.  Then  B must  have  49 -a;,  C must 
have  51  - x,  and  D must  have  47  - x.  But  B and  G have  £53  between 
them.  Hence  (49  - a:)  + (51  - x)  = 53,  whence  x = 23J,  &c. 

37.  Let  the  price  be  x shillings  a pound.  Then,  for  20  shillings, 

20 

— pounds  could  be  bought.  If  the  price  be  reduced  by  20  per  cent.,  it 
x 

would  be  ~~ = > and  the  number  of  pounds  which  could  be  bought  for 

100  o 

4x  25  25  20  5 

20s.  would  be  20  -+  = — . Hence  — = b 6,  whence  x = - . The  price 

ox  xx  6 

g 

is  therefore  rs.  = lOd. 
b 


38.  Let  the  price  be  x pence  per  score.  Then,  for  £l  = 240d.,  — score 
could  be  bought.  If  the  price  be  raised  20  per  cent.,  the  price  would  be 
^^x  = ^a;  ; and  the  number  of  score  which  could  be  bought  for  240d.  would 


, _.A  6 200 

be  240-f--=x  = - — . 
5 x 


TT  240  200  , . 

lienee  — = [-4,  whence  x = 10. 

x x 
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39.  Let  £x  be  the  man’s  whole  property.  Then  his  wife  had  £ ^ , his 

son  had  £ ~ , and  his  daughter  £2000.  Hence  x = ^ -f  | + 2000,  whence 
•£  = 12000.  3 1 6 

40.  Let  the  share  of  the  youngest  child  be  £x,  then  the  second  will 
have  £2x  and  the  eldest  £4x.  Hence  4x  - .£  = 750,  whence  a;  = 250.  The 
shares  are  therefore  £1000,  £500  and  £250. 

41.  Let  x be  the  number  of  shillings,  then  there  are  - half-sovereigns, 

X ^ 

and  therefore  28  - x - - sovereigns.  The  total  value  in  shillings  is  there- 
5 

fore  x + 10  x | + 20  ^28  - x - . Thus  x + 2x  + 20  ^28  - a;  - | j = 140, 

whence  a; =20. 


42.  Let  x be  the  number  of  sovereigns,  then  there  must  be  3a;  half- 
sovereigns,  and  36  - x - 3a;  shillings.  The  total  value  in  shillings  is  therefore 
20a;  + 30a;  + 36  - x - 3a;.  Hence  20a;  + 30a;  + 36  - x - 3x  = 220,  whence  x = 4. 


43.  Let  the  required  time  be  x minutes  after  five.  At  5 o’clock  the 
hour-hand  is  25  minute  spaces  in  front  of  the  minute-hand,  and  at  x 
minutes  past  5 they  are  together,  hence  the  hour-hand  must  have  moved 
through  x-25  minute  spaces  in  x minutes.  But  the  minute-hand  moves 
12  times  as  fast  as  the  hour-hand,  and  therefore  x = 12  (x  - 25),  whence 


300 


=27*. 


44.  Let  the  hands  be  at  right  angles  at  x minutes  past  9.  At  9 o’clock 
the  hands  are  at  right  angles  and  the  minute-hand  is  45  minute  spaces 
behind  the  hour-hand;  also  when  the  hands  are  next  at  right  angles  the 
minute-hand  must  be  15  minute  spaces  behind  the  hour-hand.  Hence 
while  the  minute-hand  describes  x minute  spaces  the  hour-hand  will  have 
described  x - 30  minute  spaces,  and  one  hand  moves  12  times  as  fast  as  the 
other.  Thus  x = 12(x-  30),  whence  x = 32* . 

45.  Let  x be  the  larger  number,  then  the  smaller  will  be  x-  3.  Hence 
x2=(x  - 3)2  + 99,  whence  .£  = 18. 

46.  Let  x be  the  whole  number  of  gallons.  Then  the  number  of  gallons 
of  spirit  and  of  water  will  be  | + 25  and  | - 5 respectively.  Hence 


^|  + 25 J + (^-5j  = x,  whence  .£  = 120. 

47.  Let  x be  the  number  in  the  reinforcement.  When  the  reinforce- 
ment joined,  the  provisions  would  have  lasted  1000  men  for  50  days,  or 
1000x50  men  for  1 day.  But  we  are  told  that  they  lasted  (1000 -fa;)  men 
for  20  days,  there  was  therefore  just  enough  for  (1000 -fa;)  x 20  men  for  1 
day.  Hence  1000  x 50  = (1000  -f  x)  x 20,  whence  x = 1500. 

48.  Let  x be  the  number  of  days  on  which  he  worked,  then  he  was  idle 
for  36  - x days.  Hence  the  number  of  shillings  he  received  was 

2J  x x - 1|  x (36  - a;). 

5 3 

Hence  -a;-- (36 -a;)  = 58,  whence  a;  = 28. 


3—2 
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49.  Let  the  whole  sum  divided  be  x pounds.  Then  the  first  receives 


+ 10,  and  there  was  left  x ■ 


+ 10  ) = -*-10. 


The  second  then  received  ^ x - 10^  +15,  and  there  was  left 

-■gG— “)• 


'X  — 10  ■ 


Hence  - x - 20  = 70,  whence  x = 270. 


+ 15}  = -x-  20. 


50.  Let  x be  the  number  of  sovereigns.  Then  the  first  had  ^ + 1,  and 
| - 1 were  left.  The  second  had  ^ - 1^  + 1,  and  | - 1^  - 1 were  left. 

Hence  ^ l\  - 1 = 6,  whence  x = 30. 


51.  Let  £x  be  the  sum  of  money.  After  + 20  has  been  taken  away, 


- 20  will  be  left.  After 


will  be  ^ 


3 V 2 


rterKl_20) 


+ 30  has  been  taken  from  - 20,  there 

20  ) - 30  left.  Now  when  40  more  than  a fifth  part  of  this 
must  be  - ths  of  this  last 


last  remainder  is  taken,  nothing  is  left;  . 

2 i x \° 

remainder,  which  must  therefore  be  50.  Hence  - ( - - 20  j - 30  = 50,  whence 
x = 280. 

52.  Let  x shillings  be  the  charge  for  each  dinner.  The  cost  of  the 

whole  was  24x  x ^ x.  The  receipt  was  21.r,  and  this  was  1 less  than 

6 64 

the  cost.  Hence  21x  + 1 = — x,  whence  x = 3. 


53.  Suppose  A worked  for  x days,  then  B worked  for  25  - x days.  Now 

A does  th  of  the  whole  each  day  and  B does  — th  each  day.  Hence 
30  20 

— x + — (25~x)  = l,  whence  x = 15. 

54.  Let  x be  the  number  of  days  for  which  A worked ; then  B worked  for 
x + 10  days.  Now  A does  of  the  whole  each  day  and  B does  ^ of  the 

whole  each  day.  Hence  ^x  + ^ (x  + 10)  = l,  whence  x = 8. 

55.  Let  x be  the  number  of  men  in  each  outer  side  of  the  larger  square. 
Then,  since  this  square  is  3 deep,  there  would  be  x - 6 men  in  each  side  of 
the  square  which  would  just  fit  into  this.  Hence  the  total  number  of  the 
men  in  this  hollow  square  is  the  difference  of  the  squares  of  x and  x - 6, 
that  is  x2  - (x  - 6)2. 
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The  number  of  men  in  the  side  of  the  smaller  of  the  two  hollow  squares 
is  x - 6 since  it  would  just  fit  into  the  larger.  Hence,  as  this  square  is 
5 deep,  there  would  be  x - 6 - 10  men  in  each  side  of  the  square  which 
would  just  fit  into  this.  Hence  the  total  number  of  the  men  in  this  smaller 
hollow  square  is  the  difference  between  the  square  of  x - 6 and  the  square  of 
x - 16,  that  is  ( x - 6)2  - (x  - 16)2. 

By  the  question  x2  - (x-  6)2  = (a;  - 6)2  - (x  - 16)2,  whence  x = 23.  The 
number  in  each  hollow  square  is  therefore  240. 


XVIII.  Page  76. 

1.  Subtract;  then2.r  = 2;  .-.  x—1.  Substitute  in  first  equation;  then 

7 + 4y  = l;  ..?/=- 1. 

2.  Multiply  by  5 and  3 respectively;  then  15a; + 25?/ = 95,  15a;  - 12?/ = 21. 

By  subtraction,  37?/  = 74  or  y = 2.  Then  3a;  + 10  = 19 ; a;  = 3. 

3.  Multiply  1st  equation  by  9;  then,  by  addition  (111  - 99)  y = 9 + 99; 
y = 9.  Then  a; -99  = 1;  /.  a;  = 100. 

4.  Multiply  by  3 and  4 respectively ; then 

24a;  - 63?/  = 15,  24a; +56?/ =- 104. 

Hence,  by  subtraction  - (63  + 56)  y = 15  + 104 ; whence  y = - 1.  Then 
8a; + 21  = 5,  whence  x=-2. 

5.  The  l.c.m.  of  34  and  51  is  102.  Multiply  by  3 and  2 respectively. 
Then  we  have  102a;  - 45 y = 12,  102a;  + 50 y = 202.  By  subtraction 

-95?/=  -190;  :.y  = 2,  &c. 

6.  The  l.c.m.  of  39  and  65  is  195,  and  multiplying  by  5 and  3 respec- 
tively, we  have  195a;  - 75?/ = 465,  195a; + 51?/ = 339.  By  subtraction 

126?/=  - 126,  or  y = - 1,  &c. 

7.  We  see  that  85  = 17  x 5 and  119  = 17  x 7,  hence  we  multiply  by  7 and 
5 respectively.  Then  133a;  + 595 y = 2450,  85a;  + 595 y = 2210.  By  subtraction 
48a;  = 240;  .-.  a;  = 5,  &c. 

8.  Multiply  by  25  and  8 respectively ; then 

200a;  - 275 y = 0,  200a;  - 136 y = 1112. 

By  subtraction  - 139?/=  - 1112,  or  y = S,  &c. 

9.  Multiply  by  19  and  3 respectively ; then 

57a;  - 209?/ = 0,  57a;  - 57?/ = 24. 

3 

By  subtraction  152?/ = 24  ; y = ^ , &c. 

10.  Multiply  the  second  equation  by  2.  Then  ~ + | = 1 and  ^ - ~ = 6. 
Hence  by  subtraction  = - 5 ; .'.?/=-  3,  &c. 
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11.  Multiply  by  3 and  5 respectively ; then  a;-|  = jj,a;-^  = |.  By 
subtraction,  y=  - 1,  &c. 

12.  Multiply  by  3 and  5 respectively ; then  x + 9y  + 42  = 0,  x + 25 y + 20  = 0. 

By  subtraction,  16?/ -22  = 0;  y=—  , & c. 

8 

13.  Multiply  both  equations  by  5;  then  a; + 25?/  = -20,  y + 25a;  = 20. 

By  addition,  26a;  + 26?/  = 0,  x + y = 0.  Hence  24?/ =- 20 ; :.y—-^,& c. 

14.  Clear  of  fractions;  then  the  equations  reduce  to  £ + 12?/ = 4 and 
2 y - 11a;  = lffl  Multiply  the  first  by  11  and  add  to  the  second;  then 

55 

134?/  = 55  ; .y  = WA,  &c. 

15.  The  equations  reduce  to  14a;  + 26?/  = 40,  11a;  - 20?/=  - 9.  Multiply 

by  10  and  13  respectively;  then  140a;  + 260 y = 400,  143a;  - 260 y = - 117. 
By  addition  283a;  = 283 ; a;  = l,  &c. 

16.  The  equations  reduce  to  3x  + y = 12,  4a;  - 9y  =47.  Multiply  the 

first  equation  by  9 and  add  to  the  second;  then  31a;  = 155;  a:  = 5,  &c. 

17.  The  equations  reduce  to  3a; -4?/ =-17,  4a;-3?/=-7.  Multiply 
the  first  equation  by  3 and  the  second  by  4,  and  subtract ; then 

23 

-lx  — - 23;  .-.x  = ~,&c. 

18.  The  equations  reduce  to  4a;  - 3 y — 14,  14a;  + 10?/  = 90. 

.'.  40a; -30?/ = 140,  42a;  + 30?/  = 270.  Hence  82a;  = 410;  .\  x = 5,  &c. 

19.  The  equations  reduce  to  2a;  - 3y  = 19,  32a;  + 3 y = 151.  Hence 
34a;  = 170;  /.  x = o,  &c. 

XIX.  Page  79. 

40a;  + 40 y = 160  ; .'.  x + y — 4. 

-6a; + 6?/ = 12;  .-.  -x  + y = 2. 

.r  = l,  y = 3. 

34a;  + 34y  = 68;  .'.  x + y = 2. 

- 4a;  + 4?/  = - 32 ; .-.  - x + y — - 8. 
x=5,  y=  - 3. 

65a; -65?/ = 130;  .-.x-y  = 2. 

31 x + Sly  = 444 ; .-.  a;  + ?/  = 12. 
a;  = 7,  y = o. 

42a; + 42?/ = 126;  x + y = 3. 

16a;  + 128?/  = — 64 ; ,\  x + 8y  = - 4. 
ly=  -1  • .-.?/=-  1,  &c. 


1.  By  addition 
By  subtraction 
Whence 

2.  By  addition 
By  subtraction 
Whence 

3.  By  addition 
By  subtraction 
Whence 

4.  By  addition 
By  subtraction 
Whence 
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5.  Clear  of  decimals;  then  10* + 2?/  = 3,  1700*+ 10?/  = 345.  Multiply 
the  first  equation  by  5;  then  by  subtraction  1650*  = 330;  .*.  * = - , &c. 

6.  Clear  of  decimals;  then  50* + 100?/  = 275,  or  2*  + 4 y=  11, 

and  340*+  2y  = 175,  or  680*  + 4y  = 350,. 

By  subtraction  678*  = 339;  * = ^,  &c. 

7.  Since  3*  - iy  + 2 = 5*  - 6y  - 2,  - 2*  + 2y  = - 4. 

Since  3*-4y  + 2 = 7*  + 2?/  + 4,  -4 *-6?/  = 2. 

Whence  * = 1,  ?/=:- 1. 

8.  Since  4*  - Qy  - 3 = 7*  + 2 y - 4,  - 3*  - 8y  = - 1. 

Since  4*  - 6y  - 3 = - 2*  + 3?/  + 24,  6*  - 9?/  = 27. 

Whence  * = 3,  «/=-!. 


9.  Since 


3*  + -?/ -2  = 20,  6* + 7?/=  44. 


Since 

Multiply  the  last  equation  by  3 ; then  by  addition  172?/  = 344 ; 


11?/  - g * =20>  55?y-2*  = 100. 


y — 2,  &c. 


10.  Since 


5*  + f-l  = 4,  25*  + ?/ = 25. 


Since  3?/  + |-2  = 4,  9?/  + * = 18. 

Multiply  the  first  equation  by  9 and  subtract  the  second;  then 

207 

224*  = 207;  .\  * = ==  , &c. 

224 

11.  Since  , 5 (7  + *)  = 3 (9  + ?/) ; .-.  5*  - 3«/=  - 8. 

Since  9+j/  = ll+*  + y » 7 (9  + ^)  — 5 (H  + * + ?/) ; - 5*  + 2?/= -8. 

5 7 

Whence  ?/  = 16,  * = 8. 

12.  Since  3 (*  + l)  = 2 (?y  + 2);  .-.  3*-2?y  = l. 

Since  y + 2 = *+j/^  4 (?/  + 2)  = 3 (*  + ?/);  -3*  + ?/= -8. 

Whence  ?/  = 7,  * = 5. 

13.  Clear  of  brackets;  then,  after  reduction,  the  equations  become 
respectively  x-y  — 0 and  -x-y  — 4.  Whence  * = ?/=- 2. 

14.  Clear  of  brackets;  then,  after  reduction,  we  have  *-5 y — -5  and 
*-?/  = !.  Whence  ?/=  g , * = ^ . 
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15.  We  have 
By  addition 


18 

x 


8 18 
y~  ’ * 


— = 14,  or  36  = 14a;;  x — 
x 


18 
W ' 


By  subtraction 

16  r ia  a 8 

— =6,  or  16  = 6?/;  y = ~. 

16. 

We  have 

5 + iiia. 

x y X y 

Hence 

— = -1;  ?/=  - 19. 

y 

Then 

6 

X 

15  6 414  6x19 

19“  ; '•  x~  19  5 " *“414 

17. 

We  have 

3 4 0 , 12  4 „ 

— + -=3  and = 2. 

x y x y 

Hence 

15  „ r 

— = 5,  or  15  = 5x:  x — 3. 

X 

Then 

3 4 4 

- + r3,°r-=2; 

18. 

R-W  = 18,  B-  40=26. 

x y x y 

Hence 

— =7,  or  23  = 7a;;  .’.  « = ^. 
a;  7 

Then 

„ 23  2 _ , 23 

7+TT  ’ 'ThenC6»=-3S- 

19. 

o 9 21  0 2 26 

3a;  4 — — — - , 3a;  — — v . 
2/2  y 3 

Hence 

11  21  26  11 
7=2-"  8 =T;  = 

Then 

3 7 

* + 6 = 2;  ''•I  = 3' 

20. 

12  15 

8a; = 12,  8x  + — = -6. 

y y 

Hence 

27  ■ 

-—  = 18,  or  -27  = 18?/;  y= 

2/ 

Then 


2a;  + 2 = 3; 


x 


_1 
"2  ' 
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21. 

Hence 

Then 

q oi 

- - 3y  = 8,  — + 3y  = 15. 

V-  -=! 

_ 7 , 161  41 

y_5---5-— 

22. 

Hence 

Then 

~ - 18y  = 114,  ^ + 18y  = 63. 

“-IT?.  • _1 

a;  7/’  •'  *-177-3- 
2y  = 7 - ^ = 7 -15=  - 8;  .\  y=  - 4. 

23.  Since 
Since 
Hence 

Then 

a; --  + 7=3®  - - - 11,  -2®  + -=-18. 

y y y 

x-  - + 7 = 7®  + 21,  - 6® - - = 14. 

y y 

■I  o £ 

-6®h — =-54  and  -6® — = 14. 

2/  y 

17  AQ  17  1 

F = '68; 

-2i=- 18-^=-18  + 16=-2;  .Mpl. 

y 

24.  By  addition  2x=2a  + 2b. 

By  subtraction  2y  — 2a-2b. 

25.  By  addition  2ax  = (a  + b)2  + a2-b2=2a2  + 2ab. 

x = (2a2  + 2ab)-i-2a=a  + b. 


By  subtraction 

2&y  = (a.  + 6)2  - a2  + ft2  = 2a&  + 252. 
y = (2a5  + 252)-=25  = a + &. 

26. 

By  subtraction 
Then 

a2®  + a6y  = a(a2  + &2),  62®  + aby  = 2a62. 
(a2  -b2)x  — a (a2  - ft2) ; .\  ® = a. 
ay  = 2a5  -bx  — 2 ab  - ab]  y — b. 

27. 

By  subtraction 
Then 

ax-ay  — a(a-b),  ax  -by  = 2a2  -262. 
(b-  a)  y=  - a2  - ab  + 2b2 ; 

- a2  - ab  + 2b2 

.-.  y = — = a + 2fc. 

-a  + b 

x = a-b  + y = a-b  + a + 2b  = 2a  + b. 
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28.  a2x  + aby  = a(cfi-b2),  b2x  + aby  — b(a2-b2). 


By  subtraction 

(a2  - b2)  x — (a-b)  (a2  - b2) ; 
/.  x = a - b. 

Then 

by  = a2  - b2  - ax  = a2  - b2  - a (a  - b)  = ab  - b2. 
y = (ab  -b2)+-b  = a-b. 

29. 

By  addition 

b2x-a2y  = 0,  abx  + a2y  = a(a  + b). 
(b2  + ab)x  = a(a  + b)‘, 
a (a  + b)  a 

b2  + ab  ~ b’ 

Then 

a2y  — b2x  — b2  x^  = ab-, 

_ ab  _ b 
" y a 2 a' 

30. 

By  subtraction 

ax  + ay  = a(a  + b),  ax -by  — b2  - a2. 

(a  + b)y  = a2  + ab- b2  + a2 — 2cl2  + ab  - b2. 
2a2  + ab  - b2 

.:.  y = , =2 a-b. 

J a + b 

Then 

x = a + b -y  — a+b  - 2a  + b = 2b  - a. 

31. 

b2x  - aby  = b 4,  a2x  - aby  - a 4. 

Hence  (b2  - a2)  x = b4  - a4 ; x—(b4  - a4)+-(b2  - a2)  — a2  + b2. 


Then 

- ay — b3 -bx=b3  - b (a2  + b2)  — -ba2;  /.  y — ab. 

32. 

Hence 

ax-by  = a2  + b2,  bx  + by  = 2 ab. 

(a  + b)  x = a2  + 2ab  + b2. 
x = (a2  + 2ab  + b2)+-(a  + b)  = a + b. 

Then 

y — 2a  - x — 2a-  (a  + b)  — a -b. 

33. 

a2bx  + b3y  — c2b,  a3x  + b3y  = c3 . 

Hence  ( a2b  - a3)  x = c2b  - c3 ; .\  x = ~ — C~r — ^ 

a2b-a 3 a2(b  - a) 


Similarly 

c2(a-c) 

y~b2(a-b)' 

34. 

a2x  + aby  = a,  b2x  + aby  — b. 

Hence 

(a2  - b2)  x=a  - b;  x — ^, — ^ — — — - . 

a2-b2  a + b 

Then 

i a b 1 

by  — l-ax  — 1 r = y — - . 

Qj  -\-b  GL-\-b  CL  + b 
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35. 

a2  ab  b2  ah 

— + —=a,  - + — = b. 
x y x y 

Hence 

a2 -b2  a2  -b2 

=a-b;  x — — — a + b. 

x a-b 

Then  -=1 

y 

b b a 11 

— = 1 — ; - = , or  ii — a + b. 

x a + b a + b y a + b 

36.  Multiply  the  first  equation  by  a + c and  the  second  by  a + b. 

Then. 

{a  + b)  (a+c)  x+(a  + c)2y—(a+b)  (a  + c), 
(a  + c)  (a  + b)  x + (a  + b)2y  = (a  + c)  (a  + b). 

By  subtraction 

{(a  + c)2  - (a  + 6)2}  2/  = 0 ; .'.  y = 0. 

Then 

(a  + b)  x=a  + b;  .'.  x=l. 

37.  By  addition  2bx  + 2by  = 4ab ; x + y = 2a. 

By  subtraction 

2 ax  - 2 ay  — 2 ab ; x -y  = b. 

Hence 

2x  — 2 a + b and  2y=2a-b. 

XX.  Page  82. 

1.  From  the  sum  of  the  second  and  third  take  the  first ; then 

z + x + x + y -y  - z = 18  + 24:-14:, 

that  is 

2x—28\  :.  x = 14. 

Then 

z = l8-x  = 18- 14  = 4,  y = 24  - a;  = 24  - 14  = 10. 

2. 

(z  + x)  + (x  + y)  - (y  + z)  = 2b  + 2c  - 2a, 

that  is 

2x  = 2b  + 2c  -2a;  .'.  x = b + c - a. 

Then 

z=2b  - x=2b  - (b  + c - a)  = a + b - c. 
y = 2c-x  — 2c-(b  + c-a)  — c + a-b. 

3.  Multiply  the  first  equation  by  2 and  subtract  from  the  second ; 

then 

y-z= 2. 

Multiply  the  first  equation  by  4 and  subtract  from  the  third ; then 

5y  - 3.3  = 12. 

From 

y-z  = 2 and  5y  -3z  = 12, 

we  find 

y = 3,  z = 1. 

Then 

fO 

II 

CO 

II 

>5 

II 

H 

4.  We  have 

10x  + 6y  + 14z=4,  10x-20y  + 45z  = 35. 

Hence 

26y  - 31z  = - 31  

•(i). 

Also 

6-r-12y  + 273  = 21,  8x  + 4y  + 12z  = 8. 

Hence 

- 16y  + 15^  — 15  

(ii). 

From  (i)  and  (ii) 

we  get  y = 0,  z = l. 

Then 

5x=2-3y-7z=2-7=-5;  x= -1. 
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5.  Eliminate  y first  between  I.  and  II.,  and  then  between  I.  and  III.; 

we  then  get  7x  + 4z  — 9 and  4 x-z  — - 8. 

Whence  #=-1,  z — 4. 

Then  from  I.,  y = - 2. 

6.  Multiply  the  first  equation  by  2 and  subtract  the  second;  then  we 

have  z — 3. 

Hence  x + 2y-9  = 6 and  3x-  y-  15  = 8, 

i.  6i  , 22 

whence  a;  = — and  ?/  = — . 

7 J 7 

7.  Eliminate  a;  from  the  first  and  second,  and  also  from  the  first  and 
third;  then  in  both  cases  we  obtain  y + 2z  = 2. 

The  equations  are  therefore  not  independent. 

This  can  be  seen  at  once,  for  on  adding  the  first  and  third  and  then 
dividing  by  2 we  get  the  second  equation. 

Any  values  of  x,  y,  z which  satisfy  two  of  the  equations  will  satisfy  the 
third.  If  we  give  to  x any  value  whatever,  we  can  find  corresponding  values 
of  y and  2 from  two  of  the  equations. 

Thus,  if  x = 0,  y — 2 and  z = 0;  if  x — 1,  y — 0 and  z = 1 ; if  x — 2,  y = - 2 
and  z = 2 ; &c. 

8.  Eliminate  x between  I.  and  III.,  and  also  between  II.  and  III.;  we 

then  get  ly  + 16^  = 89  and  9?/ + 10z  = 29, 

whence  y = 1,  z — 2;  and  then  we  find  x — 3. 

9.  Eliminate  x from  I.  and  III.,  and  also  from  II.  and  III. ; we  then  get 

32 y - 24 z — 15  and  Ay  -3z  — - 1,  or  32?/  - 24*:  = - 8, 
which  is  inconsistent  with  the  former  equation. 

10.  First  clear  of  fractions ; then  we  have 

x + y + z = 1,  2x  + y + 13z  = A,  20x  + 9y  - Qz  — 0. 

Eliminate  y between  I.  and  II.,  and  also  between  I.  and  III.;  then 
x + 1 5z  = 3,  11m  - 15 z = - 9. 

17  19 

Whence  x=  - ^ > 2 = gq  > an^  then  we  y = jg  • 

11.  From  I.  and  II.  am  - cz  = 0.  Hence  from  III.,  2ax  — 1.  Thus 

*=i,  and  similarly  y=A,  z=~. 

12.  Multiply  in  order  by  a,  b,  c respectively.  Then 

acy  + abz  = abc,  abz  + bcx  = abc,  bcx  + acy  = abc. 

Subtract  the  third  from  the  sum  of  the  first  and  second;  then  2abz  — abc. 
Hence  z — ~ and  similarly  x = ^ , y = 
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XXI.  Pages  86—88. 


1.  Let  A have  £x  and  B have  £y.  Then  x + y = 50 ; also  | + | = 20,  &c. 

2.  The  two  numbers  with  x,  y for  digits  are  10a:  + y and  1 Oy  + x.  Hence 
10a;  + y + 9 = 10?/  + x,  whence  y - x = 1. 

3.  Suppose  each  cow  to  cost  £x  and  each  sheep  £y.  Then  8a;  + 50 y = 225 
and  ^a;x8  + ^?/x50=:257i,  &c. 

4.  Suppose  each  cart  to  carry  x tons  and  each  waggon  y tons.  Then 

15a;  + 12?/  = 28  and  24a; + 8?/ = 28,  &c. 

5.  If  A take  x days  for  the  whole,  he  would  do  ^th  each  day;  and  if  B 

take  y days  for  the  whole,  he  would  do  ^ th  each  day.  Hence 

- x 30  + i x 30  = 1 ; also  -x36  + -xl2  = l,  &c. 
x y x y 

6.  Let  the  numerator  be  x and  the  denominator  y. 

rrn  ® + l i i X + y A 

Then  ^ = 1,  and  = 4. 

y- 1 y-x 

Hence  x -y  = -2  and  5x - 3y  = 0,  &c. 


Then 


7.  Let  the  numerator  be  x and  the  denominator  y. 

1 x 


4x  nx  ■,  x + 2 

r = 2 - and  — — = - - . 

y + 3 y 4 y 2 ?/ 


From  the  first  equation  we  have  2y  — y + 3 or  y — 3 [unless  a;  = 0,  which  is 
inadmissible].  Then  from  the  second  equation  we  have  x + 2 = 2a;,  whence 
x = 2. 


8.  In  the  first  edition  suppose  that  x and  y were  the  number  of  pages 

3 

in  the  two  parts  respectively.  Then  x + y — 600.  Also  x + 30  = - y,  &c. 


9.  Suppose  that  A has  £x  and  that  B has  £y.  Then  x + 10  = 2 (y  - 10) ; 

also  3 (x  - 10)  = y + 10,  &c. 

10.  Let  the  prices  per  bushel  of  the  wheat  and  barley  be  x shillings 
and  y shillings  respectively. 

Then  30a;  + 50?y  = 375 ; also  50a:  + 30?/ = 385,  &c. 

11.  Let  the  first  rectangle  be  x yards  long  and  y yards  wide. 

Then  xy  = (x  + 6)  (y  - 4)  = (a;  + 8)  (y  - 5). 

Hence  4a;  - Gy  = - 24  and  5x~8y=  - 40,  &c. 
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12.  If  A take  * days  for  the  whole,  he  would  do  - th  in  a day ; and  if  B 

x 

take  y days  for  the  whole,  he  would  do  - th  in  a day. 


Then 


15  15  . 6 30  , „ 

f-  — = 1 ; also  - -1 = 1,  &c. 

xy  xy 


13.  Let  £x  and  £y  be  the  stock  in  the  3J  per  cents,  and  4 per  cents, 
respectively.  Then  x x + y x =120. 

Also  ^j08  + = 3672.  That  is  lx  + 8y  = 24000,  and 

108a:  + 120y  = 367200,  &c. 


14.  Let  the  digits  be  x and  y,  y being  in  the  units  place.  Then 
10*  + ?/ = 7 (*  + ?/);  /.  3*  = 6 y. 


15.  Let  the  digits  be  x and  y,  y being  the  digit  in  the  units  place.  Then 
10*  + ?/  = 4 (*  + ?/);  6*  = 3 y,  or  y = 2*.  Hence  the  numbers  are  12,  24, 

36  and  48. 


16.  Suppose  that  A has  £x,  and  that  G has  £y.  Then  B has  £ - . 

/ 1 \ x i 

And  D gets  £(?/-- *j  . Hence  x+~+y+y --*  = 1000.  Also 
| + 100=  y + y- |*r  &c. 


17.  Let  * and  y be  the  digits.  Then  y — 2* ; also 

10*  + y = 10 y + * - 36,  &c. 

18.  Let  * and  y be  the  digits.  Then  the  numbers  are  10*  + ?/  and 
10?/  + *.  Hence  (10*  + ?/)  + (10?/  + *)  = 99,  also  (10*  + ?/)  - (10y  + *)  = 45,  &c. 


19.  Let  * be  the  numerator  and  y be  the  denominator. 

Then  w = * + 12;  also  ^ &e. 

9 y + 5 4 


20.  Suppose  a man  to  earn  * shillings  and  a boy  y shillings  a day. 

Then  10*+8?/  = 37;  also  4*=6y  + 1,  &c. 

21.  Let  * and  y be  the  numbers  of  acres  in  the  two  farms.  Then 

30  (*  + ?/)  = 675  x 20;  also  25*  + 20y  = 500  x 20,  &c. 

22.  Let  *,  y , z be  the  number  of  half-crowns,  shillings  and  sixpences 

5 1 

respectively.  Then  * + y + z — 20 ; and  ^*  + ?/  + -^  = 20.  Also 

* + 2y  + 6^  = 73,  &c. 
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23.  Suppose  the  charge  to  be  * francs  per  mile  for  a passenger,  and  y 
francs  per  mile  for  1 kilo,  of  extra  luggage.  Then  200*  + 5000y  = 25,  and 

150*  + 1500?/  = 16 \ ; whence  * = ^ and  2/  = Yqqq-  Hence  a journey  of  100 
miles  with  100  kilos,  of  luggage  (i.  e.  with  75  kilos,  extra)  will  cost  in  francs 
100*  + 7500y  = 100  x 1 + 7500  x — ^ = 17*. 

24.  Let  A have  * shillings ; then  he  has  2*  pence.  Let  B have  y shil- 
lings ; then  he  has  | pence. 

Then  12 y + ^ = 12*  + 2*  + 8,  and  x + y + 1 = 2*  + 1 , &c. 

2 2 

25.  Let  4*  be  the  number  of  candidates;  then  3*  pass  and  * fail.  Let 
y be  the  number  of  marks  required  to  pass.  Then  the  average  marks  of  all 
the  4*  candidates  is  y + 2;  hence  4*  (y  + 2)  marks  are  obtained  altogether. 
The  3*  who  pass  get  y + 11  each,  on  the  average,  and  therefore  3*  (y  + 11)  on 

the  whole;  also  the  * who  fail  get  | each,  on  the  average,  and  therefore 

V 1 

* x | on  the  whole.  Hence  4*  (y  + 2)  = 3*  (y  + 11)  + - xy,  whence  y = 50. 


MISCELLANEOUS  EXAMPLES.  II.  Pages  88-91. 


. , 2-12-  0 1 + 8 + 27  - 10  36  , 

A L -2r3To'  + TT4^9=rr  + -4=10-9-1- 


2.  26  - 3 (5  - a - b)  - { 2a  - 3 (a  - b - a) } 

= 26-3  (6  - a + 6)  - {2a  - 3 (a  - 6 + a)}  = 26  - 36  + 3a  - 36  - 2a  + 3a  - 36  + 3a 
-la -lb. 

3.  The  first  expression =xy  + 3x  + 3y  + 9-  3 (xy  + x + y + 1) 

+ 3(xy  -x-y  + 1)  - (xy  - 3*  - 3y  + 9)  = 0. 
The  second  expression = xy  + 2*  + 2y  + 4 - 4 (xy  + * + y + 1) 

+ 6 xy  - 4 (xy  - * - y + 1)  + (xy  - 2*  - 2y  + 4)  = 0. 

4.  *3-3*2  + 3*-l  ) *5-5*4+7*3-  *2-4*  + 2 ( *2 - 2*- 2 

*5  - 3*4  + 3*3  - *2 

- 2*4  + 4*3  -4* + 2 

- 2xi  + 6*3  - 6*2  + 2* 


- 2*3  + 6*2  - 6*  + 2 

- 2*3  + 6*2  - 6*  + 2 
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5.  (i)  Multiply  by  60 ; then  30a;  + 20  (x  + 1)  + 15  (x  + 2)  + 12  (x  + 3)  = 240, 
whence  a;  = 2. 

(ii)  Multiply  in  order  by  15  and  9 ; then 

5a;  + 3?/  = 75,  18a;  + Sy  = 153 ; whence  a;  = 6,  and  y = 15. 

(iii)  Multiply  the  equations  by  a,  b respectively ; then,  by  subtracting, 

(a2-b2)x=a3 -ab2  + a2b-b3;  x = a + b,  and  then  y = a + b. 


6.  Let  x be  the  number  of  marbles.  Then  the  first  boy  had 
| - 10 ; the  second  had  j ^|  + 10^  + 10  5 and  the  third  had  20. 

Hence  a;=||-lo|  + | \ + 10^  + 10 1 +20,  whence  x = 60. 


B.  1.  ( 


2.  (2a  - b)2  + (a-  2b)2  - 4 (a  - b)2 

= 4a3  - 4a6  + b2  + a2  - 4a6  + 462  - 4a2  + 8 ab  - 462 =a2  + b2. 


3.  n (n  - 1)  (n  - 2)  + 3«  (n  - 1)  + n = (n3  - 3 n2  + 2 n)  + 3 (n2  - n)  + n=n3. 
n (n  - 1)  (n  - 2)  (n  - 3)  + 6 n (n  - 1)  ( n - 2)  + In  ( n - 1)  + n 

= n4  - 6 n3  + lln2  - 6 n + (6 n3  - 18n2  + 12 n)  + (7 n2  -7 n)  + n=n4. 

4.  The  expression  must  = ( x 2 - 2x  + 1)  (x2  + 2x  + 1)  + x + 1 

= (ac2  + 1)2  - 4x2  + as  + l = as4  - 2a:2  + a;  + 2. 

5.  (i)  3 (a:2  + 6a;  + 9)  + 5 (a;2  + 10a;  + 25)  = 8 (a:2  + 16a; + 64), 

whence  60a;  = -360,  or  a;=  - 6. 


9 

x 


oc  cc  7v 

(ii)  The  equations  are  q+q—8  an<l  + l2  = 1^’ 

/.  x + 5y  = 48  and  x + 7y  = 132,  &c. 

(iii)  Multiply  the  first  equation  by  2 and  add  the  second;  then 

ni  1 13  54  4 1 13  216 

24,  — , or  x = -—  . Then-  = 1 — = 1-—,  whence  y=.-  . 

x 54’  13  y x 54’  *41 


6.  Let  x be  the  number  of  sovereigns,  then  130  - x will  be  the  number 
of  crowns.  Hence  x + -j  (130  - x)  = value  of  the  coins  in  pounds  = 100,  &c. 


C.  1.  a-[a  + b - [a  + b-\-c- a -b  - c - d}] 

= a-\a  + b - { - d}~\  = a-  [a  + 6 + d]=a-  a -b  -d=  - b-d. 
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/ a b\  3 b 

2.  The  sum  =a  + b+  ( - - - J = 2a+2' 

The  difference  = a + b - ~ = | 

The  product  = (a  + b)  x ^ (a  - b)  = ^ (a  + b)  ( a -b)  = ^(a2-  b2). 

3.  The  expression  on  the  left  of  (i) 

— ab+-  3 (ah- a -b  + 1)  + 3 (ab  - 2a  - 26  + 4)  - (ah  - 3a-  35  + 9)  = 0. 

The  expression  on  the  left  of  (ii)  is 

ab  - 4 (ab  - a - b + 1)  + 6 (ab  - 2a  - 2b  + 4) 

- 4 (ab  - 3a  - 3b  + 9)  + (ab  - 4 a - 4 b + 16)  — 0. 

4.  By  Art.  70,  Ex.  2, 

(a3  + b3  + c3  - 3 abc)-Z-(a  + b + c)  — a2  + b2  + c2  -be  - ca-  ab. 

Putting  2x  for  a,  2 y for  b,  and  z for  c,  we  have 

(8a:3  + 8 y3  + z3  - 12 xyz)  -f*  (2x  + 2y  + z)  = 4a;2  + 4y2  + z2  - 2 yz  - 2 zx  - 4 xy. 

5.  (i)  The  equations  are  3x  - 5y  — 2,  a;-2y  = l.  Multiply  the  second 
equation  by  3 and  subtract  from  the  first;  then  y — - 1.  Then 

a;  = l + 2y  = l-  2=  — 1. 

(ii)  Multiply  by  a,  b respectively;  then,  by  subtraction, 

(a2  - b2)  x = a4  - b4 ; x = a2  + b2. 

Then  by=a3  - a(a2  + b2)—  - ab2-,  ,.y=-ab. 

6.  Let  A make  x hits  and  30  -x  misses.  Then  B will  make  2a;  hits 
and  30  - 2a;  'misses . Hence  30  - x = 3 (30  - 2a: ) , &c. 

D.  1.  -15{3  + (-15)  + 0 + 0}-s-(4)(-4)(l)=  -15(-12)-5-(-16) 

15  x 12  45 

“ -16  ~ 4 * 

2.  a2  + 2ab  + b2-[2a2- {a2 + ab- 2b2- ab  + b2}] 

= a2  + 2ab  + b2-  [2a2 -a2  - a6  + 262  + a&  - 62] 

= a2  + 2ab  + b2  - 2 a2  + a2  + ab-  2b2  -ab  + b2  — 2 ab. 

3.  By  Art.  57,  Ex.  1, 

(x  + a)  (x  + b)  (a;  + c)  = xs  + (a  + b + c)  x2  + (be  + ca  + ab)  x + abc. 

Change  the  signs  of  a,  b and  c ; then  altering  x into  a,  a into  -x,b  into 
- y,  and  c into  - z,  we  have 

(a  - x)  (a  - y)  (a  - z)  = a3  - a2  (x  + y + z)  + a (xy  + xz  + yz)  - xyz. 

4.  Dividing  each  term  by  5a2bc2  we  have  1562c3  - 3 ab3c. 

a-b  + 2c  ) a2  + a(  b-  c) -2b2  + 7bc  - 6c2  ( a + 2b -3c 
a2-a  ( b -2c  ) 
a (2b -3c) 

a (2b  - 3c) -(b- 2c)  (2b -3c) 

-(b-  2c)  (2b  -3c)=-  (2b2  - Ibc  + 6c2)  = - 262  + 7 be  - 6c2. 

K.  S.  E.  A. 
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5.  (i)  Multiply  by  12 ; then 

6 (a;  - 1)  - 4 (a;  - 2)  + 3 (a;  - 3)  = 0 ; /.  5a;-7  = 0. 
cc  ~~  3 1 

(ii)  From  — we  have  dx  -2y  — l. 

From  . 

Hence,  by  addition, 


9 . 


we  have  6 y - 3x  = 9. 
4y  = 16,  &c. 


(iii)  Multiply  the  equations  by  4 and  5 respectively;  then  by  addi- 
tion—=188:  :.x^~=\.  Then  - = 22  - - = 10  ; :.y.  5 
x ’ 188  4 y x J 
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6.  Let  each  side  be  x feet.  Then  x-  - (x  - 1)2=69,  that  is  2a;- 1 = 69. 
Whence  a; =35. 

E.  1.  b2+{  ab  - bc  + ac}  - a {b  - a + c}  + b(c  -b  + a)  - ab 

= b2  + ab  - be  + ac  - ab  + a2  - ac  + be  - b2  + ab  - ab  = a2. 

Or  thus.  The  first  expression  = {(x  + y)  + (y  + z)  + (z  + x)}2—{2  (x  + y + z)}2. 

2.  The  required  expression  must  be  the  sum  of  all  four  expressions. 
Thus 

3a2  + 2ab-  ac 

- ab  + 3b2  + 2bc 

+ 2ac  - be  + 3c2 

a2 + b2  + c2 

4a2  + ab+  ac  + 4b2  + bc+  4c2 

3.  x2  + 2 xy  + y2  + y2  + 2yz  -}-  z2  + z2  + 2zx  + x2  + 2 (x2  + xy  + xz  + yz) 

+ 2 (y2  H-  xy  + xz  + yz)  + 2 ( z 2 + xy  + xz  + yz) 
= 4a;2  + 4y2  + 4z2  + 8 xy  + 8 xz  + 8 yz  = 4 (x  + y + z)2. 


4. 


2 


)i 


, 11  7 4/  . 1 2 

x 3 + 2a;2 


2 4 

9*+3 
2 4 

9x+3 

'ax  - b)  acx 3 + ( ad  - be)  a;2  - (ac  + bd)  x + bc  ( ca;2  + dx  - c 
acx3  - bca;2 


ada;2  - (ac  + bd)  x 
adx 2 - bda; 


aca;  + be 
■ acx  + be 
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5.  (i)  x2  + x-2  — x2  + 3;  x = 5. 

(ii)  Multiply  the  second  by  2 and  subtract  the  first ; then 

8»  = 3-6-l-2  = 2-4;  /.  a:=-3. 

Then  -4y  = l-2 - *6  = -6,  y = l-5. 

(iii)  (a-b)x-{a  + b)y  = Q and  (a  - b)  x + (a  - b)  y — 2a  (a- b). 

Hence,  by  subtraction,  2ay  = 2a  (a  -b) ; :.y  — a-b.  Then 

x = 2a-y  = 2a-  (a-b)  — a + b. 

6.  Let  x and  y be  the  numbers  of  which  x is  the  larger.  Then 

2{x-y)=y  + l = x-2. 

Hence  2x-3y  = l and  y-x—  -3,  &c. 

F.  1.  3 (3  - 5 + 7)3  - (33  + ( - 5)3  + 73}  = 3 x 125  - (27  - 125  + 343)  = 130. 

2.  The  factors  can  be  taken  in  any  order. 

Hence  product  = (a  - x)  (a  + x)  (a2  + x2)  (a4  + a;4)  = (a2  - x2)  ( a 2 + x2)  (a4  + x 4) 
= (a4  - x4)  (a4  -r  x4)  — a8  — x8. 

3.  (i)  1 - a -b  + ab  + a - ab  + b — 1. 

(ii)  By  actual  multiplication  the  expression  on  the  left  is 
1-a-b-c  + ab  + ac  + bc-  abc  + (a-ab-ac  + abc)  + (6  - be)  + c = 1. 

Or  thus.  The  first  two  terms  = (1  - b)  (1  -c)  {(1  - a)  +a}  = (l  -b)  (1  -c). 
Add  the  third  term ; then  the  sum=:  (1  - c)  {(1  -&)  + &}  = 1 - c. 

Hence  the  whole  sum  is  l-c  + c=l. 

4.  2y2  + 3y  - 1 ) 4 y4-  9y2+6y  - 1 ( 2 y2 - 3y  + l 

4 y4  + 6?y3  - 2 y2 
-6^3~7  yt+by 
-6y8-9y2  + 3y 

2 y2  + 3y  -1 
2y2  + 3y-l 

a + b-c)  a2  + 3a&  + 2ac  + 2b2  + be  - 3c2  ( a + 2b  + 3c 
a2+  ah  ~ ac 
2ab  + 3ac 

2 ab  +2b2-2bc 

3 ac  + 36c  — 3c3 

3 ac  + 36c -3c2 

5.  (i)  ab  + axJrbx  + x2—cd  + cx  + dx-\-x2', 

(a  + b - c - d)  x = cd-  ab,  &c. 

(ii)  Multiply  by  7 and  3 respectively,  and  subtract ; then 
-22y  = 22;  :.y=-  1. 

Then  3x  — i + ly=4:-tl=  -3;  x—  -1. 

6.  Let  the  prices  of  tea  and  coffee  per  pound  be  x shillings  and 
shillings  respectively. 

Then  12a;  + 3y=35  and  3a;  + 12?/  = 27£,  &c. 


4—2 
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XXIII.  Page  94. 

1.  (2a;)2  + 2 (2a;)  + 12  = (2x  + 1)2.  2.  (3a;)2  - 2 (3®)  + l2  = (3a;  - l)2. 

3.  I2  - 2 (4a;2)  + (4a;2)2  = (1  - 4a:2)2. 

4.  (2a)2  -2  (2a)  (36)  + (36)2  = (2a  - 36)2. 

5.  (3a2)2  + 2 (3a2)  (462)  + (462)2= (3a2  + 462)2. 

6.  #+Sa  ■ 

7.  (2ax)2  + 2(2ax)(by)  + (by)2  = (2ax  + by)2. 

8.  (5 a?xf  - 2 (5 a?x)  (3 bhy)  + (362?/)2= (5a2a:  - 3 Vhjf. 

9.  3 (a2  A 2a6  + 62)  = 3 (a  + 6)2.  10.  5 (a4-2a26  + 62)  = 5 (a2- 6)2. 

11.  a(a2-6a6  + 962)  = a(a-36)2. 

12.  3a3  (a2  - 10a63  + 2566)  = 3a3  {a2  - 2a  (5 62)  + (562)2}  = 3a3  (a  - 562)2. 

13.  - (*4  - 4a;2?/2  + 4?/4)  = - {(a;2)2  - 2a;2  (2y2)  + (2?/2)2}  - {a;2  - 2 ?/2}2. 

14.  - 4 (a;4  - 2a;2  + 1)  = - 4{(a;2)2  - 2a;2  + 12}  = -4(a;2-l)2. 

15.  -vy  (4?/ 2 - 4a;?/  + x2)  — xy  (2y  - x)2. 

16.  xy  (xy+x2  + \y‘^J=xy  Ql/)  + Qz/)  } =^(a:  + |)  • 

17.  (a  + b )2  + 2 (a  + 6)  (2c)  + (2c)2  — {(a  + 6)  + 2c}2. 

18.  {(a;2  + ?/)-s2}2. 

19.  (2xy)2  + 2 (2xy)(a  + b)  + (a  + b)2={2xy  + (a  + b)}2. 

20.  {3  (a  + 6)}2-  2 {3  (a  + 6)}c  + c2=  (3  (a  + 6)  - c}2. 

XXIV.  Page  95. 

1.  a2  - 32  = (a  - 3)  (a  + 3).  2.  42-  62  = (2  - 6)  (2 + 6). 

3.  (5a)2  -b2—  (5a  - b)  (5a + b).  4.  a;2- (3y)2  = (x  - 3y)  {x  + 3y) . 

5.  (4a;)2  - (3?/)2  = (4a;  - 3?/)  (4a;  + 3?/). 

6.  (8a)2-  (7b)2 = (8a -7b)  (8a  + 75). 

7.  (2a)2-(96)2=(2a-96)(2a  + 96).  8.  x2  - (3?/)2  = (a;  - 3?/2)  (a;  + 3?/2). 

9.  (6a2)2  - (76)2=  (6a2  - 7 b)  (6a2  + 76). 

10.  (2a6)2  - (3c)2 = (2a6  - 3c)  (2a6  + 3c). 

11.  (3 ax)2  - (7by)2—(3ax-7by)(3ax  + 7by). 

12.  (7a6c)2  - (6 xyz)2—  (7abc-  Qxyz)  (7abc  + Qxyz). 

13.  x{  (2 y)2  - (3a;)2}  = a;  (2 y - 3x)  (2 y + 3x). 

14.  2a  {(26)2-  (3a)2}  = 2a  (26  -3a)  (26  + 3a). 
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15.  3a3  {a2  - 36}  = 3a3  (a2  — 62)  = &c. 

16.  7a5  (1  - 4a4)  = 7a5  {l2  - (2a2)2}  = &c. 

17.  8 xy  (x2  - 4 ij2)  = 8 xy  { x 2 - (2 y)-}  = &c. 

18.  7a6  (c2  - a262)  = 7 a6  (c  - ab)  (c  + ab). 

19.  (x4  - 2/4)  = (^2  - V2)  (x2  + y2)  = (x-y)(x  + y)  (a:2  + ?/). 

20.  (x2)2  - ( V)2  = ( x 2 - 4?/2)  (a;2  + 4?/2)  = (a:  - 2y)  {x  + 2 y)  (. x 2 + 4y2) . 

21.  (9a2)2  - (462)2=  (9a2  - 462)  (9a2  + 462)  = (3a  - 2b)  (3a  + 26)  (9a2  + 462). 

22.  (25a2)2  - (16a;2)2  = (25a2  - 16a;2)  (25a2  + 16a;2) 

= (5  a-  4a;)  (5a  + 4a;)  (25a2  + 16a;2) . 

23.  [x2y2)2  - (a262)2  = (x2y2  - a262)  ( x2y 2 + a262) 

= (xy  - ab)  (xy  + ab)  (x2y2  + a2b2) . 

24.  (a2b2)2  - (9 c2d2)2  = (a2b2  - 9 c2d2)  (a2b2  + 9 c2d2) 

= (ab  - 3 cd)  (ab  + 3 cd)  (a2b2  + 9c2d2) . 

25.  (9 x2y2)2  - 12=  (9 xhy2  - 1)  (9 x2y2  + 1)  = (3 xy  - 1)  (3 xy  + 1)  (Qx2y2+ 1). 

2 6 . (4a  W)2  - l2  = (4a262c2  - 1)  (4 a2b2c2  + 1) 

= (2a6c  - 1)  (2a&c  + 1)  (4aW  + 1). 

27.  42  - (9x2y2)2=  (4  - 9a;2?/2)  (4  + 9 x2y2)  = (2  - Sxy)(2  + 3 xy)  (4  + 9 x2y2). 

28.  (a;4  - 2/4)  ( xi  + ?/4)  = (x2  - y2)  (x2  + y2)  (a;4  + ?/4) 

= (x-y)  (x + y)  (x2 + y2)(xi  + y‘l). 

29.  (a4  - b4c4)  (a4  + b4c4)  = (a2  - b2c2)  (a2  + b2c 2)  (a4  + b4c4) 

= (a  - be)  (a  + be)  (a2  + b2c 2)  (a4  + 64c4) . 

30.  a2  (a8  - 1)  = a2  (a4  - 1)  (a4  + 1)  = a2  (a2  - 1)  (a2  + 1)  (a4  + 1) 

= a2  (a  - l)(a  + l)  (a2  + 1)  (a4  + 1). 

31.  {(a  + b)-cj  {(a  + b)  + c}.  32.  {(a  + b)  - 2c}  {(a  + 6)  + 2c}. 

33.  {2(x  + y)}2-l2={2(x+y)-l}  {2(x  + y)+l}. 

34.  {3  (a;  - ?/)}2-  22=  {3  (.t  - ?/)  - 2}  {3  (a;  -?/)  + 2}. 

35.  {(x+y)-(x-y)}  {(x+y)  + (x-yi>\=  2y  . 2x. 

36.  {(2a  + b)  - (2b  + a)}  {(2a  + b)  + (2b  + a) } = (a  - b)  x 3 (a  + b). 

37.  {x-(x-y)){x  + (x-y))-y  (2x-]j). 

38.  {a  - (26  - a) } {a  + (26  - a)}  = (2a  - 26)  x 26=46  (a  - 6). 

39.  {2  (a  + 6)  - (a  - 6) } {2  (a  + 6)  + (a  - 6) } = (a  + 36)  (3a  + 6) . 

40.  {3  (x  + y)  - 2 (*  - y) } {3  (x  + y)  + 2 (x  - y)}  - (x  + 5y)  (5x  + y). 

41.  (a2  + 62  - 2a6)  (a2  + 62  + 2a6)  = (a  - 6)2  (a  + 6)2. 

42.  { (a  + 6 + c)  - (a  - 6 - c) } { (a  + 6 + c)  + (a  - 6 - c) } = 2 (6  + c)  x 2a. 

43.  {(3a  + 6 - 2c)  - (a  + 36  - c)}  {(3a  + 6-  2c)  + (a + 36  - c)} 

= (2a  - 26  - c)  (4a  + 46  - 3c). 
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44.  { (a  - 25  + 3c).- (a  - c)}  {(a  - 25  + 3c)  + (a  - c)} 

= (-25  + 4c)(2a-25  + 2c)  = 4(-5  + 2c)(a-5  + c). 

45.  {(Gx2  + x — 2)  - (a;2  - a;  - 2)}  {(3a;2  + a:  - 2)  + (a;2  - a;  — 2)} 

= (2a;2  + 2a;)  (4a;2  - 4)  = 8a;  (x  + 1)  (x2  - 1 ) = 8a;  (x  + 1)  (x  + 1)  (x  - 1). 

XXV.  Page  96. 

1.  a3  - (2b)3  = (a  -2b){a2  + a (2b)  + (2b)3}  = &c. 

2.  (2a)3  + b3  = (2a  + b){  (2a)2  - (2a)  b + 52}  = &c. 

3.  (2a)3  - (5a;)3  = (2a  - 5a:)  { (2a)2  + (2a)  (5a;)  + (5a;)2}  ■=  Ac. 

4.  a3  - (5a;2)3  = (a  - 5a;2)  {a2  + a (5a;2)  + (5a:2)2}  =&c. 

5.  4 (a3  + 853)  = 4 {a3  + (25)3}  = 4 (a  + 26)  {a2 - a (25)  + (25)2}  =&c. 

6.  N8-  Qy)S  = (3 |(3a;)2+  (3a:)  + Qy)  j =&c. 

7.  (a:?/)3+  Q ab'j  = ^ g ab^j  j (xyf  - (a;?/)  Q ab'j  + Q cib'j  | =&c. 

8.  (2a252)3  + (x2)3  = (2a252  + a;2)  { (2 a2b2)2  - 2a2b2x1  + (a;2)2}  = &c. 

9.  2a:  (aj3  - x3^  = 2x  jy3  - Q a;  ^ | 

=2x  { iA+y  Q*)  + | =&c- 

10.  9a  52  (^a3  - ^ 53)  = 9 ab2  |a3  - ( ~ &)j 


11.  3a5  (a3  + 853)  = 3 ab  { a 3 + (25)3}  = 3a5  (a  + 25)  {a2  - a (25)  + (25)2}  = &c. 

12.  55c  (8a3  - b3c3)  = 5bc  { (2a)3  - (5c)3} 

= 55c  (2a  - be)  { (2a)2  + (2a)  (5c)  + (5c)2}  = &c. 

13.  (a3)2  - 82=  (a3  - 8)  (a3  + 8)  = (a  - 2)  (a2  + 2a  + 4)  (a  + 2)  (a2  - 2a  + 4). 

14.  (8a3)2  - (27b3)2  = (8a3  - 2753)  (8a3  + 2753) 

= {(2a)3-(35)3}{(2a)3+(36)3} 

= (2a  - 35)  (4a2  + 6a5  + 952)  (2a  + 35)  (4a2  - Gab  + 952). 

1 5 . (a:6)2  - (asb3)2  = (a;6  - a353)  (a;6  + a3b3) 

= (x2  - ab)  (a:4  + abx2  + a2b2)  (x2  + ab)  ( x 4 - abx2  + a2b2). 

16.  {(x  + 2y)-y}{(x  + 2y)2  + (x  + 2y)y + y2} 

~(x  + y){x2  + 4xy  + 4 y2  + xy  + 2y2  + y2}  = &c. 

17.  {(x  + 2y)  + (y  + 2x) } { (a;  + 2 y)2  - (x  + 2 y) (y  + 2a;)  + (y  + 2a;)2} 

= (3a;  + 3 y)  { (x2  +Axy  + 4?/2)  - (2a;2  + 5 xy  + 2 y2)  + (y2  + 4 xy  + 4a:2)} 
— 3(x  + y)  (3a;2  + 3 xy  + Gy2). 
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18.  {(2 y -x)-  (2x  - y)}  {(2 y - x)2  + {2y  - x)  (2x -y)  + (2a?  - yf\ 

= (3y  - 3x)  { (4 y2  - 4 xy  + a;2)  + (-  2 y2  + 5 xy  - 2a?2)  + (4a;2  - 4 xy  + y2) } 
— 3 {y  - x)  {3a;2  — 3xy  + 3y2}. 

19.  {(x-3y)~  (y-3x)}{(x-  3 ij)2  + (x  - 3 y)  (y  - 3x)  +(y~  3a;)2} 

= (4a;  - 4 y)  { ( * 2 - 6 xy  + 9 y2)  + ( - 3a;2  + 10 xy  - 3^2)  + ( y 2 - 6 xy  + 9a;2) } 

= A{x-y)  {7a;2  - 2xy  + 7y2}. 

20.  {(2 y -x)  + (2a;  - y)}  {(2 y - xf  - (2 y - x)  {2x  -y)  + (2a;  - J/)2} 

= {x  + y)  { (4 y2  - 4 xy  + a;2)  - ( - 2a;2  + 5 xy  - 2?/2)  + (4.r2  - 4 xy  + y2) } 

= (x  + y)  {-7a;2  - 13 xy  + 7 y2} . 

XXVIII.  Page  105. 

1.  (4a;2)2  - (25t/2)2=  (4a;2  - 25y2)  (4:x2  + 25^J2) 

= { (2a;)2  - (5  yf)  {Ax2  + 25  y2)  = (2x  - 5 y)  (2a?  + 5 y)  {Ax2  + 25  if). 

2.  (9a2)2  - (452)2 = (9a2  - 462)  (9a2  + 4fe2)  = { (3a)2  - (26)2}  (9a2  + 4fc2) 

= (3a  - 2b)  (3a  + 2b)  (9a2  + 462). 

3.  x (a;4  - 81)  =x  (a;2  - 9)  (a?2  + 9)  = a;  {x  - 3)  (a; + 3)  (a;2 + 9). 

4.  1 + (3a)3  = (1  + 3a)  {1  - 3a  + (3a)2}  = &c. 

5.  {33  + (2a;)3}  = (3  + 2a;)  {32  - 3 (2a;)  + {2x)2}=&e. 

6.  x {27 x3  + 8)  = a:  { (3a;)3  + 23}  = a?  (3x  + 2)  { (3a;)2  - (3a;)  2 + 22}  = &c. 

7.  {{a  + b)-{c-d)}  {(a  + 6)  + (c-tZ)}  = &c. 

8.  {(a + 6)  - 2 (c  - d)\  { (a  + 6)  + 2 (c  - d)}  —&c. 

9.  {(a + 6)  - (a  + c)}  {(a  + b)  + (a  + c)}  = &c. 

10.  { {x  + yf  -{x-  y)2}  { (a?  + y)2  + {x-  y)2} 

= {{x  + y)-{x-y)}{{x  + y)  + {x-  y) } {{x2  + 2 xy  + y2)  + {x2  - 2 xy  + y2)} 
= {2 y}  {2x\  {2a?2  + 2y2}  = 8xy  {x2  + y2). 

11.  {(a  + 5 + c)  - 2c}  {(a  + 5 + c) + 2c}  =&c. 

12.  {(a  + b - 3c)  - 3c}  {(a  + 6-3c)  + 3c}  =&c. 

13.  {{a2  + ab  + b2)  - (a2  - 62) } { (a2  + ab  + b2)  + (a2  - b2) } 

= |a&  + 262}  {2a2  + ab]  = {6  (a  + 2b) } {a  (2a  + b) } = &c. 

14.  { (a2  + ab  + b2)  - {a2-ab  + b2)}  {{a2  + ab  + b2)  + {a2-ab  + b2)} 

= {2 ab}  {2a2  + 2b2}  = 4a&  (a2  + 62). 

15.  {{xs  + 3a)  - (3a;2  + 1) } { {xs  + 3x)  + {3x2  + 1) } 

= (a;3  - 3a?2  + 3a;  - 1)  (a;3  + 3a;2  + 3a;  + 1)  = (a?  - l)3  (x  + 1)3. 

16.  {(x2  + 5 xy  + y2)  - {x2  - xy  + y2) } {{x2  + 5xy  + y2)  + {x2-xy  + y2)} 

= { 6 xij)  {2x2  + 4 xy  + 2 y2}  = 12 xy  {x2  + 2 xy  + y2)  = 12 xy  {x  + y)2. 

17.  {{a  + b + c + d)-  {a-b  + c-d)}  {{a  + b + c + d)  + {a-b  + c-d)} 

= {26  + 2d}  {2a  + 2c}  =4(6  + d)  (a  + c). 
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18.  { (3a  + 26  + c)  - (a  + 26  + 3c) } {(3a  + 26  + c)  + (a  + 26  + 3c)} 

= {2a  -2c}  {4a + 46  + 4c}  = 8 ( a-c ) (a  + 6 + c). 

19.  { (2x  + 3y)  + (3a;  + 2 y) } { (2x  + 3 y)2  - {2x  + 3y)  (3x  + 2 y)  + (3*  + 2 yf) 

= {5x  + Sy)  {(4a:2  + 12xy  + 9y2)  - (6a;2  + 13xy  + 3y2)  + (9a;2  + 12xy  + 4y2)} 
|=  {5  (x  + y)}  { (7a;2  + Uxy  + 7y2) } . 

20.  {(a  + 36)  -(3a  + 6)}  {(a  + 36)2  + (a  + 36)  (3a  + 6)  + (3a  + 6)2}=&e. 

21 — 26.  These  should  be  done  by  inspection,  if  possible;  when  this 
fails,  the  required  result  can  always  be  obtained  by  the  method  of  Art.  104. 
We  give  one  example. 


27.  (a;2  - 1)  IM  - 4)  = (x  - 1)  (x  + T)  (x  - 2)  (x  + 2). 

28.  (a:2  - 9 y2)  (a:2  - 4y2)  = (x  - 3 y)  (x  + 3 y)  (x  - 2 y)  (x  + 2 y) . 

29  and  30  should  be  done  by  inspection  [Art.  100]. 

31.  {(a  + 6)-3c}  {(a  + 6)-2c|.  32.  {{x  + y)  - 2z}  {{x  + y)  - 5z}. 

33.  { (a  + 6)  - 3 (c  + d) } { (a  + 6)  - 5 (c  + d) } . 

34 — 37.  Here  the  factors  will  become  obvious  after  some  rearrangement 
of  the  terms.  Group  the  terms  which  have  the  same  coefficient,  particularly 
when  there  is  a literal  coefficient  which  only  occurs  in  one  power.  When- 
ever the  expression  is  of  the  second  degree  in  any  one  of  the  letters  involved, 
the  factors  can  always  be  found  by  the  method  of  Art.  104. 

34.  x (x  + 2)  - y (y  + 2)  = x2  - y2  + 2 (x  - y)  [the  factor  x - y is  now  obvious] 

= (x-y)  {(x  + y)  + 2}. 

or,  as  in  Art.  104,  a:2  + 2a;  + 1 - (y2  + 2y  + 1),  that  is 

(x  + 1)2 - (?/  + 1)2=  { (a;  + 1)  - (y  + 1) } (a;  + l + 7/  + l)=&c. 

35.  a;2 + 4#  - y2  - 4y  = x2  - ?/2  + 4 (x  - y)  = (x  - y)  {(a;  + y)  + 4} . 
or,  as  in  Art.  104,  x1  + 4a;  + 4 - y2  - fy  - 4 = (x  + 2)2  - (y  + 2)2= &c. 

36.  xs  + x - 5 (x2  + 1)  = x (x*  + 1)  - 5 (a;2  + 1)  = (a:2  + 1)  (x-5). 

37.  xA  + x2  - 4 (a;  + l)  = x2  (a;  + 1)  - 4 (a;  + l)  = (a;  + 1)  (a:2  - 4) 

— \x  + 1)  (x-  2)  (a; + 2). 


38.  2 (x2  - x)  - 3 (x2  -l)  = 2x  (x2  - 1)  - 3 (.t2  - 1)  = (2x  - 3)  (x2  - 1) 

= (2a:  - 3)  [x  - 1)  (x  + 1), 
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39.  5 (x3  -x)-  (x2  - 1)  = 5x  (x2  - 1)  - ( X 2 - 1)  = (5a:  - 1)  ( x 2 - 1) 

= (5a:-  1)  (x  - 1)  (®  + l). 

40.  a (x3  + 1)  + x + 1 [the  factor  x + 1 is  now  obvious] 

= (x  + 1)  { a (x2  - x + 1)  + 1}. 

41.  a (x3  + 1)  + 6 (a;  + 1)  = (a:  + 1)  {a  (a;2  - a:  + 1)  + &}. 

42.  Arrange  in  powers  of  b ; then  x 3 - a2x  + b (x2-  a2) 

—x(x2-  a2)  + b (x2  - a2)  = (x  + b)  ( x 2 - a2)  = &c. 

43.  b(x3  + x)  + a (x2  + l)  = bx  (x2  + 1)  + a ( x 2 + 1)  = ( bx  + a)  (x2  + lj. 

44.  a(x2  + xy)  + b(y2  + xy)  = ax(x  + y)  + by  (x  + y)  = (ax  + by)  ( x + y ). 

45.  a2  (&2  + 1)  + {b2  + 1)  = (b2  + 1)  (a2  + 1). 

46.  a2(b2-l)  + b2-l  = (b2-l)(a2-l). 

47.  a(c-d)  + b (d-c)  = a(c  -d)-b(c-d)  = {a-b)  ( c-d ). 

48.  a (c2  -d2)  + b ( d 2 - c2)  =(a-b)  (c2  - d2)  = Ac. 

49.  x2  - y2  + z (x  - 7j)  = (x  - y)  {x  + y)+z{x  - y)  = (x  - y)  (x  + y + z). 

50.  (a  - b)  [a  + b)  - (a  - b)2  = (a  - b)  { (a  + b)  - (a  - b) } = 2b  (a  - b) ; 
or  thus : we  have  a2  -b2~  (a2  - 2 ab  + b2)  = 2 ab  - 2b2=2b  (a -b). 

51.  Since  b only  occurs  to  one  power,  the  factors  become  obvious  by 
arranging  thus 

o4  - c4  + b2  ( a 2 - c2)  = (a2  - c2)  { (a2  + c2)  + b2}  — &c. 

52.  a2  - b2  -f  c (b  - a)  = (a  - b)  (a  + b)  - c (a  - b)  = (a  - b)  (a  + b - c), 

53.  a2-c2-(a-c)  = (a-e)  {(a  + c)-  1}  ; 


54.  There  is  only  one  power  of  b.  Hence  we  write 

1 - a2x 2 + b(x-  ax2)  = 1 - a2x2  + bx  (1  - ax)  = (1  - ax)  { (1  + ax)  + bx). 

55.  1 - cPx2  - b (ax3  - x2)  = 1 - a2x 2 - bx2  (ax  - 1)  = (1  - ax)  { (1  + ax)  + bx2}. 

56.  a2c2  + abc  + d (ac  + b)  = ac  (ac  + b)  + d (ac  + b)  = (ac  + b)  (ac  + d). 

57.  x (a2  + ab)  + y (b2  + ab)  + ac  + bc  = ax  (a  + b)  + by  (a  + 5)  + c(a  + 6) 

= (a  + b)  (ax  + by  + c). 

58.  a2-  2ac  + c2-  b2  + 2bd-  d2=(a  - c)2  - (b-d)2  = & c. 
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59.  (2 ab)2  - (a2  + b 2 - c2)2—  (2 ab  + a2  + b2  - c2)  (2 ab  - a2  - b2  + c2) 

— {(a  + 6)2-c2}  (c2 - (a-b)2}  = (a  + b + c)  (a  + b-c)  (c  + a-b)  (c-a  + b). 

60.  { («2  -b2  + c2  - d2)  + (2 ac  - 2 bd) } { (a2  - b2  + c2  - d2)  - (2 ac  - 2 bd) } 

= {(a  + c)2-{b  + d)2}  {{a-c)2-(b-d)2} 

= (a  + c + b + d)  (a  + c-b-  d)  (a  -c  + b-d)  (a  -c  -b  + d). 

61.  xi  + 2x2+l-25x2=(x2+l)2-25x2=(x2+l  + 5x)  (x2  + l-5x). 

62.  a;4  + 2x2y2  + yi-  9 x2y2  = (a;2  + y2)2  - (3a ',y)2  = &c. 

63.  - 2 x2y2  + y2-  9 x2y2  = (x2  - y2)2  - (3 xy)2  = &c. 

64.  x4  - 2a;2  + 1 - a:2  = (a;2  - l)2  - a:2  = &c. 

65.  {(a;2  + 4x)  - 5}  {(a;2  + 4a:)  + 3}  = (a;2  + 4a;  - 5)  (a:2  + 4a;  + 3) 

= (x2  + 4x  - 5)  (x  + 1)  {x  + 3). 

66.  (x2  + 7a;)2  + 18  (a;2  + 7a:) + 72 -280 

= {x2  + 7a:)2  + 18  (a:2  + lx)  + 92  - 81  + 72  - 280 
= {(a;2  + 7a;)  + 9}2-  289=  { (a;2  + 7a;  + 9)  + 17}  {a:2  + 7a:  + 9- 17} 
= (a;2+7a;  + 26)  (x2  + 7a;  - 8)  = (x2  + 7a;  + 26)  (x  - 1)  (»  + 8). 

XXX.  Page  108. 

5.  We  have  ab3  (a2  + b2)  and  a2  (a4  - b4)  — a2  (a2  - b2)  (a2  + b2) . 

Hence  the  h.  c.  f.  is  a ( a2  + b 2). 

6.  We  have  b ( a 2 + 3b2)  and  a2  (a4  - 9&4)  = a2  ( a 2 - 362)  (a2  + 362). 

Hence  the  h.  c.  f.  is  a 2 + 362. 

7.  We  have  a2x2  (x  + 2a)  and  a2x2  (x2  - 4a2)  = a2x2  (x  - 2a)  (x  + 2«). 

Hence  the  h.  c.  f.  is  a2x2  (a:  + 2 a). 

8.  We  have  a4 x2  (a2  - 4a;2)  and  a2x2  ( a 4 - 16a:4)  = a2x2  ( a 2 - 4a;2)  (a2  + 4a:2). 

Hence  the  h.  c.  f.  is  a2x 2 ( a 2 - 4a;2). 

9.  We  have  (x  + 1)  (x  + 2)  and  (a:  + 2)  (a:  + 4). 

Hence  the  h.  c.  f.  is  x + 2. 

10.  We  have  x (x  + y)  (x  + 2y)  and  x2  (x  + 2y)  (x  + 4y). 

Hence  the  h.  c.  f.  is  x (x  + 2y). 

11.  We  have  (x  - 1)  (3a;  - 1)  and  (*  - 1)  (4®  - 1). 

Hence  the  h.  c.  f.  is  x—  1. 


12.  We  have  (a-b)(3a-b)  and  a2  (a-b)  (4a-  b). 
Hence  the  h.  c.  f.  is  a - b. 
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XXXI.  Pages  114,  115. 

1.  x2  - 5x  + 4:)  x3  - 5x2  + 4:  (x 

x 3 - 5 a:2  + 4x 
- 4 ) - 4x  + 4 

x - 1 ) x2-  5x  + 4 ( x — 4 
x2  - x 

- 4x  + 4 

h.  c.f.  is  x-1.  -4a; + 4 

2.  x4  - 5x3y  + 4xy3  — x (x3  - ox2y  + 4y3) 
x2  - 5 xy  + 4 y2  ) x 3 - 5 x2y  + 4y3  ( x 

x 3 - 5 x2y  + 4xy2 
- 4 y2 ) - 4a;?/2  + 4 y3 

x - y ) x2  - 5 xy  + 4y2  ( x - 4 y 
x 2 - xy 

- 4xy  + 4 y2 

- 4 xy  + 4y2 

h.c.f.  is  x -y. 

3.  2x2  - ox  + 2 ) 4a:3  + 12a;2  - x - 3 ( 2a;  + 11 

4a;3  - 10a;2  + 4a; 

22a;2-  5a;-  B 
22a;2 -55a; + 22 
25  ) 50a;  - 25 

2a:  • 1 ) 2a:2-5a;  + 2 ( a;-2 
2a;2  - x 
-4x  + 2 
-4x  + 2 

H.  c.f.  is  2a;  - 1. 

4.  2a;2  - 5 xy  + 2 y2  ) 4a;3  + 12 x2y  - xy2  - By3  ( 2a;  + 11  y 

4x3  - 10 x2y  + 4a;?y2 

22 x2y  - 5 xy2  - By3 
22 x2y  - 55a;?/2  + 22 y3 
25 y2  ) 50 xy2  - 25 ?/3 

2a;  - y ) 2x2  - 5xy  + 2 y2  ( x - 2y 

2x2  - xy 

- 4 xy  + 2 y2 

h.c.f.  is  2 x-y.  - 4xy  + 2y 2 

5 x4  - 3a;2  + 2 ) x4  + Bx2  -10(1 

x4~Bx2+  2 
~6T6P2-12 

x2  - 2 ) x4  - 3a;2  + 2 ( x2  - 1 
x4  - 2a;2 

- a;2  + 2 

- a;2 + 2 


H.  c.f.  is  x2  - 2. 
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6.  x6  + 3 xly  - 10 x2y2=x2  {xi  + 3x2'y  - 10 y2). 
x4  - 3 x2y  + 2 y2  ) x4  + 3x2y  - 10 y2  ( 1 

x*  - 3x2y  + 2 y2 
Gy  ) Gx2y  - 12 y2 

x2  - 2 y ) xi  - 3 x2y  + 2 y2  ( x2  - y 
x4  - 2 x2y 
- x2y  + 2 y2 

H.c.r.  is  x2-  2y.  - x2y  + 2y2 

7.  2a2-  5a + 2 ) 2a3-  3a2  - 8a+12(a  + l 

2a3  - 5a2  + 2a 

2a2 -10a + 12 
2a2-  5a  + 2 
-T)  - 5a  + 10 

a-  2 ) 2a2-  5a + 2 ( 2a- 1 
2a2  - 4a 
- a + 2 

H.  c.  f.  is  a - 2.  -a  + 2 

8.  2b2  -55  + 2 ) 1253 - 852-  35  + 2(66  + 11 

1263  - 3062  + 126 

2262-156+  2 
2262  - 556  + 22 
20  ) 406  - 20 

26-  1 ) 262 -56  + 2 ( 6 -2 
2b2-  6 
-46  + 2 

h.c.f.  is  26  - 1.  -46  + 2 


9.  x2 -3x  + 2 ) x2 -3x  +2  ( x + 3 

x3  - 3x2  + 2x 
3x2-5x  + 2 
3x2  - 9x  + 6 
4 ) 4®  - 4 

x - 1 ) x2-3x  + 2 ( x -2 
X2-  x 
-2x  + 2 
-2x  + 2 

Hence  x - 1 is  the  h.c.f. 

10.  •'E4*/4  - 3 xhy2  + 2 ) xGy3  - 3 x2y2  + 2 ( x2y2  + 3 

x6y6  - 3 +h/4  + 2x2y2 

3 x^y4  - 5x2y2  + 2 
3x4y4  - 9x2y2  + 6 
4 ) 4®2t/2  - 4 

,r2?/2  — 1 ) ®4j/4  - 3 x2y2  + 2 ( a;2?/2 
a:4?/4  - a;2?/2 
- 2a%2  + 2 

Hence  x2y2 - 1 is  the  h.c.f,  - 2 x2y2  + 2 


- 9a%  + 6a3 
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Hence  2a  - 6 is  the  h. 
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13.  a3  + 63  ) a4  + a2b2  + 64  ( a 

a4  + ab 3 

5 2 ) a262  - abs  + b4 

a2  - ab  + b2  ) a3  + 63  ( a + b 

a3-a2b  + ab 2 
a2b  - a&2+  b3 

Hence  the  h.  c.  f.  is  a2  - ab  + 62.  a25  - ab 2 + b3 

14.  8a3 + 1 ) 16a4  + 4a2  + 1 ( 2a 

16a4  + 2 a 

4a-’  - 2a  + 1 ) 8a3  + 1 ( 2a  + 1 

8a3  - 4a2  + 2a 
4a2-2a  + l 

Hence  the  h.  c.  f.  is  4a2  - 2a  + 1.  4a2  - 2a  + 1 

15.  x3  - 2 xhj  - a;?/2  + 2 y3  ) x3  + 2a;2?/  - a;?/2  - 2?/3  ( 1 

a;3  - 2a;2?/  - a;?/2  + 2?/3 
4 y ) 4a;2?/  - 4 y3 

x2  - y3  ) x3  - 2 x2y  - xy2  + 2y3  ( x-2  y 
x3  - xy2 

- 2 xhy  + 2 y3 

Hence  the  h.  c.  f.  is  x2  - y'1.  - 2 x2y  + 2 y3 

16. 

- 8 + x + oa;2  + 2a;3  ) - 8 + 9a;  - 4a;2  + 3a;3  ( 1 
- 8 + x + 5a; 2 + 2a;3 
x)Sx-  9a;2  + x3 

8 -9a;  + a;2)-8+  x + 5x2  + 2a;3  ( - 1 - x 
- 8 + 9a;  - a;2 
-8a;  + 6a;2+2a;3 
- 8a;  + 9a;2  - x3 
3a;2  ) - 3a;2  + 3a;3 

-1+  x )8-9a;  + a;2(-8  + a; 
8 - 8a; 

- x + x2 

Hence  x - 1 is  the  h.  c.  f.  - x + x2 

17.  2x3-x2-x-3)  3x3+  x2+  x-2 

2 

6a;3  + 2a;2  + 2a; -4  ( 3 
6a;3  - 3a;2  - 3a;  - 9 
5 ) 5a;2  + 5a; + 5 

x2+  a;  + l)2a;3-  x2 - x-3(2x-3 
2x3  + 2x2  + 2x 


Hence  aj2  + x + 1 is  the  h.  c.  f. 


— 3a;2  — 3a;  — 3 

- 3a;2  - 3a;  - 3 
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18.  a;3-4a;  + 15  ) a;4  + a;2 + 25  (a; 

a;4  - 4a;2  + 15a: 


5 ) 5a;2  — 15a:  + 25 

x2  - 3a;  + 5 ) x3  - 4x  + 15  ( x + 3 
aj8-3'«2+  5x 
3a;2  - 9a;  + 15 

Hence  x2  - 3x  + 5 is  the  h.  c.  f.  3a;2  - 9a;  + 15 


19.  3a;2-  38a;  + 119  ) x3  - 19a;2 + 119a;  - 245 

3 

3a;3  - 57a;2  + 357a;-  735  ( x 
3a;3- 38a;2  + 119a: 

^19a:2  + 238a;-  735 
3 

^57a;2  + 714a;  - 2205  ( - 19 
- 57a;2  + 722a; -2261 
- 8 ) - 8x  + 56 

a-^7  ) 3a;2 - 38a;  + 119  ( 3a;  - 17 
3a;2  - 21a; 

=T7.r  + 119 

Hence  x - 7 is  the  h.  c.  f.  - 17a;  + 119 


20.  V ) 4a%  - 5xy 2 + y3 

4a:2  - 5xy  + y2  ) 3a;3  - 3 x2y  + xy2  - y3 



12a;3  - 12a;2?/  + 4 xy2  - 4 y3  ( 3a; 

12a;3  - 15  x2y  + 3a;?/2 

3 x2y  + xy 2 - 4?/3 

£ 

12a;2y  + 4a;w2  - 16w3  ( 3 y 
12 x2y  - 15 xy2  + 3 y3 
^19y3Tl9a;?/2^19?/3 

x - y ) 4a;2  - 5xy  + y2  ( 4a;  - y 
4a:2  - 4 xy 


Hence  x - y is  the  H.  c.  f. 


- xy+y- 

- xy  + y‘‘ 
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21.  12a;2  - 15xy  + 3?/2 ) 6a:3  - 6a;2//  + 2a;?/2-  2ys 

2 

12a;3 -12 x2y  + 4xy2-  4 y3(x 
12a;3  - 15a;2?/  + 3a;?/2 

3a%  + xy?  - hf 
4 

12a;2?/  + 4a;?/2  - 16 ys  ( y 
12 xhy  - 15a;?/2  + 3?/3 
19 y2  ) 19 xy2  - 19 y3 

x-y  ) 12x2 -15xy + Sy2  (12x-Sy 
12a;2  - 12  xy 

- 3xy  + dy2 

Hence  x - y is  the  h.  c.  f.  - Sxy  + 3y2 


22.  2 ) 2a;2 -14a; + 20 

a;2  - lx  + 10  ) 4a;3  - 25a;2  + 20a;  + 25  ( 4x  + 3 
4a;3  - 28a;2  + 40a; 

Sx“  — 20a;  + 25 
3a;2 -21a; + 30 

x-  5 ) a;2  - 7a;  + 10  ( a;  - 2 
x2-5x 


Hence  sc  — 5 is  the  h.  c.  f. 


- 2a;  + 10 

— 2a;  + 10 
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1* 
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lO  00 
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CO  CO 


K.  S.  E.  A- 


Z + XQ  + sATI  + tx2  ( 8 + xfl  + sxQ  + txZ 


66 


KEY  TO  ELEMENTARY  ALGEBRA. 


05 

+ + 

00  <N 
I-l 

+ + 

lil* 

00  t- 
<N  (M 
+ + 


50  50 

I I 

*5  « 


+ I 
'h  °h 

05  00 

+ I 


00  50 

+ I 


K 

' 1 H 

05  CO 
I I 

J5  % 
^ CO 
+ + 
"h  « 

CO 

H 

I 


05  CO 


« H 
CO 

+ + 


I 

« H 
co 
I + 

H 

co 

+ + 

CO 


co  co 
I I 


Hence  the  h.c.f.  is  a;2 + 4# + 3. 


+ 7.xfl  ~ e^OI  + *g9 

+ zxL  ~sx9  +*x£  ( g + xzi+zxZ-sxG  + txZ  ‘83 
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+ 

(M  <M 


I + 


I + 


so  so 


10  05,^ 
O -H 
CO  CO 

+ I + 
H H H 
^ co  co 
co  o I-+ 

O ,‘>r' 


'N  'M 
CO  >C 


V 

05  05 


+ 

! 

Tt< 

-St'co 

+ + 

i 7’ 


1 1 ! 
Is/W 

CO  co  I 
CO  h* 

+ i ! + 


CO 


» Sft 


-2 


Hence  the  h.  c.  f.  is  y 
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+ + 

TO 

05  lS' 


O CO 
CO  t-I 
+ + 


+ 

H *5 


I + 

C-  T-l 
+ + 
CO  T-l 


+ + 
H H 


co  co 
I 

H 

CO  CO 


H H 

I I 


+ (I 

+ + 


CO  CO 


Hence  the  h.c.  f.  is  x2  + 2x  + 2. 
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<N 


+ + 


in  <n 

+ 


H H 
co  <n 
co 


% H 

I I 
n n 


+ I 

H H 

05  CO 


+ + 

« I H 

10  qo  'co 

WO  H 
CO  jus 


'h  "W 
<m  m 


I l 

h'h 


. H 
co  cm 

05  «5 

I I 
H « 
qo  co 
co 

+ + 

CO  co 


H H 
CM  05 

co  co 


CM 

I + 

H H 


00  CM 

I 

<M 

+ 

•s 

H 

I 


I I 


H 

co  | co  co 

H H « H 
05  !00  00 

^ -d*  ■*** 

+ + + + 


$ 


x 3 + (m  - 3)  - (2m2  + 3m)  x + Gm2  ) x2  + (5 m - 3)  x2  + (6m2  - 15m)  x - 18m2  ( 1 

x3  + (m  - 3)  x 2 - (2m2  + 3m)  x + 6m2 
4m  ) 4m#2  + (8m2  - 12m)  x - 24 m2 
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so 

+ 

Ti 

eo  co 


H H 
eo"co 
l l 
8 § 

+T 


~ a 


+ a 

s>+ 

+ + 


+ + 

I § 

8 a 


>5  s> 

a a 
8 8 
+ + 


+ + 
« H 


Si  Si 

+ ^ 
H + 

tS  _ 
a s> 

cS  <N 
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i? 


eg  o 
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<D 
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© 
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8.  We  have  (3x-y2)  (x-  y2)  and  (3x  - y2)  (2x  - y2) . 

Hence  the  l.  c.  m.  is  (3a:  - y 2)  ( 2x  - y 2)  (x  - y2). 

11.  We  have  (a: + 3)  (a: + 4),  (a;  + 2)(a;  + 4)  and  (x  + 2)  (x  + 3) . 

Hence  the  n.  c.  m.  is  (a: + 2)  (a; + 3)  (a; + 4). 

12.  We  have  (x  - 3 y)  (x  - 4 y),  (x  - 2 y)  ( x - 4 y)  and  (a:  - 2 y)  (x  - 3 y). 
Hence  the  l.  c.  m.  is  (x  - 2y)  (x  - 3 y)  (x  - 4 y). 

XXXIV.  Pages  119,  120. 

6.  We  have  a2  (a  + b),  a (a-  b)  and  (a-b){a  + b). 

Hence  the  l.  c.  m.  is  a2  (a  + b)  (a  - b). 

7.  We  have  y2  (x  - 1),  xy2  (x  + 1)  and  y (x  - 1)  (a;  + 1). 

Hence  the  l.  c.  m.  is  xy2  (x  - 1)  (x  + 1). 

9.  We  have  6 (x  - 3)  (x  + 3),  9 (x  + 3),  15  (x  - 4)  and  10  (a; + 3)  (a; -4). 

Hence  the  l.  c.  m.  is  90  ( x - 3)  (a;  + 3)  (x  - 4). 

10.  We  have  4 {a  + b),  6 (a  - 2b)  (a  + 2b),  (a  -b)  (a-  2b). 

Hence  the  l.  c.  m.  is  12  (a  + b)  (a  - b)  (a  + 2b)  (a  - 2b). 

11.  We  have  4 b3(a  + d),  b2  (a  - d)  (a  + d),  8 abd(a-d). 

Hence  the  l.  c.  m.  is  8 ab3d  (a  - d)  (a  + d). 

12.  We  have  (x  - 4)  (x  - 6),  [x  - 2)  {x  - 6)  and  {x  - 2)  {x  - 4). 

Hence  the  l.  c.  m.  is  (x  - 2)  (a;  - 4)  (x  - 6). 

13.  We  have  (x  + 1)  (x  - 10),  (x  + 3)  (a;  - 10)  and  (x  + 1)  (x  + 3). 

Hence  the  l.  c.  m.  is  (x  + 1)  (x  + 3)  (x  - 10). 

14.  We  have  2 (a;  - 2)  (x  + 2),  3 (x  - 1)  (x  - 2)  and  6 (x+ 1)  (a; + 2). 

Hence  the  l.  c.  m.  is  6 (a:  - 1)  (x  + 1)  ( x - 2)  (a;  + 2). 

15.  We  have  (x  - 1)  (x  - 2),  (2a:  + 3)  (x  - 2)  and  (3a:  + l)'(a:  - 1). 

Hence  the  l.  c.  m.  is  (x-  1)  (a; -2)  (2a:  + 3)  (3a:  + 1). 

16.  We  have  (2a;  - 1)  (3a: + 2),  (7a; + 1)  (3a; + 2),  and  (7a;  + l)  (2a;- 1),  &c. 

17.  We  have  (3a:  - y)  (x  - 3 y),  (3x  - y)  (x  - y)  and  (x  -y)  (x-  3 y),  &c. 

18.  We  have  x (x  - 1)  (x  + 3)  and  x (2x  - 1)  (x  + 3),  &c. 

19.  We  have  y2  (x  - 3)  {x  + 3),  y (x  - 3)  (*■ + 2)  and  x (x  + 3)  (x  - 2),  &c. 

20 . We  have  (x  - a)  (x2  + ax  + a2),  ( x + a)  (x2  - ax  + a2)  and 

(x2  -ax  + a2)  (x2  + ax  + a2),  &c. 

21.  The  expressions  are  (x  - 1)  (x  + 1),  (x  + 1)  (x2  + 1)  and  (a;  - 1)  (a;2  + 1),  &c. 

22.  The  h.  c.  f.  will  be  found  to  be  3a:2  + 2a;  + 1. 

And  the  expressions  are  (3a:2  + 2a:  + 1)  (a;  - 4),  and  (3a;2  + 2a:  + 1)  (3a:  - 2). 
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23.  x3  - ax2  - a2x  + a3  = x2  (x  - a)  - a-  ( x - a)  = (x2-  a2)  (x-  a). 
x3  + ax‘2  - a2x-a3  = x2  (x  + a)  - a2  (x  + a)  = (x2  - a2)  (x  + a). 

Hence  the  l.  c.  m.  is  (a:2  - a2)  (x  - a)  (x  + a)  — (x2  - a2)2. 

24.  The  h.  c.  f.  will  be  found  to  be  x2  + 3x  + 2. 

Then  we  have  (x2  + 3x  + 2)  (x-  2)  and  (x2  + 3x  + 2)  (x  + 3),  &c. 

25.  The  h.  c.  f.  will  be  found  to  be  x2  - 2x  + 4. 

Then  we  have  (x2- 2x+4)  (x  + 6)  and  (x2~  2x  + 4)  (x2  + x-  2),  Ac. 

26.  The  h.  c.  f.  will  be  found  to  be  a + 1. 

Then  a3  + 6a2  + lla  + 6 = (a  + l)  (a2  + 5a  + 6), 

and  a3  -f  10a2  + 29a  + 20  = (a  + 1)  (a2  + 9a + 20),  Ac. 


XXXVI.  Pages  126,  127. 


2 aft  _ 2 ft 
a (a  + 6)  (a  + b)' 

a(a-b)  _a-b 
a (a  + b)  a + b' 
(x-1)2  _x-l 
(x-  l)(x  + l)  _X  + 1 ‘ 
n x (x  + 2)  _ x 

7>  (x-2)(x  + 2)_x^2‘ 

4 (x  - 4)  _ 4 

(x-4)(x  + 4)  x + 4‘ 


xY  y 2 
X2(l -2/2)  1 -2/2  ' 

^ X (x  + a)  I X 

(x-a)(x  + a)  x - a’ 

(x-xy)(x  + xy)  _ x-xy  _ x(l-y) 
(x  + xy  )2  x + xy  x(l  + y) 

x2(x2+l)  X2 

(x2-l)  (x2  + l)~x2-l‘ 
2x»(l-2x)  2x 

1Ul  x2(l-2x)(l  + 2x)~r+2^‘ 


11. 


12. 


14. 


16. 


18. 


19. 


21. 


x - 2 

(2-x)  (2  + x)~ 

1 

2 + x * 

(Cf.  Ex.  4,  Art.  130.) 

a - 3 

1 

x2  (a2  - x2)  x2 

(3  — a)  (3  + a) 

3 + a 

(x2  - a2)  (x2  + a2)  x2  + a2 ' 

(x2  ~ a)  (x2  + a) 

x2  + a 

x3  (x2  - a2)  xs 

a (a  - x2) 

a 

A0,  (x2  - a2)  (x2  + a2)  — x2  + a2 " 

X2j/2  (a2  - x2y2) X2y2  5a  (x  - 3a)  5a 

(x2i/2  - a2)  (x2!/2  + a2) — x2i/2  + a2 " ‘ (x  - 3a)  (x  + 3a)  ~ x + 3a 

3x  (x  - 4a)  _ 3x  (x  - 4a)  _ x 

3 (16a2- x2)  — 3 (4a- x)  (4a  + x)  — 4a  + x‘ 

0 a~x )2  _a~x  (a2  + ft2)2  a2  + ft2 

(a-x)  (a  + x)  a + x‘  (a2  - ft2)  (a2  + ft2)  a2-ft2‘ 

(x-l)(x  + l)  _ x + 1 (x2-l)(x2  + l)  _ x2  + 1 

(x  - 1)  (x2  + X + 1)  X2  + X + 1‘  ■ (x2-l)(x4  + X2  + l)  ~X4  + X2+1  * 
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23. 


25. 


27. 


29. 


30. 


31. 


32. 


( x - 2)  (*  - 3)  * - 2 


24. 


26. 


(*  - 3)  (x  - 4)  x - 4 
(*-4)(*-5)  x - 4 
(x  + ll)(x-5)  * + 11’ 

(x-y)(x-7y)  _ x-y 
(x  + 4y)  (x-ly)  x + 4 y' 

(a-  x)(a2  + ax  + x2)  (a+x)  _ a2  + ax  + x2 
(a  + *)  (a2  - ax  + *2)  (a  - x)  a2  - a*  + *2  ’ 


(l-2a)(l-3a)_  1 - 2« 

(1  - 3a)  (1  — 4a)  “ 1 - 4a  ’ 

(1  - 4y2)  (1  - 5y2)  _ 1-4 y2 
(l  + lli/2)(l-52/2)  1 + 1L/2' 

n (1  - a252)  (1  - 7a262)  _ 1 - a2b 2 
28‘  (1  + »2) (1  - 7a2Z>2)  “ l+Aa^fe2 


( a-b ) (a2  + ab  + b2)  (a2  - ab  + b2)  _a-b 
(a  + b)  (a2  -ab  + b2)  (a2  + ab  + b-)  — a + b' 

(a2  - b2)  (a2  + b2)  _ (a  - b)  (a  + b)  (a2  + b2)  _ a2  + b 2 

(a-b)  (a2  + ab  + b2)  (a  + b)  (a  - b)  (a2  + ab  + b2)  (a  + b)~  a2 + ab  + b2' 

(a2 -b2)  (a4  + a2b2  + b*)  (a-b)  _ ai  + a2b2  + bi 

(a-b)(a2  + ab  + b2)  (a2  - b2)  (a2  + ft2)  — (a2  + ab  + b2)  (a2  + b2) 

_ (a2  -ab  + b2)  (a2  + ab  + b2)  _ a2  - ab  + b2 
~ (a2  + ab  + b2)  (a2  + b2)  a2  + b2  ' 


XXXVII.  Pages  127,  128. 


1.  The  h.c.  f.  of  the  numerator  and  denominator  will  be  found  to  be 
*2  - 2*  + 1 . 


Then 


*3  — 3*  + 2 (x2-2x  + l)(x  + 2) 

2*3  - '6x2  + 1~  (i x 2 - 2x  + 1)  (2x  + 1)  _ C' 


2.  The  h.c.f.  will  be  found  to  be  * - 1 ; then 
3*2  - 8*  + 5 (x-1)  (3x  - 5) 

x3  - 4a;2  + 5*  - 2 ~ (*  - 1)  (x2  - 3*  + 2)  ~ &C‘ 


3. 


*3  + 3*2-20  ) *4-  x2-12  (a; -3 
*4  + 3a;3-  20* 

- 3*3  - x 2 + 20a;  - 12 

- 3*3  - 9a;2  +60 

4 ) 8a;2 + 20*  - 72 

2a;2  + 5a;  - 18  ) *3  + 3a;2  - 20 
4 

4*3  + 12a;2  - 80  (2*  + l 
4*3  + 10a;2  - 36a; 

2a;2 + 36* -80 
2*2+  5* -18 


Then 


*3  + 3*2-20 
*<-*2-12 


31 1 31*  ~ 62 

*-  2 ) 2*2  5*  — 18  ( 2* + 9 
2*2-4* 


(*  - 2)  (*2  + 5*  + 10) 

(*  - 2)  (*3  + 2*2  + 3*  + 6)  C‘ 


9* -18 
9*  - 18 


- lax1  + 8a2x  - 2 a3  ) 2a;3  + ax2  + 4a2a;  -la3  (2 
2x3  - 14 ax'2  + 16a2a;  - 4a3 
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+ + 


+ 

18 


The  H.c.r.  will  be  found  to  be  a;2  + 2a;  + l. 
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qo  oo 
I I 
*5  « 
o o 


+ + 


H H 
CJ 

oo  «o 


H H 

or.  os 
co  co 


+ + 
H H 
»o>  Uo 

+1+ 

H | H 


21; 


* 
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h.  c.  m.  of  denominators  is  abc. 

a2  _ b bxb  b2 

abc  ’ ca  caxb  abc ' 


Then  — = 

oc  be  x a 


cxc  _ c2 
ab  x c abc 


4.  h.V.  hi.  is  abc. 

Then  x _ ^2c2  ca  _caxac  _ c2a2  ab  _abx  ab  a2b 2 

a axbc  abc  ’ 6 bxac  ~~  abc  ’ c ~ exab  ~ abc 

5.  The  l.  c.  m.  is  2 (x  + 1). 

6.  l.  c.  m.  is  6 (x-  1). 

3 3x3  9 4 4x2  8 

1611  2 (x  - 1 j ~ 2 (x  — 1)  x 3 _ 6 (.t  - 1)  ’ 3(x-1)“3(j--1)x2“6^T)‘ 


7.  n.  c.  m.  is  24(x  + 2). 


Then 


5 _ 5x4  _ 20 

6 (x  + 2)  ~ 6 (x  + 2)  x 4 ~ 24  (x  + 2) ' 
3 3x3  9 

8 (x  + 2)  “ 8 (x  + 2)  x 3 ~ 24  (x  + 2)  * 


Then 


8.  l.  c.  m.  of  x + 1,  2 (x  + 1),  and  (x  - 1)  (x  + 1)  is  2 (x-  1)  (x  + 1). 
1 1x2  (x-1)  2 (x- 1) 

x + 1 — (x  + 1)  x 2 (x  - 1)  _ 2 (x2  - 1)  ’ 

3 3 x (x  - 1)  _ 3 (x  - 1) 

2 (x  + 1)  2 (x  + 1)  x (x  - 1)  2 (x2.-  1)  * 

5 5x2  10 


(x-l)(x  + l)  (x  - 1)  (x  + 1)  x 2 2 (x2  - 1)  ’ 


9.  h.  c.  m.  of  5 (x  - 1),  3 (x  + 1),  and  (x  - 1)  (#  + 1)  is  15  (x  - 1)  (x  + 1). 
6 6 x 3 (x  + 1)  18  (x  + 1) 

5 (x  - 1)  ~ 5 (x  - 1)  x 3 (x  + 1)  15  (x2  — 1) ; 

2 2x5(x-l)  _10(x-l) 

3 (x  + 1)  = 3 (x  + 1)  x 5 (x-1)  = 15  (x2 - 1)  ’ 

4 _ 4x15  60 

(x-1)  (x  + 1)  _ (x - 1)  (x  + 1)^  15  ~ 15  (x2-l)  • 


10  The  fractions  are  S3  > 
x-a 

l.  c.  m.  is  (x-a)  (x  + a). 


- x a2  - x2 
x-a  ’ x2  — a2  ’ x2  - a2  * 

[See  Ex.  2,  Art.  133.] 


a _ ax  (x  + a)  a (x  + a) 
x-a  (x  - a)  x (x  + a)  x2  - a2  ’ 
-x  _ -xx  (x  + a)  _ — x(x  + a) 
(x  - a)  — (x  - a)  x (x  + a)  x2  - a2 
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2 a 


3 a2 


5b2 


11.  The  fractions  are  , , 0 ..  , ' 

a - b 2a -2b  4 (a2  - b2)  6 (a2  - b2) 

l.  c.  m.  of  ( a-b ),  2 ( a-b ),  4 (a  - 6)  (a  + 6),  and  6 (a-  b)  (a + 6)  is 
12  (a-b)  ( a + b ). 

2 a 2a  y 12  (a  + b)  24a  (a  + b) 


Then 


a-b  (a-  b)  x 12  (a  + b)  12  (a3 -ft2)’ 
- 6 -Jx6(a  + 6)  - 6b  (a  + b) 

2(a-h)  = 2 (a  - 6)  x 6 (a  + b)  = 12  (a2  ’ 

3a2  3a2  x 3 9a2 


4 (a-b)  (a  + b)  4 (a-b)  (a  + b)  x 3 12  (a2  -ft2) 

- 5 b2  - 5 b2  x 2 - 1062 


6 (a-b)  (a  + b)  6 (a-b)  (a+b)  x 2 12  (a2  — 62).* 


12.  l.c.m.  is  (.z+l)3.  Then^-=  lx(a;  + 1) 


2x 


(x  + 1)2, 

x+1  (x  + 1)  x (a;  + 1)2  (x  + 1)3  ’ 
2xx(x  + l)  _2x(x  + l) 


13. 


(x  + 1)2  (a;  + l)2x  (x  + 1) 

1 


(x  + 1)3 

1 


(b  - x)  (c  - x)  {-(£-&)}  {-(.r-c)}  (x-b)(x-c)' 

1 _ 1 1 

(x  -a)  (x-  b)  ’ (x  - b)  (x  - c)  ’ (x  - c)  (x :—  a)  ’ 
l.  c.  m.  of  denominators  is  (x  - a)  (x  - b)  (x  - c). 

1 x - c 


Thus  we  have 


Then 


(x  - a)  (x  - b)  (x  -a)  (x  - b)  (x-c)’ 
x-a  1 


x-b 


(x  - b)  (0  - c)  (x  -a)(x-  b)  (x-c)’  (x-  c)  (x  -a)  (x  - a)  (x  -b)(x-c)‘ 

11-1 


14. 


also 


(b-c)(b-a)  (b-c)  {-(«-&)}  ( b-c)(a-b )’ 

111 


Thus  we  have 


(c-a)(c-b)  {-  (a  - c)}  {-  (b-c)\  (a-  c)  (b  - c) 

1 -1  1 


l.  c.  m.  is  (a  - b)  (a  - c)  (b-c); 
-1 


(a  - b)  (a  - c)  ’ (6  - c)  ( a-b ) ’ (a-  c)  (b-c)‘ 
1 __  (b-c) 


(a-b)(a-c)  (a-b)  (a-  c)  (b  - c)' 

-( a-c ) 1 _ (a-b) 


(b-c)  (a-b)  (a-b)  (a-c)  (b-c)’  (a-c)  (b-c)  (a-b)  (a-c)  (b-c) 

n a-1  2 (a  - 1)  (a  + 1)  2 (a  - 1)  (a  + 1)  + 2 _ a2  + 1 

1 +a+l  a + 1 +a  + l a + 1 ~ a.  + 1 ' 


a + x x2  (a  + x)(a-x)  x2 

lb.  -5 — l = 1 

1 a-x  a-x  a-x 


(a  — x)  (a  + x)  +x2  _ a2 

a-x  ~ a-x' 
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17  x + 2y  4^2  _ (x  + 2y)(x  - 2y)  hf-  _ (x-2y)(x  + 2y)  + 4i/2 

' * - 2 y x-2  y + x-2y  x - 2y 

__a2_ 
~ x-2  y' 

a-b  a-b  (a-b)b  (a  - b)  a _ (a  - b)  b + (a  - b)  a _ a2  - 62 
1S"  ~a*b  + ~ a262  + “a262“  a262  aW~' 

lg  (a -5b)  x 3 (a-36)x5_3(a-56)-5(a-36)_-  2 a 

5x3  3x5  3x5  15" 

(6a  - 56)  x 2 (4a-76)x3  2 (6a- 56)  - 3 (4a  - 75)  116 

^U"  3x2  2x3  2x3  “IT" 

5 (a -36)  4 (3a -6)  _ 5(a-36)  + 4 (3a -5)  17a  - 196 

' 4x5  + 5x4  ~ 5x4  — ‘-0 


or»  2 (x~y)  3 (x  + y)  _2(x-y)  xi  3 (x  + y)  x 3 8 (x -y)  - 9 (x  + y) 

3 4 3x4  4x3  4x3 

_ - x - Vly  _ x + lly 
~ 12  “ 12  ' 


23. 


24. 


25. 


26. 


5 (x  - 2 y)  3 ( y - 2x)  _ 10  (x  - 2 y)  9 (y  - 2x) 

6 4 “ 12  12 

_ 10  (x  - 2 y)  - 9 (y  - 2x)  _ 28#  - 29 y 

12  T 12 

3x  4 (x  - 4)  2 (x  - 5)  _ 3x  — 4 (x  - 4)  + 2 (x  - 5)  _ x + 6 


12  12  12  ~ 12 
4(2x-3  y)  3(x  + 2y)  2(3x-2y) 


12  " 


12 


12 


12 


4 (2x  - 3 y)  + 3 (x  + 2 y)  - 2 (3a;  - 2 y)  _5x-2 y 
12  _ ‘ " 12  ' 


a - 6 a - 6 ^ 

a-b  a-b~ a-b~ 


27. 


x - a x-a  x-  a 


x + ~a  _ x~a  _ x-a  _ 1 

x 2 - a2  x1  — a2  x'2  - a2  (x-a)  (x  + a)  x + a‘ 

0_  1 + x 2 l + a-2  a;  - 1 

(1  -x)  (1  + a;)  (1  - x)  (1+®)  ~ (1  - x)  (1  +x)  ~ (1  - x)  (1  + x) 

-a-*)  = i 

(l-a;)(l+a;)  1+x’ 

2 + a;  4 _ 2 + x-4  £-2 

dU‘  (2-x)(2  + x)  (2  - x)  (2  + x)  ~ (2  - *)  (2  + x)  ~ (2  - x)  (2  + x) 

_ - (2- x) 


1 
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(x  - 3)  6 x - 3 + 6 _ # + 3 1 

31,  (3  + x)(x-3)  + (x  + 3)(x-3)  = (x  + 3)  (x  - 3)  “ (x  + 3)  (x-3)_x^3‘ 

a:  - 2 *-3  _ (*  - 2)  - (x  - 3)  _ 1 

6A’  (a; -3)  (x-2)  (as  — 2)  (a;  — 3;  (re  — 3)  (a;  - 2)  {x  - 3)  (x  - 2)  ' 

qo  !§*  -%  ' ’ (s  - 5y)  - (x  - 4y) 

' (x-4y)  (x-5y)  {x-5y)(x-4y)  {x-4y)(x-5y) 

_ -y 

~(x-4y)  (x-5 y)‘ 

ox-2y  3a; -2 y (5a;  — 2?/)  - (3x  - 2y) 

34,  (3a; -2 y)  (5x-2y)  ~ (5x -2y)  (3x  - 2yj  ~ (3x  - 2y) (5x  - 2y) 

2x 

~~  (3x  - 2 y)  (5x  - 2 y) ' 

(1  + x)2 ( 1-x )2  (1  + a;)2  - (1  - x)2 

30,  (1  - x)  (1  + x)  (1  + x) (1  — a;)  (1-x)  (1  + x) 

_(l  + 2x  + x2)  - (1  - 2a;  + a;2)  _ 4x 
~ 1-x2  ~ 1 - x2  ‘ 

(a  + 2b)2  {a -2b)2  _ {a  + 2b)2  - [a -2b)2 

36-  (a  -2b)  (a  + 2b)  (a + 26)  (a -26)”  (a -26)  (a + 26) 

_(a2  + 4a6  + 462)  - (a2  - lab  + 4b2)  __  8a6 
“ a2 -4b2  ~ a2-  4b2 " 

a;  - 2 2 _x-2+2_  a; 

3 ' ' (^2)2  + (x~2~)2 ~ (x-~2)2  ~ (^-2)2 * 

co  a (a -2b)  2ab  a(a-2b)  + 2ab  a2 
3°’  (a -2b)2  + {a-2bf  ~ (a -26) 2 “ (a-26)2 ' 

og  ix  + y? jx-y)2  | 4?/2 

(x-y)(x  + y)  (x  + y)(x-y)  (x-y)(x  + y) 

_ (x  + y)2  - (a;  - y)2  + 4?/2  _ 4xy  + 4y2  _ 4?/(x  + y) 

(a-y)(®  + y)  ~ {x-y){x  + y)~  (x-y)  ( x + y)~ 

. 2a  (a  -6)  26(a  + 6)  a2  + 62 

(«  + 6)  (a- 6)  + (a- 6)  (a  + 6)  (a-6)(a  + 6) 

_2  a (a  - 6)  + 26  (a  + 6)  - (a2  + 62)  _ a2  + 62 
(a  - b)(a  + b)  ~a2-b2' 

a2  a (a  - 1)  1 _,_a2^^;(a>- 1);-1  _ a - 1 _ 1 

(a-l)a.  a(a-l)  a (a  - 1)  — a (a-  1)  a(a-l)~a' 

,n  2 (a; + 2)  (x-2)  a; + 6 2 (a; + 2)  - (a; -2)  a; + 6 

(a;  - 2)  (a;  + 2)  ~ (x  + 2)  (x- 2)  ~ x^+I  ~ (x-2)(x  + 2)  x2  + 4 

_ x + 6 x + 6 _ (x  + 6)  (x2  + 4)  - (x  + 6)  (x2  - 4) 
x2-4  x2  + 4 — (x2-4)(x2  + 4) 

_ (x  + 6){(x2  + 4)  - (x2-4)}  _8(x  + 6) 

a;4 -16  ” x4-16  ' 
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43. 


2 (a  + 1)  a-1  a + 3 

(a -1)2  (a  + 1)  2 (x  + 1)  (a  — 1)  2(a2+l) 

_ 2 (a  + 1)  - (a  - 1)  a + 3 a + 3 a + 3 

2(a  + l)(a-l)  “ 2 (a3  + 1)  “ 2 (a2  - 1)  " 2 (x-  + 1) 

_ (*  + 3)  (a2+l)-(a  + 3)(a2-l)  _ (a  + 3){(a2+l)-(a2-l)} 


2 (a2  - 1)  (a2  + 1) 
2 (x  + 3) 

2 (a4  - 1 j 


Ac. 


2 (a4  - 1) 


(3  — a)  (1  + 3x)  — (3  + a)  (1  — 3x)  l-16a 

' (1  + 3a)  (1  - 3a)  9a2~  1 

_ (8  - a)  (1  + 3a)  - (3  + a)  (1  - 3a)  - (16a  - 1) 

1 - 9a2 

_ (3  + 8a  - 3a2)  - (3  - 8a  - 3a2)  - (16a  - 1)  1 

1 - 9a2  I “ 1 - 9a2‘ 


ft  (ft  + a)  a(a-x)  ^ 2 a2  _ a («,  + a)  + a (a  - a)  ^ 2a2 

~(a-x)(a  + x)  (ft  + a)  («.  - a)  ft2  + a2_  («-a)(«  + a)  ft2  + a2 

2a2  2a2  _ 2a2  (a2  + a2)  + 2a2  (a2  - a2)  _ 4a4 

a2  - a2  a2  + a2  (a2  - a2)  (a.2  + a2)  — a4  - a4 ' 

a a 2 a2  4a4  2a2  2a2  4a4 

46. 1 “1"  "o « raKSSsSSrat1  — 9 ^ + -rt + “7 — 

a - x a + x a-  + a4  + cc4  a*  - xj  a2-\-x~  a4  + x* 

4 a4  4a4  4a4  (a.4  + a4)  + 4a4  (a4  - a4)  _ 8ft8 

~ a4  - a4  ft4  + a4  (a4  - a4)  (a4  + a4)  a8  - a8  * 


(a + 2)  - (a  + 1)  (a + 4)  - (a + 3)  _ l_ 1 

*'■  (a  + 1)  (a  + 2)  + ~(a  + 3)(a  + 4)  (a  + 1)  (a  + 2)  + (a  + 3)  (a  + 4) 
_ (a  + 3)  (a  + 4)  + (a  + 1)  (a  + 2)  _ (a2  + 7a  + 12)  + (a2  + 3a  + 2) 
~ (a  + 1)  (a + 2)  (a  + 3)  (a  + 4)  ~ (a  + 1)  (a  + 2)  (a  + 3)  (a  + 4)' 

a (a  + 1)  - 2 (a  - 1)  (a  + 1)  + a (a  - 1)  _ 2 

' a (a -1)  (a  + 1)  — a(a2-l)‘ 

(ft  + 1)  (a  + 2)  - 2a  (a  + 2)  + a (a  + 1)  _ 2 

ft  (ft  + 1)  (ft  + 2)  ft  (ft  + 1)  (ft  + 2) 


50. 

terms. 


Take  the  first  and  last  terms  together,  and  also  the  two  middle 
Thus  (*  + 3)-(*~3)  , — 3 (a  + 1)  + 3 (a  - 1)  _ _6_  -6 

|Mg  (x  + 3)  (a  - 1)  (a  + 1)  a2  - 9 a2  - 1 

_ 6 (a2  - 1)  - 6 (a2-  9) 
m (a2  - 1)  (a2  - 9)  “ 


51. 


(a  + 3)  — a — 3 (a  ■+■  2)  + 3 (a  + 1)  3 —3 

£&(a  + 3)  (a  + l)(a  + 2)  a (cl  + 3)  (a  + l)(a  + 2) 

3 (a  + 1)  [a  4-  2)  — 3 a (a  + 3) 

a (a  + 1)  (a  + 2)  (a  + 3)  ~~  C' 
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52.  Group  the  terms  with  the  same  coefficients.  Thus 

(s  + 2)  + (s-2)  -4  (#  + 1)  - 4 (x  - 1)  6_  2x  -8x  6 

(s-2)(s  + 2)  (s-l)(s  + l)  + x ~ a:2 -4  s2  - 1 + x 

_ 2x  ( x 2 - 1)  x - 8a;  (s2  - 4)  x + 6 (s2  - 4)  (s2  - 1) 

~ x (s2  - 1)  ( x 2 - 4) 

(2s4  - 2s2)  - (8a:4  - 32a2)  + (6s4  - 30a;2  + 24)  24 

s(s2-  1)  (s2-4) 


53 


s(s2-l)  (a2  - 4)  ' 

(a  + 1)  (a  + 2)  (a  + 3)  (a  + 4)  — 4®  (a  + 2)  (a  + 3)  (a  + 4)  + 6®  (®  + 1 ) (a  + 3) 
(a  + 4)  -4a  (a  + 1)  (a  + 2)  (®+4)  + ® (a  + 1)  (®  + 2)  (a  + 3) 


a (®  + l)  (®  + 2)  (a  + 3)  (®  + 4) 

(a4  + 10a3  + 35a2  + 50a  + 24)  - (4a4  + 36a3  + 104a2  + 96a)  + (6a4  + 48a3  + 114a2 
+ 72a)  - (4a4  + 28a3  + 56a2  + 32a)  + (a4  + 6a3  + 11a2  + 6a) 


a (a  + 1)  (a  + 2)  (a  + 3)  (a  + 4) 


24 


a (a  + 1)  (a  + 2)  (a  + 3)  (a  + 4)  ‘ 

Or  thus : given  expression 

U(i  B A M _ (_l 3 3 l \ 

CL  1 CL-\-  2 CL  -f*  3 J + 1 (X+2  Cl-^r  4:  J 

mi  • • ,i  n , . . , a + 3 — a 3 (a  + 2)  — 3 (a  + 1) 

The  expression  in  the  first  bracket  = — , — 

^ a (a  + 3)  (a  + 1)  (a  + 2) 

3 3 _ 3 (a  + 1)  (a  + 2) -3a  (a  + 3)  _ 6 

a (a  + 1)  (a  + 2)  (a  + 3) 


a (a  + 3)  (a  + 1)  (a  + 2)  a (a  + 1)  (a  + 2)  (a  + 3)  a (a  + 1)  (a  + 2)  (a+  3) 

Change  a into  a + 1,  and  we  get  the  value  of  the  expression  in  the  second 
bracket.  Thus  the  whole  expression 

6 6 


a (a  + 1)  (a  + 2)  (a  + 3)  (a  + 1)  (a  + 2)  (a  + 3)  (a  + 4) 


24 


a (a  + 1)  (a  + 2)  (a  + 3)  (a  + 4) 


54. 


55. 


(s  - 2)  (s  - 3)  (s  - 1)  (s  - 3)  (s  - 1)  (s  - 2) 
s — 1 2 (s  - 2) 


s - 3 


= 0. 


(s-2)(s-3)(s-l)  (s-l)(s-3)(s-2)  (s  - 1)  (s  - 2)  (s  - 3) 

(s-l)-2(s-2)  + (s-3)  _ 0 

(s  - 1)  (s  - 2)  (s  - 3)  — (s  - 1)  (s  - 2)  (s  - 3) 

1 2 1 

(s  + 2a)  (s  + 3a)  (s  + a)  (s  + 3a)  (s  + a)  (s  + 2a) 
s+a  2(s  + 2a)  s + 3a 


(s  + 2a)  (s  + 3a)  (s  + a)  (s  + a)  (s  + 3a)  (s  + 2a)  (s  + a)  (s  + 2a)  (s  + 3a) 

(s  + a)  - 2 (s  + 2a)  + (s  + 3a)  0 

(s  + a)  (s  + 2a)  (s  + 3a)  ~ (s  + a)  (s  + 2a)  (s  + 3a) 

K.  S.  E.  A.  S 


= 0. 
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(s-l)»-2(*-2y»+'(s-3)« 

00-  (x -1)  (x -2)  (x -3) 

( x 2 - 2x  + 1)  - 2 (x2  - Ax  + 4)  + (a:2  - 6x  + 9)  _ 2 

(x  - 1)  (x  - 2)  (x  - 3)  ~ (x’~  1)  (x  - 2)  {x  - 3|  ’ 

57.  We  have 

1 _ 2 , 1 _ (x  + 1)  -2x+  (x- 1)  _ n 

x(x-l)  (x  - 1)  (a;  + 1)  a;(a;  + l)  x (x  - 1)  (x  + 1) 

co  2a  _ ( x~a ) , 2 

' (x  - 2 a)3  (x  - 2a)  ( x - 3 a)  ^ x -3a 

2 a (x  - 3a)  - (x  - a)  (x  - 2a)  + 2 (x  - 2a)2 
(.r  - 2a)2  (x  - 3a) 

(2ax-6a1)-(x2-3ax  + 2ai)+(2x2 -8ax  + 8a2)  _ x2-3ax  x 

(x  - 2a)2  (x  - 3a)  “ (a; -2a)2  (x  -3a)  = (x  - 2g)2  ' 

3 + 2a  2 - 3a  a2  - 16a  _ (3  + 2a)  (2  + a)  - (2  - 3a)  (2  - a)  + (a2  - 16a) 

b9‘  2 — a 2 + a + ‘ 4-a2  “ (2  a)  (2  + a) 

_(6  + 7a  + 2a2)  - (4 - 8a  + 3a2)  + (a2 - 16a)  2 -a  _ 1 

(2 -a)  (2  + a)  ~ (2  - a)  (2  + a)  — 2 + a‘ 

(x  + ay)2  - (x  - ay)2  + 2 (a;2  + a2y2) 

' (x-ay)(x  + ay) 

_ (x2  + 2 axy  + a2y2)  - (x2  - 2 axy  + a2y2)  + (2a;2  + 2 a2y2) 
{x-ay)  ( x + ay ) 

2 (x  + ay)2  _2(x  + ay) 

~ (x-ay){x  + ay)~  (x-ay) 

x2-2x  a; + 3 4x  _ (x2  - 2x)  - (x  + 3)  (x  - 1)  + 4x  (x+ 1) 

61,  a;2  - 1 “^+1  + .;^I_  (x  - 1)  (a;  + 1) 

_ (x2  - 2x)  - (x2  + 2a;  - 3)  + (4a;2  + 4a;)  _ 4a;2  + 3 
— (®-l)(a;  + l)  ~ a;2-l 

(l  + a;)  + (1  -x)  +(l  + 2a;-a;2)  _ 3 + 2a;-a;2  _ (3 -x)  (1  +x)  _ 3 - x 
(l-*)(l  + ar)  — (1  - a;)  (1  + x)  ~ (1  - x)  (l  + a;)“iT^’ 

fiq  1 , % 1 = (x-3y)  + 8y  + (x  + 3y) 

x + 3 y (x  - 3y)  (x  + 3y)  + x - 3y  (x-3y)(x  + 3y) 

2x  + 6 y _ 2 (x  + 3 y)  _ 2 

~(x-  3 y)  (x  + 3y)  ~ (x-3 y)  (x  + 3y)  ~ x - 3y  ’ 


KEY  TO  ELEMENTARY  ALGEBRA. 
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{x-(y  -*)}■  {x  + (y-z)}  {y-{z-x)}  {; y + (z-x )} 

' {{x  + y)-z}  \(x  + y)  + z\  {(y  + z)-x) \(y+z)  + x} 

+ {z-(a-yj}  [z  + (x-y)\  J (a-y  + g)  ( x + y-z ) (a  + y -g)  (-a +y + g) 

{(z  + z) -y}  {(z  + a)+i/}  (a  + y-g)(a  + y + ;z)  (- x + y + z)  [x  + y + z) 

(-  x + y + z)  (x  - y + z)  _x  — y + z x + y-z  -x  + y + z 
(x -y  + z)  (x  + y +z)  ~ x + y + z x + y + z x + y + z 

_ (x -y  + z)  + (x  + y -z)  + (- x + y + z)  _ x + y + z 
x+y+z  ~ x+y+z~ 


65. 


[ 


+ 


{a-(6+c)}  {a  + (b  + c)}  {b  - (c  + a)}  {b  + (c  + a)} 

{(a  + b)  -c}  {(a  + b)  + c\  + {(b-c)-a\  {( b-c)  + a\ 

{c-(a-b)\  {c  + (a  - b)}  _ (a  - b - c)  (a  + b + c)  (- a + b - c)  (a  + b + c) 
{(c  — a)  — b\  {(c  — a)  -t-  ft}  (a  + b - c)  (a  + b + c)  (-a  + b - c)  (a  + b - c) 
(-a  + b + c)(a-b  + c)  _a  - b - c + a + b + c ^ a-b  + c 
(-a-b  + c)  (-a+b  + c)  a + b -c  a + b -c  -a-b  + c 
a-b-c  a+b+c  -a+b-c 

a+b-c  a+b-c  a+b-c 

(a-b  - c)  + (a  + b + c)  + (-  a + b - c)  _ a + & -c  ^ 
a+b-c  a+b-c 


XXXIX.  Page  137. 

2 a 3a2b  _ 2a  ^ 5 x%iy  _ 2 xy  x2y  b-x  _ x2y  ^ d2z  _ xy 

5x  ' 5x2y  5x  3a2b  ‘Sab  “*  a2z3  ’ a-z  a2z2  b'2x  b'2z' 

15  x~y  x x+y  _ -(x~y) ( x+v ) _ JL 

x(x  + y)  y(x-y)~xy(x-y)(x  + y)~xy' 
a + b b (a  - b)  _ b (a  + b)  (a  - b)  _ b 
‘ a2(a-b)  X a (a  + b)  ~~  a3  (a  + b)(a-  b)  a 3 ' 

x (x  + 2)  x (x  - 3)  x2 

17 ‘ (x-3)  (x+3)  X (x-2)  (x  + 2)  ~ Jx  + 3)  (x  - 2) ' 

1R  (*-y)  (x  + y)  x - 2y  _ x-y 

‘ (x  - 2 y ) (x  + 2 y)  x + y x + 2 y ’ 

x3  + 3x2  x'2  + ix  x2  (x  + 3)  x (x  + 4) 

19.  7-  X — -=  T—  X — ^ 7T  =X3. 

x + 4 x + 3 x + 4 a + 3 

a + 4b  a3  + 5a2b_  a + 4b  a2(a  + 5b)_a 

‘ a2  + 5abX  ab  + 4b2  ~ a(a  + 5b)X  b(a  + 4b)  ~b' 
(a-l)(a-2)(a-3)_a-l 
AL‘  (a -2)  (a -3)  (a -4)  a- 4' 

— _ (x  + 11  (x  + 2)(x  + 3)  1 

(x+iy(x  + 2)2(x  + 3f  ~ (a  + iy"(a  + 2)  (a  + 3) ' 
(a-l)(a-2)„(a-3)(a-4)_(a-l)(a-2)  (a-3)(a-4) 
(x-2)(x-3)  (x  - 1)  (a  - 4)  (a-  1)  (a- 2)  (x  - 3)  (x  - 4>~- 

6—2 


23. 
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9d  (*-!)  (*  + 1)  x (x~5)(x  + 5)  (s-l)(a;-5) 

‘ (a: + 5)  (a; -2)  (ar-4)(a;  + lj  (x  - 2)  (x  - 4)  ’ 

(a;  - a)  (a;2  + a.r  + a2)  x + 2a  _x-  + ax  + a2 
(x-2a)(x  + 2a)  x-  a x - 2a 

26  a3~x*  a2  — x2  (a  — x)  (a2  + ax  + a;'?)  ^ (a  — x)  (a  + x)  a2  + ax  + x 2 

a3  + x3  ( a-x )2  [a  + x)  (a2  - ux  + x2)  (a-x)2  a2-ax  + x2 

07  a + x (o_- a?)  (a +_®)_  {g-x)  ( a + x ) (a2  + x2) 

(a-x)'2X  a2  + x2  X (a  + x)3 

_ (a-a;)2(a  + a;)3(a2  + a;2) 

(a  - x)2  (a  + x)3  (a2  + x2) 

(a  + fc)2  {(a-?;)(a  + &)}2  , a2  + 62  (a  - Z>)2  (a  + ft)4  (a2  + ft2) 

(a - 6) 3 X (a-b)(a  + b)(a2  + b2)  X (a  + b)3_  (a- b)4  (a  + b)4(a2  + b2) 

1 

{(«-b)-c}{(a-b)  + c}  {6  - (c -a)}  {6  + (c  - a)} 

‘ {(a-c)-b}  {(a-c)  + b}  {c-  (a-b)}  {c  + (a-b)\ 

_(a  - b - c)  (a  - b + c)  ^ (a  + b - c)  ( - a + b+  c)  _ ^ 
~ (a -b  - c)  (a  + b - c)  (- a + b + c)(a  - b + c) 
x2-(y  + z )2  y2-(x-z)2  {x-(y  + z)\  {s  + (y  + s)| 

‘ x2-(y-z )2  y2-(a:  + 2)2  {a:  - (y  - z)}  {a;  + (y- z)} 

x {y-(a;-z)}{y  + (a;-z)}  _( x-y-z ) (x  + y + z)  * (- x + y + z)  (x  + y - z) 
X {y-[x  + z)}{y  + (x  + z)\  (x-y  + z)  (x  + y - z)  (- x + y - z)  (x+y  + z) 
(x-y-z)  ( - x + y + z ) _ (-x+y  + z)2 
~ (-x  + y-z)(x-y+z)~  (x-y  + z)2 

(x2  + y2)  (a;4 - x2y2  + y4)  x-y  x* + x2y2 + yi  _ x2  + y2 
(x-y)(x  + y)  (a;4  + x2y2  + y4)  x + y X x*  - x2y2  + y*~  (x  + y)2 ' 


fx2  + y2  2 xy  \ 

fx3-y3  3 xy(x-y)\ 

\x2  + y2  x2  + y2) 

V x-y  x-y  ) 

x2  + y2~  2xy  x3  -y3-  3 xy  (x-y)  _(x-  y)2  x-y 

x2  + y2  ' x-y  x2  + y2  x3  - 3 x2y  + 3 xy2  - y3 

(x-y)2  (x-y)  1 

x2  + y2  (x-y)3  x2  + y2’ 


XL.  Pages  139,  140. 


a;  + 2a  a + 2a;  _ (2a  + x)  (2a  - x)  + (a  + 2x)  (a  - 2x)  _ 5 (a2-x2) 

a-  2x  x-2a~  (a-  2x)  (2a  -x)  (a-  2x)  (2a  - x) 

3 1 _ 3 (a-x)  - (2a  - x)  _ a-  2x 

2 a-x  a-x 


Hence  we  have 


(2  a-x)  (a-x)  (2a  -x)  (a-x)' 

5 (a  + x) 

(a  - 2x)  (2a  - x)  A (2a  - x)  (a-  x)~  (2a  - x)2  * 
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X ^ 1 -x  _ x2  + (1  - x)  (1  + a)  _ 1 

1+a  x a (1  + a)  a(l  + a)‘ 

x 1 - x _ x2  - (1  - x)  (1  + x)  _ 2a2  — 1 
1 + a x a (1  + a)  a (1  + a)’ 

„ , 1 2a* -1  1 a(l  + a)  1 

Henee  we  have  * g^Tl  = ^TTi  • 


/ X 3 y3_\  1 

(x± 

, ys\ 

/ x3  y3  \ 

V xhy2) 

\xy 

+ xy) 

\x2y2  xhj2) 

xs  - y3  x3  + y3  jx3  + y3 


xy  ary- 

2 xy_  + xy  _ xy  _ 2 xy 
y-x  x-y  y-x  y-x 
xy  xy  2 xy  _Q 
y +x  x + y y + x 


i xy 


x2y 

xy xy  = () 

y-x  y-x 


X°  - l/° 

~x3y'r 


x6  - y e 


= 1. 


(x  + y)'2  + (x-y)2 


x2  + y2  + 2xy  i x2  + y2  -2xy 
W+y)  xy  (x-y)xy  ~\x  + y)xy  1 (x-y)xy 

x + y x-y  2x 

~ xy  xy 

a+b  b _(a  + b)  a + b (a  + 2b)  _ a 2 + 2 ab  + 2ft2 
a + 2b  + a a(a  + 2b)  a (a  + 26) 

a + b b _(a+b)  (a  + 2b) -ab  _a2  + 2ab  + 2b2 
a a + 2b  a (a  + 26)  a (a  + 2b) 


2 

xy  y' 


Thus  the  given  fraction  is 


a 2 + 2 ab  + 252  a,2  + 2 ab  + 2 b2 


a(a  + 2b)  ’ a(a  + 2b) 

*(*-x>+"?  (*+1> 


= 1. 


x + l 


lx+STi}  (3,+1) 


_ _ a(a-l)  (a  + l)  + (a-l ) 
x (x+ 1)  + 1 

(x-  l){g  (a + !)  + !}  _ , 

a(a  + l)  + l 


x + 2 4a; + 5 _ (x  + 2)  (5a + 6)  - (4a + 5)  (2a + 3)  _ -3a2 -6a -3 

' 2a; + 3 5a  + 6 — (2a; + 3)  (5a + 6)  ~ (2a + 3)  (5a  + 6} 

- 3 (a  + l)2 
(2a + 3)  (5a  + 6)‘ 

2a + 3 3a  + 4 _(2a  + 3)  (4a+5)-(3a  + 4)  (3a  + 4)  _ -(a  + 1)2 

3a  + 4 4a  + 5 ~ (3a  + 4)  (4a  + 5)  ~ (3a  + 4)  (4a  + 5)  ' 

Whence  given  fraction  is  equal  to 

- 3 (a  + 1)2  -(a  + 1)2  _ 3 (3a + 4)  (4a + 5) 

+ 6)  ’ (3a  + 4)  (4a  + 5)  (2a  + 3)  (5a  + 6) 
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10. 


1 + a;  1 + a;2  _ (1  + a;)  (1  + a;3)  - (1  + a;2)2 

1 + a;2  l + xs~  (1  + a;2)  (1  + a;3) 

x-2x2  + x3  _ x(l-x)2 


(1  + a;2)  (1+a;3)  ( 1 + a;2)  (1  + a; »)• 

1 + a;2  1 + a;3  (1  + a;2)  (1  + a;4)  - (1  + a;3)2 

A1S°  1 + x3  1+^  " ( 1 + x3)  (1  + a;4) 

_ a;2-2a;3  + a;4  _ a;2(l-a;)2 

~ (1  + a;3)  (1+a;4)  ~ (1  + a;3)  (1  + a;4)’ 

Whence  given  fraction  is  equal  to 

a;  (1  - x)2  . x2  (1  - at)2  1 + a;4 


11. 


12. 


(1  + a;2)  (1  + a;3)  ' (1  + a;3)  (1  + a;4)  “ a;(l  + a;2)  ’ 
1 1 1 1 3a;2 -1 


x + 


3x 


x + 


3a;2 -1 


3a;2 -1 
~3x*- 


Sx2 

3a;3 


1 + 


(1-g) 


1 + 


(1  - x)  x 


x (3a;2  - 1)  + x 

3a;2  - 1 1 

3a;3  ~3x3‘ 

x2  (a;2+ 1) 

X2  + 1 + (1  - x)  X 


13.  Fraction  =■ 


a;2+ 1 

, _ x2(x2+l)  _ x3  (a;  + 1)  - x2  (a;2  + l)  _x3-x2 
a;  + l ~ 

1 1 


x + 


14.  Fractions 


(3  — a)  + (a  + 1) 

1 

(x3+ 1)  (a;  - 1) 
a;  (a;  - 1)  + 1 


,-r  a;  + 


3 


x + 1 

4 

4a;  + 3 — a 


a;  + 1 


a;2- 


( X 2 - X + 1)  (x  + 1)  (x  - 1) 
X2  - X + 1 

1 


= 1. 


(x  - 5y)  (x  - y) 


x1-  (a;  + l)  (x-  1) 

XLI.  Pages  142-145. 
x-5 y x(x-lly)  ( x + y ) _x(x-  11  y) 


5. 


7. 

8. 

Then 


x(x-4y){x-y)~  x(x-4y)  ' y (x-9y)(x  + y) 

{(a-b)  (a  + b) } { (a  - b)  (a2  + ab  + b2))  _ (a2  + ab  + b2) 
(a-b)  {(a-b)(a  + b)(a2  + b2))  (a2  + b2) 

(a  -b)  (a  + b)  ( a 2 - b2)  ( a 4 + a2b2  + ft4)  _ ^ + ^ 


y(x-9y)  ’ 


(a  + b)2  (a  - b)2 

The  h.  c.  f.  will  be  found  to  be  x2  + 4a;  + 3. 

x3  + 3a;2  - x - 3 _ (x2  + 4a;  + 3)  (x  - _ 

a;4  + 4a;3  - 12a;  - 9 ~ (x2  + 4a;  + 3)  (x2 
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H H 
(M  <N 


+ I 
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e?5  c?1 

*i  th 
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/I 1 \ _ /_3 3 \ (o  + 9)-a  3 (a  + 6)  - 3 (a + 3) 

\a  a + 9y  \a  + 3 a + 6/  a(a  + 9)  (a  + 3)(a+6) 

9 9 _ 9 (a  + 3)  (a  + 6)  - 9a  (a  + 9) 

a (a + 9)  (a  + 3)(a  + 6)  a (a  + 3)  (a  + 6)  (a  + 9) 

_9(a2  + 9a+18)-9(a2  + 9a)  162 

a (a  + 3)  (a  + 6)  (a  + 9)  a (a  + 3)  (a  + 6)  (a  + 9)  * 

2q  ( X~V ) ( x2  + xy  + y 2)  x x + 3 y _ x^+jc y + y* 

(x-3y)  (x  + 3y)  X x-y  x-3 y 


2i  x'~y 2 x 2?/  ~ x = (-r  - y)  ( x+y ) x x_z12jl  - x+y 

*2-4  y2  y-x  (x-2y)(x  + 2y)  x-y  x + 2 y' 

oo  (I  + IY-L-  4 _i_ 

\a  6/  a&  (a  - Z?)2  a262  a/?  (a  - ft)2 

_ (a  + ft)2  (a  - Z>)2  - ab  (a  - fr)2  - 4a2fr2 
a2b2  (a  - Z?)2 

_ a4  - 2a2Z?2  + 64  - a36  + 2a2Z>2  - aZ>3  - 4a2//2  _ a4  - a3b  - 4 a2b2  - ab3  + b 4 
a2//2  (a  - ft)2  a'2//2  (a  - Z>)2 


Also 


T _ 1\2  _ 1_  (a-bf-ab 
a b J ab  a2b2 


TT  , a4  - a3Z>  - 4a2ft2  - ab3  + b4 

Hence  we  nave 0-T^r7 ^ x 

a2Z>2  (a  - 6)2 


a2  - 3a&  + b2 
= a2i>2 

a2/>2 

a2  - 3a6  + Z/2 


a2+2a/?  + Z/2 
“ («-6)3  ' 


since  (a4  - a3b  - 4a2b2  - ab3  -f  64)  4-  (a2  - 3 ab  + ft2)  = a2  + 2 ab  + b 2. 


s (a  -8)  + 5 (a;  -2)  (x -3)  (x  + 2)  - 2 (3x -8)  _ a;2- 3.x -10 
(x  - 2)  (x  - 8)  X (3*-8)(®-®|  “(*-2)(a;-8) 

.x2  - lx  + 10  _(x-5)(x  + 2)  (x-5)(x-2)  t, 

X (3®-8)  (a;  + 2)-(a;-2)  (*  - 8)  X (3®  - 8)  (x  + 2)~ tVC- 


. (x4  - 4x3y  + 6 x2y2  - 4.x?/ 3 4-  ?/4)  - (x3y  - 2x2y2  + xy3)  - 2.x2?/2 

(x4  - a;3?/  - xy 3 + y4)  + 2 x2y2 

_x4-  5.x3?/  + 6a:2?/2  - 5a;?/3  + y4 
~ x4  - x3y + 2x2y2  - xy3  + y4 

The  h.  c.  f.  will  be  found  to  be  x2  - xy  + y2,  and  the  fraction 
_ (a2  - xy  + y2)  (x2  - 4xy  + ?y2)  _ &c 
(x2-xy  + y2)(x2  + y2) 

a;  (x2  + a;  + 1)  +a;  (a;  - 1)  (2a;  + l)  - 3 (x  - 1)  (a;2  + a;  + l)  _ 3 

x (x -1)  (x2+x  + l)  ~x(x3-l)’ 


90 


KEY  TO  ELEMENTARY  ALGEBRA. 


26. 


1 


27. 


28. 


31. 

32. 

33. 


TV  + . 


2 (3a  — 6)  3a  + 2 b 2 (3a  + 6) 

_ (3a  + 2b)  (3a  + b)  + 2 (3a  - b)  (3a  + b)  - 3 (3a  + 26)  (3a  - 6) 
2 (3a  - 6 ) (3a  + 6)  (3a  + 26) 

(9a2  + 9a6  + 262)  + (18a2  - 262)  - (27a2  + 9a6  - 662) 

2 (3a -6)  (3a + 6)  (3a + 26) 

662 

~ 2 (3a  - 6)  (3a + 6)  (3a + 26)  * 

1 1 6 
2 (4a  + 6)  + 2 (4a  - 6)  + (4a  - 6)  (4a  + 6) 

(4a  — 6)  + (4a  + 6)  + 26  8a  + 26 


2 (4a -6)  (4a + 6)  (4a  - 6)  (8a + 26) 

(a2  + 62)  (a4  - a262  + 64)  a-b  a4  + a262+  64  _ a - 6 _ 1 


— &c. 


(a2  - 62)  (a4  + a262  + 64)  a2  + 62  a4  - a2 62  + 64 


a - o 
a1  - b'2 ' 


a + 6 


jx  + y)2-{x-y)2-  4t/2  _ 4ay  - 4?/2  _ 4y  (a;  - ?/)  _ &c 

(x-y)(x  + y)  ( x-y){x  + y ) (x-y)(x  + y) 

a ( a - 36)  + 262)  j(26-a)  + 6)  _ a2  - 3a6  + 262  36  - a 
a (a  - 36)  2b -a  ) a (a  - 36)  ’ 26  - a 

_ (a  - 6) (a - 26)  a-36 


— Ac. 


- (a;3  + t/3) ?/  + 5 

xy(x-y)  (x+y)  x(x+y)  y(x-y) 

x2y  - xy2 


a (a  - 36)  a - 26 

( x3+y*)-y2(x-y)  + x2(x+y ) 
xy(x-y)  {x  + y) 
xy(x-y)  _ 1 


a + 6 62 

a + 5b  + T 


^(*-2/)(«  + 2/)  xy(x-y){x  + y)  x + y 

6 _ (a  + 6)  (a  - 56)  + (62  - a2)  + (a  - 6)  (a  + 56) 
(a  - 56)  (a + 56) 

(a2  - 4a6  - 562)  + (62  - a2)  + (a2  + 4a6  - 562)  _ 
a2  - 2562  S 1 


34. 
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a-b  a + b a2 -b2  _ (a-b)  (a  + 3b)  + {a  + b)  (a-3b)  - (a2 -b2) 

a^3b  + a + 3b  ~ a?~ W ~ (a  -3b)  (a + 36) 

(a2  + 2ab  - 3b2)  + ( a 2 - 2 ab  - 3b2)  - (a2  - b2)  r 
~~  a2  -9  b2  ~ 

1 x-5  1 x — 6 

°0,  2(x-l)  (x-5)(x-2)  2(x-6)(x-3) 

111 
— 2 (a:  - 1)  x-2^2(x-3) 

_(x-2)(x-3)-2(x-3)  (x-l)  + (x-l)(x-2)_  1 _ 

2  (x  - 1)  (x  - 2)  (x  -3)  (x-  1)  (x  - 2)  (x  - 3)  ' 

37.  We  have 

3  (a; -4) - 2 (a; -3)  a;  - 6 x - 6 a;  - 6 

“ (x  - 3)  (x  - 4)  (x  -2)  (x  -5)  r'  (x  - 3)  (x  -4)  “ (a; -2)  (a; -5) 

_ (x  -6)  {(a;  -2)  (x  -5)  - (x  -3)  {x -4)}  _ -2(x-6) 

(x  -2)  (x-  3)  (x  - 4)  (x  - 5)  ~ (x  - 2)  (x  - 3)  (x  - 4)  (x  - 6)  * 


38 


3 [x  - 5)  - 2 (x  - 4) 


x-7 


x-7 


{ x-4)(x-5 ) (x-6)(x-3)  (a; -4)  (a: -5)  (a: -6)  (a; -3) 

_(x -7)  {(*-6)  (x  - 3)  - (x  - 4)  (x  - 5)}  -2  (x-7) 

" {x -3)  (x -4)  (x -5)  (x -6) 


39. 


40. 


41. 


x-y- 


x-y 


) xs +y3 
/!  Xx^y2~ 


(x-y)2  + xy\ 

„ {x+y){x2-xy+y2) 

{x-y)  ( x + y ) 


(x  -3)  (x-  4)  (x  - 5)  (x  - 6) 

{x-y)  {x2-xy  + y2-  1) 
x2-xy  + y2 


\x+y- 


x + y 


(x  + y)2 


x*s-y3 

xy\  x2-y2 

..  (x~y)  {x^  + xy+y2) 
{x+y)  {x-y) 

1 - a:2  - (1  - x)2  + 1 + 2a;2  x + 1 
1 - x2  X 2x  + l 


= x2  - xy  + y2  - 1. 

_ {x  + y)  (x2  + xy  + y2-l) 
x2+xy  + y2 

— x2  + xy  + y2-  1 . 


l + 2x  1 + x _ 1 

1 - a;2  X l + 2x  “ l^x ' 


2 (j-2-^2)(»-2>^-5> 

- 2 - ^ (*  - 2)  (a:  - 5)  - 4 - ^ ^ (*  - 4) 

MR-  2)2 1 B HH|  (as  - 4)2  - 4 { (a;  - 2)  - 1 } { (as  - 2)  + 1 \ (x  - 5) 

' {(a;  -2)  {x  -5)  -4}  (x  - 2)  X (x  -4)2-l  {x2- lx  + 6}  (a;  - 2) 

{(*  — 4)  - 2}  {(*-4)  +2}  (x  - 3)  (x  - 1)  (a:  - 5)  (x  - 6)  (a:  - 2) 

X {(x  - 4)  - 1 } { (x  - 4)  + 1}  {x  - 1)  (x  - 6)  (x  - 2)  X (x  - 5)  (x  - 3)  ~ * 
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(x  - 2)  (x  + 4)  (x  - 3)  (a: + 4)  + (x  - 2)  (x  - 3) 

6 (a;  - 3)  - 7 (a;  - 2)  + (a;  + 4)  (6a:  - 18)  - (7a;  - 14)  + (x  + 4) 

(x  - 2)  (x  - S)  (x  + 4)  (x  - 2)  (a:  - 3)  (x  + 4)  ~ U" 


a;2  + y2  x2  -y2  _ ( x 2 + y2)2  - ( x 2 - ?/2)2  _ 4a;2 y2 

1 a:2  - ?/2  x2  + y2~  (a;2  - ?/2)  (as2  + y2)  j~  (a;2  - y 2)  (a;2  + y2) 

^ + ?/  _ _ (a;  + y)2-  (a;-y)2  _ 4a;?/ 

x-y  x + y (x-y)(x  + y)  (x-y)(x  + y)' 
Thus  we  have 


(.r3  + y3) 


f 4a:2?/2  ) 

1 

( 4a;?/  ) 

\(x2-y2)  (x2  + y2)\ 

x2  — xy  + y2  ‘ 

l(*  - y)  (x+y)\ 

4a;2?/2 


: (x  +y)  (x2  -xy  + y2)  x — ^ x ^ x — — ^ + ^ 

{x-y)[x  + y){x2  + y2)  x~-xy  + y 2 4.?;?/ 

(a;  + ?/) 
x2  + y2 


(a2  + 52)-2a5  a&2  n2-ab  + b2 

2ab  X a3  + ft3  X 4afo  (a  + fcj 
_(a-b)2  ab 2 '■  a2-ab  + b 2 (a-b)2 

2 ab  X (a  + 6)  (a2  - ab  + ft2)  X 4a5  (a  + 6)  ~ 8a  (a  + 6)2  ‘ 


46.  We  have  ( £ + *+;£) + (3 


+ 2 + 


c2\  / c2 

p)  + (P 


+ 2 + ^ 


- 2 + 


i2  b2 

•>  O 


C\ 
c2  , b2 
a 2 + c2 


(3a;2  - 14a;?/  + 15 y2  + 3a;2  - 2 xy  - by2\ 

= 1 2 (s  + y)  + 2(a:-3y) 

(x  - 3y)  (3x  - by)  (3x-by)(x  + y)  (x-3y)  (3x-by)  (x+y) 

3x  -by  _ 1 

~(x- 3 y)  (3x  - by)  (x  + y)  ~ (x  - 3 y)  (x  + y) * 

\x  + y_  _ x-y ) = (x  + y)  (x  + 3y)  - (x-  y)  (x  - 3 y)  _ 8 xy 

\x-3y  x + 3y]  (x  - 3y)  (x  + 3ij)  (x -3y)(x  + 3y)' 

Whence  we  have  {, — * rl  -f-  1 J-pf — s~ci 

\(x-3y)(x  + y)\  }(a;  - 3y\  (x  + 3y)\ 

_ 1 (x  — 3 y)  (x  + 3 y)  _ x + 3y 

~{x-3y)(x  + y)  8 xy  “8  xy(x  + y)’ 
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48. 

(6  - c) (b  + x) (c  + x)  + ( c - a) (a  + x) (c  + x)  + (a  - b) (a  + x) (b  + x)  + (b  - c)(c-  a)(a  - b) 
( a + x ) (b+z)  ( c + x ) 

( b2e  - be2  + b2x  - c2x  + bx2  - ex2)  + ( -a2c  + ac2  - a2x  + c2x  - ax 2 + ex2) 

+ ( a2b  -ab2  + a2x  - b2x  + ax 2 - bx2)  + (-  a2b  + a2c  + ab2  - ac 2 - b2c  + be2) 
(a  + x)  (6  + x)  (c  + x) 


(a  + tf)  (fe  + rc)  (c  + a;) 


49. 


We  have  | f 
I a + b 


/ -2b\2  f 2b  \*_ 
~ U + &/  ^ \a  - b)  v 


(a-b)2 
(a  + b)2  ’ 


so. 


51. 


_/  2a  \3  / 2a  \3_ 

~\a  + b)  ' 


(a  - b)3 
(a  + b)3 


We  have  16  \(^^\  -21  Ife+TM*"9) 
1 (*-17)  (*  + 4)  ) 1 0 


16x21 


x + 7)(x-9) 

1 I 


(*-17)(*  + 4)  (x  + 7)(*-9)J 
. 336  (a:  + 7)(a:-9)-(^-17)  (a + 4) _ &c 


(*  + 4)  (a? + 7)  (x  - 9)  (*-17) 


52.  11 


(*  + 2)  - (x- 


(*  + 2)'(*-5) 


5)  7 (*  + 4) 


(x  ~ 7) 
(x  + 4)  (x  - 7) 


77 


77 


(x  + 2)  (*  - 5)  (x  + 4)  (x  - 7) 


= 77(*  + 4)  (*-7)-(*  + 2)  (*-5) 

(*  + 2)(*-5)(*  + 4)(*-7)  “ 


53-  (1+;Tl)  + (1+iT2)“(1+J^8)_(1+^T4) 
f(*  + 3)-(*  + l)  (*  + 4)-(*  + 2)] 

1 (*  + l)  (a? + 8)  (*  + 2)  (*  + 4)  j 

12  12  _12(*  + 2)(a;  + 4)  + 12(*  + l)  (*  + 3) 

(*  + 1)  (a; + 3)  + (*  + 2)  (ac  + 4)  (*  + 1)  (*  + 2)  (*  + 3)  (*  + 4) 

{( a + b-c)-d}{(a+b-c)  + d } {(6  + c - a)  - d}{(b  + c - a)  + 

{(a  + b)-(e  + d)}{(a  + b)  + (c  + d)}  + {(b  + c)-(a  + d)}  <( b + c)  + (a  + d )} 
{(c  + q-  fr)  - <?}  {(c  + a-  &)  + ri}  _{a  + b-c~d\  {a + b-  c + d\ 
+ {(c  + a)-(.;  + d)}{(c  + a)  + (&  + d)}  “ {a  + b -c-d)  {a  + 6 + c + d) 
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{-a  + & + c-  cZ}{-a  + 6 + c + rf}  {a-b  + c - d}  {a-b  + c + d} 

{-a  + b + c-cl\{a  + b + c + d}  {a  - b + c - d}  {a  + b + c + d} 

_a+b-c+d  -a+b+c+d  a-b+c+d 
a + b + c + d a+b+c+d  (i  + b + c + d 
(a + b-  c + d)  + (-  a + b + c + d)  + (a-b  + c + d) 

•. = = (EC. 

fl  0 *[■  C ■f  w 


(x  - a)  (y  - a)  - xy  + ax  _ (xy  -ax-  ay  + a2)  -xy  + ax 
axy  (x  - a)  (y  - a)  ~ axy  (x  - a)  (y  - a) 

— ay  + a2  _ -a(y-a)  _ -1  1 

axy  (x  - a)  (y  - a)  axy  (x  - a)  (y  - a)  xy  (x  - a)  xy  (a  - x)  ' 


kr  a+x  + a+y  I a+z  ■ ' 

■ x(x-y)(x  - z)  y z{-(x-z)}{-  (; y-z )} 

a+x  a+y  a+z 

~~x(x-y)  (x-z)  y (y -z)  (x-y)  z(x-z)(y-z) 

_ (a  + x)  yz  (y  - z)  - (a  + y)xz  (x-z)  + (y,+  z ) xy 
xyz  (x  - y)  (x  - z)  (y  - z) 

_ ayz  (y-z)  + xyz  (y  - z)  - axz  (x-z)-  xyz  (x-z)  + axy  (x~y)  + xyz  (x  - y) 
xyz  (x  -y)(x-  z)  (y  - z) 

_ a {yz  (y  - z)  - xz  (x-z)  + xy(x-y)}+  xyz  {(y  - z)  - (x  - z)  + (x - y) } 
xyz  (x-y)  (x-z)  (y-z) 


_ a {y2z  - yz2  - x2z  + xz2  + x2y  - xy2} 

~ xyz  (x-y)  (x  -z)(y-  z) 

_ a {x2  (y  -z)-x(y2-  z2)  + yz  (y  - z)}  1Q? 

xyz  (x-y)  (x-z)  (y-z)  L 
_ ft(y~g)  {x2-x(y+z)  + yz}  _ a(y-z)  {(x-y)  (x-z)}  = &c 
xyz(x-y)(x-z)(y-z)  xyz  (x -y)(x  - z)  (y -z) 


— iTS  1 

| (a  + b)  a^aJr^_  2ab  a2  - ab  a 

1 

(-£) 

|(a  + S)  » (•+»)-«•»■’«■  4 

c + d + 2c  c + d + 2d  4cd  + 2c(c  + d)  4cd  + 2d(c  + d) 

5°‘  + 2d~  ±cd-2c  (c  + d)  + 4cd-2d  (c  + d) 

c+d  c+d 

_ 2c2  + 6cd  , Qcd  + 2d2  c + 3d  , Sc  + d - (c  + 3d)  + (3c  + d) 
“ - 2c2+2cd  + 2 cd  - 2d2~  ~ ~c^d  + ~c^d  ~ c-d 


2c -2d 
c-d 


2. 
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59.  Let^=r;  then  4 = x,  a — bx,  c = dx. 

b a 

...  a-b  bx-b  b (x  - 1)  x - 1 

T lUS  ^ a -2b  ~ bx^2b  ~ b (x  - 2)  “ ~x^2  ’ 

q c - d <Lc-d  d(a;-l)_;r-l 

an  c^2d~  dx-2d~d\f-2)  ~~x^2‘ 

a2  &2*2  62x2  x2 

(U'  (a  + bf  ~ ( bx  + ft)2  H Z>2  (a;  + l)2  “ (*  + 1)2  ’ 
c2  d2x2  _ x2 

and  (c  + d )2  ~ ( dx  + d j2  ~ (x  + 1)'2  * 

a2  - b2  _ b2x2  - ft2  _ ft2  (x2-l)  _ a’2  - 1 

* J + 62  ft2®2  + 62  62  (a;2  + 1)  — x2  + 1 ’ 

c2-  d2  _ d2x2  -d2  _d2  {x2  - 1)  _ x2  - 1 
c2  + d2~  d2x2  + d2  ~ d2  (a§|  1)  “ x2  + 1 * 
pa2  + + rfc2  _ pb2x2  + qb2x  + rb2  _ pa:2  + qx  + r 

’ la2  + mab  + nb 2 lb2x2  + mb2x  + nb2  lx2  + mx  + n ’ 
pc2  + qcd  + rd2  _pd2x2  + qd2x  + rd2  _ d2(pa:2+ga:  + r)  _ px2  + qx  + r 
lc2  + mcd  + nd 2 Zd'-V2  + wtd2a;  + nd2  d2  (lx2  + vix  + n)  lx2  + ma;  + w ’ 

60.  Let  — - = then  7-—  — ~Z  - =t. 

a-b  b - c c- a 

x = (a  -b)  t,  y = (b-c)t,  z = (c-a)t ; 
x + y + z = (a -b)  t + (b  - c)  t + (c  — a)  t = at  -bt  + bt  - ct  + ct  - at  = 0. 

61.  By  Theorem  I.  p.  140,  each  fraction  is  equal  to 

(y  + z)  + (z  + x)  + (x  + y)  _ 2x  + 2 y + 2 z 

(ay  + bz)  + (az  + bx)  + (ax  + by)  ax  + ay  + az  + bx  + by  + bz 

= 2(a+y+g)  =&c 

(a  + 6)  (a:  + p + z) 

62.  Let  each  of  these  fractions  be  equal  to  t. 

Then  b - c — xt,  c-a=yt,  a-b  = zt. 

t (a: + ?/  +z)=xt  + yt+zt=(b  - c)  + (e  - a)  + (a  - 6)  = 0; 
thus  either  t = 0,  or  x + y + z = 0. 

Now  if  t = 0,  xt,  yt,  and  zt  must  be  zero;  i.e.  b - c,  c - a,  and  a-b  must 
be  zero;  or  a = b=c;  thus  if  a,  b,  and  c are  unequal,  t is  not  zero;  thus  we 
must  have  x + y + z = 0. 

Again  t (ax  + by  + cz)  = a (b  - c)  + b (c-a)  + c(a-b)  = 0. 

Hence  ax  + by  + cz  = 0,  since  we  know  that  t is  not  zero. 
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63.  Let  each  fraction  be  equal  to  t;  then 

a + b = t(a  — b);  b + c = 2t(b-c);  c + a — 3t  (c  - a). 

Thus  6 (a  + b)  = Gt  (a  - b) 

3 (b  + c)  = Gt  (6  - c) 

2 (c  + a)  = 6t  (c  - a) 

adding,  6 (a + 6)  + 3 (b  + c)  + 2 (c  + a)  = 0,  or  8a  + 96  + 5c  = 0. 

64.  By  Theorem  I.  p.  140,  each  fraction  is  equal  to 

-a  (bz-  cy)  - b (cx  - az)  _ acy  - bcx  ay  - bx 
- a(b  - c)  -b  (c  - a)  ac-bc  a-  b 

nr  ™ r 1.  2y  + 2z-3x  2z  + 2x-3y  2x  + 2y-3  z 

a b c 

And,  by  Theorem  I.  p.  140,  each  of  these  fractions  is  equal  to 
(2 y + 2 z-  3x)  + 2 (2z  + 2x  - 3 y)  + 2 ( 2x  + 2 y - 3 z)  _ 5x 

a + 2b  + 2c  ~a  + 26  + 2c‘ 

Similarly  each  fraction  can  be  proved  to  be  equal  to 

5y  , 5 z 

, or  to  . 

& + 2c  2<z  c + 2ct  + 2fc 

XLII.  Pages  148 — 150. 

1.  Multiply  both  sides  by  20 ; then  4 (x  - 2)  - 5 (x  - 3)  = 2 (ar  - 7) ; 

i.  e.  4a;  - 8 - 5#  + 15  = 2x  - 14,  &c. 

2.  Multiply  both  sides  by  110 ; then  10  (3a;  - 1)  - 44  (x  - 1)  = 11  (2  - x) ; 

i.e.  30a;  - 10  - 44a; + 44  = 22  - 11a;,  &c. 

3.  Multiply  by  60 ; then  10a;  - 12  (x  - 2)  = 12a;  - 45  (x  - 3) ; 

i.  e.  10a;  - 12a;  + 24  = 12a;  - 45a;  + 135,  &c. 

4.  Multiply  by  30;  then  10  (x  - 2)  - 18  (x  - 1)  = 30a;  - 25  (x  - 2) ; 

i.  e.  10a;  - 20  - 18a;  + 18  = 30a;  - 25a;  + 50,  &c. 

5.  Multiply  by  2 (1  - 3a;) ; then  (1  - 3a;)2  + (1  + 3a;)  (1  - 3.r)  = 4 ; 

i.e.  1 - 6a;+ 9a;2  + 1 - 9a;2=4,  &c.  /.  9a;2- 9a;2- 6a;  = 4 - 1 - 1; 

or  - 6a;  = 2 ; /.  x = - - . 

6.  Multiply  by  12(1 + x) ; then  2(3  - 4x)(l  + x)  - (5  - 8a:)(l  + a:)  = 12  (1  -x) ; 

i.  e.  6 — 2a;  — 8x2  - 5 + 3a;  + 8a;2= 12  - 12a;,  &c. 

7.  Multiply  by  8 (x  - 3) ; then 

2 (3*  - 1)  (*  - 3)  - 16  (x  + 1)  = 16  (x  - 3)  - (3  - 6as)(a;  - 3); 
i.e.  6a;2- 20a;  + 6 - 16a; - 16  = 16a; - 48  + 6a;2- 21a;  + 9,  &c. 
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8.  Multiply  by  10  (x  + 1) ; then 

4x  (x  + 1)  - 30  (a;  - 1)  = 30  (®  + 1)  - (1  - 4®)  (®  + l); 
i.e.  4a:2  + 4a;  - 30a;  + 30  = 30a;  + 30  - 1 + 3a;  + 4a;2,  &c. 

9.  Multiply  by  2 (2a; + 3)  (3a; + 2);  then  (3a; + 2)  + (2a; + 3)  = 4 (3a; + 2); 
i.e.  3a;  + 2 + 2a;  + 3 = 12a;  + 8;  .'.  3a;  + 2a;  - 12a;  = 8 - 2 - 3,  &c. 

10.  Multiply  by  3 (x  + 3)  (5a;  + 1) ; then  (5a;  + 1)  + 6 (a;  + 3)  = 6 (5a;  + 1) ; 

i.e.  5a;  + l + 6a;  + 18  = 30a;  + 6,  &c. 

11 . Multiply  by  4 (x  + 3)  (4a;  + 1) ; then  (4a;  + 1)  - 12  (x  + 3)  = 8 (4a;  + 1) ; 

i.e.  4a;  + 1 - 12a;  - 36  = 32a;  + 8,  &c. 

12.  Multiply  by  2 (2x  + 3)  (3a;  + 4) ; then  6 (3x  + 4)  + 5 (3a;  + 4)  = 7 (2®  + 3) ; 

i.e.  18a;  + 24  + 15a; + 20  = 14a; + 21,  &c. 

13.  Multiply  by  (a;  + 1)  (x  - 2) ; then  4a;  (x  - 2)  - x (x  + 1)  = 3 (x  + 1)  (x  - 2) ; 

i.e.  4a;2  - 8a;  - x2-  x=3x2-  Sx  - 6,  &c. 

14.  Multiply  by  (a:  + 5)  (x  + 6) ; then  3a;  (x  + 5)  - x (x  + 6)  = 2 (a;  + 5)  (x  + 6) ; 

i.e.  3a;2  + 15a;  - x2-  6a;  = 2a;2  + 22a;  + 60,  &c. 

15.  Multiply  by  ( x -6)(x-7);  then  6a;  (a;  - 6)  - x (x-  7)  = 5 [x  - 6)  (a;  - 7); 

i.  e.  6a;2  - 36a;  -x2  + 7x  = 5a;2  - 65a;  + 210,  &c. 

16.  Multiply  by  [x  + 3)  (x  + 7) ; then 

2a;  (x  + 7)  - 4a;  (x  + 3)  + 2 (a;  + 3)  (x  + 7)  = 0 ; 
i.e.  2a;2  + 14a;  - 4a;2-  12a;  + 2a;2  + 20a; + 42  = 0,  &c. 

17.  Multiply  by  ( x + 4)  (x  + 5)  (x  + 6) ; then 

(x  + 5)  (x  + 6)  + 2(a;  + 4)  {x  + 5)  = 3 [x  + 4)  (x  + 6) ; 
i.e.  x2  + 11a;  + 30  + 2a;2  + 18a;  + 40  = 3a;2  + 30a:  + 72,  &c. 

18.  Multiply  by  (x  + 1)  (a;  + 2)  (x  + 3) ; then 

3 (a;  + 2)  (a;  + 3)  - 2 (a;  + 1)  (a;  + 3)  = (a;  + 1)  (a;  + 2) ; 
i.e.  3a;2+15a;  + 18-2a;2-8a;-6  = a;2  + 3a;  + 2,  &c. 

19.  Multiply  by  2 (a;  + 2)  (x  + 4)  (x  + 6) ; then 

5 (a;  + 2) (a;  + 6)  - 3 (a;  + 4)  (a;  + 6)  = 2(a;  + 2)(a;  + 4); 
i.  e.  5a;2  +40a;  + 60  - 3a;2  - 30a;  - 72  = 2a;2  + 12a;  + 16,  &c. 

20.  Multiply  by  4a;  ( x + 2)  (x  + 3) ; then 

6a;  (a; + 3)  - 5a;  (x  + 2)  - (x  + 2)  (x  + 3)  = 0; 
i.  e.  6a;2  + 18a;  - 5a;2  - 10a;  - x2  - 5x  - 6 = 0,  &c. 

21.  Multiply  by  (3a;  - 7)  (3a;  - 5) ; then  (2a;  - 5)  (3a;  - 5)  = (2a;  - 7)  (Sx  - 7) ; 

i.  e.  6a:2  - 25a;  + 25  = 6a;2  - 35a;  + 49,  &c. 

22.  (6®  - 2)  (4a?  + 8)  = (3a;  + 7)  (8a;  -5); 

i.e.  24a;2  + 40x - 16  = 24x2  + 41a;  - 35,  &c. 

23.  (s -9)  (6® -4)  = (2® -5)  (3® -7); 

i.  e.  6a;2  - 58®  + 36  = 6a;2  - 29x  + 35,  &o. 


K.  S.  E.  A. 
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24.  (3-2a)(4-a)  = (2a-7)(a-5); 

i.e.  12  - lla  + 2a2=2a2-  17a: + 35  ; 

2a2  - 2a2- 11a  + 17a =35  - 12;  or  6a  = 23,  Ac. 

25.  Multiply  both  sides  of  the  equation  by  x ( x - l)(a  + 3). 

(x  + 1)  (x  + 3)  x - (x  - 1)  (x  - 3)  x = 8 (x  - 1)  (x  + 3) ; 
i.  e.  x3  + 4a2  + 3a;  — a;3  + 4a;2  - 3a;  = 8a;2  + 16a;  - 24,  Ac. 

(a  + 2)2  — (x  — 2)2  __  8 . 8^_  . 

ZD‘  (x  - 2)  (x  + 2)  x + 1’  ' ' (x-2)  (x  + 2)~x  + l’ 

x (a  + 1)  = (a  - 2)  (a  + 2) ; i.e.  x2  + x—x2  - 4,  Ac. 

27.  (x  - 1)  (a  - 4)  a - (x  + 2)  (a;  + 3)  x + 10  (x  + 3)  (x  - 4)  = 0 ; 

i.e.  x 3 - 5a;2  + 4a;  - a3  - 5x 2 - 6a;  + 10a;2  - 10a;  - 120  = 0 ; 

.•.  x3  - a3  - 5a2  — 5a;2  + 10a;2  + 4a  - 6a  - 10a  = 120,  Ac. 

28.  3a  (a  — 2)  (a  + 1)  - 3 (a  - 1)  (a  + 2)  (a  + 1)  + 9 (a  + 2)  (a  - 2)  = 0 ; 

i.  e.  3x3  - 3x2  - 6a;  - 3a3  — 6a2  + 3a  + 6 + 9a2  - 36  = 0,  Ac. 

29.  3 (a  - 1)2  + 2 (a  + 1)2  = 5 (a  + 1)  (a  - 1) ; 

i.e.  3x2 - 6a  + 3 + 2a2  + 4a  + 2 = 5a2 - 5,  Ac. 

30.  5 (a  - 2)  (a  + 3)  - 2 (a  - 3)  (a  + 2)  = 3 (a  + 2)  (a  + 3) ; 

i.e.  5a2  + 5a  - 30  - 2a2  + 2a  + 12  = 3a2  + 15a  + 18,  Ac. 

8a  _ (a  + 4)  - (a  - 4)  . . 8a  _ 8 

' a3  — 1 (a -4) (a + 4)  ’ l'C'  a3-l  (a -4)  (a + 4)’ 

.'.  a(a-4)(a  + 4)  = a3- 1 ; i.e.  a3-16a  = a3-l,  Ac. 

12a  2 2 12a  _ 12 

32,  x3^9~x-3  a + 3’  ’■  a3  - 9 ~ (a  - 3)  (a  + 3)  ’ 

.•.  a (a2  - 9)  = a3  - 9,  Ac. 

4 1 1 4 _ 2a  4 -2a 

33‘  a2  - 1 — 1 - a 1 + a’  a2- 1 — (1 -a)  (1  + a)  ’ %'e‘  a2  — 1~  a2^! 
4=  - 2a,  Ac. 

34-  + 3 + («-3)=-2(«.+  3).  to. 

35'  1+2S?TX-4il  = 1-25Ti;  2(2i  + 1)-8= -2(2*-l),  &o. 

36-  1 + 3^i  + l^=1+STI!  6 (3x+ 1)  - 5 = 7 (3*- 1),  <fce. 

37.  Multiply  by  2 (a  - 3)  (a  - 5) ; then  2 (a  - 3)  + 3 (a  - 5)  = 10,  Ac. 

38.  Multiply  by  2 (a  - 2)  (a  - 5) ; then  (a  - 5)  + 6 (a  - 2)  = 2 (7a  + 1),  Ac. 
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39.  Multiply  by  (2  - 3a;)  (6  - 5a:)  (10  + at) ; then 

6 (6  - 5a;)  (10  + a;)  + 10  (2  - 3a;)  (10  + x)  + 4 (2  - 3a;)  (6  - 5a;)  = 0 ; 
i.  e.  (360  - 264a;  - 30a;2)  + (200  - 280a;  - 30a;2)  + (48  - 112a;  + 60a-2)  = 0 ; 
whence  656a;  = 608. 


40.  6 (3  - lx)  (5  + x)  + 7 (3.x  - 1)  (5  + x)  - (3a;  - 1)  (3  - lx)  = 0 ; 

/.  (90  - 192a;  - 42a;2)  + ( - 35  + 98a:  + 21a;2)  - ( - 3 + 16*  - 21a:2)  = 0,  &c. 

(a;  + 6)  - (a;  + 5)  _ (at + 8)  -(a; + 6)  . 1 _ 2 

4i'  (x  + 5)  (a; + 6)  “ (a;  + 6)(a;  + 8)  5 l‘e'  (x  + 5)  (a;  + 6)  _ (x  + 6)  (a;  + 8)  5 
a; + 8= 2 (a; + 5),  &c. 

(ar  + l)-(a;  + 7)_(a  + 3)-(af+l);  . „ -6  2 

(at + 7)  (x  + 1)  (x  + l)(x  + 3)  * l'e'  (x  + 7)(x  + l)  {x  + 1)  (.r  + 3)  ’ 
- 3 (a;  + 3)  = (a;  + 7),  &c. 

43  -1 1 S 1 ■ 

a;  + 2 at  + 4 a;  + 8 at  + 10  ’ 

(a;  + 4)  - (a;  + 2)  _ (x  + 10)  - (a;  + 8)  _ 2 _ 2 

> + 2)  (a; + 4)  “ (z  + 8)(a;+10)  ; °r  (^  + 2)  (a: + 4)  ~ (x  + 8)  (x  + 10)  ’’ 
(a;  + 2)  (a;  + 4)  = (a;  + 8)  (a; + 10),  &c. 

(x  - 6)  - (a;  - 2)  _ (a;  - 8)  - (at  - 4)  . -4  -4 

(x  -2)  (x  - 6)  (x  -4)  (x  - 8)  ’ *'e'(x-2)  (x-6)~(x-4)(x-8)’ 
(x  - 2)  (at  - 6)  = (x  - 4)  (x  - 8),  &c. 

45  = J Lj 

‘ x-5  x-i  x + 1 a;  + 2’ 

(a;  - 4)  - (at  - 5)  __  (a;  + 2)  - (a;  + 1)  or  1 _ 1 . 

(a; -5)  (a; -4)  (at  + l)(a;  + 2)  ’ (a; -5)  (a; -4)  (a;  + 1)  (a; + 2) 9 

thus  (x-5)  (a;-4)  = (a;  + l)  (a; + 2),  &c. 


46. 


x x + 1 x - 8 x -9 

x - 2 x - 1 a;  - 6 x - 7 ’ 

. at  (a;  - 1)  - (a:  - 2)  (a:  + 1)  (a:  - 8)  (at  - 7)  - (a:  - 6)  (a:  - 9) 

(x  -2)  (x  - 1)  - (a;  -6)  (x  -1) 

(x  - 2)  (x  - 1)9H  6)  (x  - 7),  &c. 


(x  -2)  (x  - 1)  (a:  — 6)  (a;  — 7 ) ’ 


1 


47  2 — + 2-.—  1 -2 — h 2 ■ 

a;  + l+  a;  + 5 a;  + 2+  a;  + 4’ 


/_1 1 \ / 1 ™\_0. 

\at  + 2 a;  + l/  \a;  + 4 x + 5J~  ’ 


(x  + 1)  (a;  + 2)  (a;  + 4)  (x  + 5) 

(x  + 4)  (x  + 5)  + (a;  + 1)  (x  + 2)  = 0,  &e. 


7—2 
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1 1_  __1 1 

1+2®-4  1 2®  - 5 — +2x-8  2®-9’ 

1 _ 1 1 1_ 

2®  - 4 2®  - 5 — 2®  - 8 2a;  - 9 

1 1 


(2® -4)  (2® -5)  (2®  - 8)  (2®  - 9)  ’ 

2®  - 8)  (2®  - 9)  = (2®  - 4)  (2®  - 5),  &c. 


49-  1+JT5+l+iT7=1+iT4+1+ST8; 


\x  + 5 


+ 5 ® + 4^  1 (®  + 7 ® + s) 


= 0; 


•'  (®  + 4)  (®  + 5)  (®  + 7)  (®  + 8) 

- (®  + 7)  (®+8)  + (®  + 4)  (®+5)  = 0,  &c. 

50-  4 _4^  + 5 + 8^  = 4_8^  + 5 + 4®^5; 

2 1 1 2 

8®  - 9 4®  - 3 4®  - 5 8®  - 7 ’ 

3 3 


•'  (8® -9)  (4® -3)  (4®- 5)  (8®- 7)’ 

(4®  - 5)  (8®  - 7)  = (4®  - 3)  (8®  - 9),  &c. 

2 2 2 2 

51.  l--=^-l  + = r1  + o a i 

®-5  ®-6  2® - 5 2® - 9 


1 1 

- 5 ® - 

1 


1 1 

2aT^5  + 2®-9; 
4 


(®  - 5)  (®  - 6)  (2®  - 5)  (2®  - 9)  ’ 

(2®  - 5)  (2®  - 9)  = 4 (®  - 5)  (®  - 6),  &c. 


__7 7 EMM  11  . . 

‘ ®-9  ® + 2 ®-^4  ® + 3’ 

7 (®  + 2)  — 7 (®  — 9)  _ 11  (®  + 3)  - 11  (®  - 4)  _ 


77 


77 


(®-9)(®  + 2)  (®  - 4)  (®  + 3)  ’ (®-9)(®  + 2)  (®-4)(®  + 3) 

(®-9)(®  + 2)  = (®-4)(®  + 3),  &c. 


53. 


J.6  16  21  21 

®-  17  x + 4 ~~  ® -9  ® + 7 ’ 

16  (®  + 4)  -16  (®  - 17)  _ 21  (®  + 7)  - 21  (®  - 9) 
(®-17)(®  + 4)  (®-9)(®  + 7) 

336  336 


(®  - 17)  (®  + 4)  (®-9)(®  + 7) 


- ; (®-17)(®  + 4)  = (®-9)(®  + 7),  &o. 
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54.  ( x + a)  (x  - a)  + (x  + b)  (x  - b)  = 2(x-  a)  (x  - b) ; 

2x2  - a2-b2= 2x2  - 2 (a  + b)  x + 2 ab, 
whence  2(a  + b)  x = a2  + b2  + 2ab,  Ac. 


55. 


(x  + a)  (x  + b)  - (x  - a)  (x  - b)  _ 2 (a  + b)  _ 


(x  -a)(x  + b) 

2 (a  + b)  x _ 2 (a  + b) 


(x  >-a)(x  + b) 


x2  = (x-  a)  (x  + b),  Ac. 


56.  ax  (b  + x)  + bx(a  + x)  = (a  + b)  ( a + x ) (b  + x) ; 

/.  (a  + b)  x2  + 2abx  — (a  + b)  [x2  + (a+b)  x + ab) ; 
whence  - x (a2  + b2)  — ab  (a  + b),  Ac. 

a + c b + c _ a + c b + c 

x -{-2  b x -f-  2 cl  x a b x ci  b 

a+c  a+c  b+c  b+c 
x + 2 b x + a + b~  x + a + b x + 2 a’ 

(a  + c)(x  + a + b)  - (a  + c)  (x  + 2 b)  _(b  + c)  (x  + 2a)  - (b  + c)  (x  + a + b) . 
(x  + 2 b)  (x  + a + b)  ~~  (x  + a + b)  (x  + 2a) 

( a + c)(a-b ) _ (b  + c)(a-b)  _ # a + c _ b + c 

(x  + 2 b)  (x  + a + b)  (x  + a + b)  (x  + 2a)  ' " x + 2 b x + 2 a’ 
thus  (a  + c)  (x  + 2a)  = (b  + c)  (x  + 2b)-, 

whence  (a-b)x  — 2b2  + 2bc  -2a2  -2ac  = 2 (b  - a)  (a  + b + c),  Ac. 

58.  l + — — - 1 + _ 2 tffl  ~ M . 

x - a x -b  x - a -b 
a-6  a-b  _ 2 (a-b)  _ _ _1_  J_  _ 2 

x- a x-b  x- a-b'  " x -a  x-b  x- a-b' 

(x  - b)  (x  - a - b)  + (x  - a)  (x  - a - b)  = 2 (x  - a)  (x  - b),  Ac. 


MISCELLANEOUS  EXAMPLES.  III.  Pages  151—154. 

A.  1.  3x2y  - Sxy2  + y3  - (x3-  3x2y + 3xy2)  = &c. 

2.  Both  expressions  are  equal  to  x2y  + x2z  + y2z  + y2x  + z2x  + z2y  + 2xyz. 

3.  (i)  xi-yi  = (x2-y2)(x2  + y2)  = (x-y)(x  + y)(x2  + y2). 

(ii)  (a3  - b2)  + (2a  - 25)  = (a-b)(a  + b)  + 2 (a-b)  = (a-b)  (a  + b + 2). 

(iii)  x2-3x  - 28=  (x  - 7)  (x  + 4). 
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4.  a;4  + 9a;  - 20  ) 5a;4  + 9a;3  - 64(5 
5a;4  + 45a;  -100 
9)  9a;3-  45a;  + 36 

x3  — 5x  + 4 ) x4  + 9#  - 20  ( x 
x4-5x2+  4x 
5)5x2+  5x  -20 

x2+  x-  4 ) x3  - 5x  +4  ( x- 
x3  + x2-4x 

- x2-  x + 4 | 

- x2-  x + 4 


a;4  + 9a;  - 20  _ (x2  + x - 4)  (x2  - x + 5) 

5a;5  + 9a;4  ~ 64a;  ~ x (x2  + x - 4)  (5a;2  + 4a;  + 16) 


5.  (i)  Multiply  by  6 ; then  3 (x  - 1)  + 2 (2a;  - 7)  = 6 (x  - 2) ; whence  x = 5. 
(ii)  Since  3a;  - 4y  + 2 = 5a;-  6y  - 2;  -2x  + 2y  — - 4, 

and  since  5a;- 6y  - 2 = 7a;  + 2y + 4,  .\  -2x-8y  = Q. 

Whence,  by  subtraction  10 y — - 10;  thus  y — - 1,  &c. 


or 


..  a baba  a _b  b 
' x + b^  x + a~~  x x’  x + b x x x + a ’ 

ax  ~ a (x  + b)  b (x  + a)  - bx ' . - ab  _ ab 

x(x  + b)  ~ x(x  + a)  ’ ' ’ x (x  + b)  x(x  + a)' 


1 

x + b 


x+a  * 


or  - (x  + a)  = x + b;  &c. 


6.  Let  A have  x shillings,  and  B y shillings. 

Then,  from  the  question, 

[x  - 10)  = 3 (y  + 10)  and  (x  + 5)  = 4(y-  5). 
Whence  x-Sy  = 40,  and  x - 4y=  -25,  &c. 


B.  1.  (i)  5 (5  + 3)(5  + 3 - 6)  - 5 (5  - 3)(5  - 3 + 6)  = 5 x 8 x 2 - 5 x 2 x 8=0. 
(ii)  ( - 3) (-3- 2) (-3-2  + 4) - (-3) (-3  + 2) ( -3  + 2-4) 

= ( — 3)  ( — 5)(  — 1)  — ( — 3)  ( — 1)  ( — 5)  = 0. 


2.  (i)  Each  expression  = 4a2-  12a6  + 1262. 

...v  ( , 1\  (a  b\  . a b 1 a 1 b 

(n)  [ ab  - -r)(r  — ) — abxT-abx , x T + - x - 

v \ ab  J \b  a ) b a ab  b ab  a 


=*-*’-P+ab 


3.  (i)  X [x2  - 4x  + 4)  — x {x -2)2. 

(iii)  (x3  - x2)  + (x  - 1)  = x2  (x  - 1)  + (x  - 1)  = (x  - 1)  (a;2+ 1). 
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11  6 | x + 3)  + (x  - 3)  - 6 

x-  3 + x + 3 (x-3)(x  + 3)  (x-3)(x  + 3) 

2x  - 6 2 (x  - 3)  2 

~ (x-3)  (x  + 3)  ~ (x  - 3)  (x  + 3)  “ x + 3 ' 


(ii)  (y-tz3L\(x+-lz3l\  + (^ 
V y-®  A 2/-®  / V y~- 
_y(y-x)-(a2-xy)  x ® (y - ®)  + («2 


zy) 


/ a2-xy\2 

V y-®  / 


w-  - a*  as  - x“ 

$ x + 

y-x  y-x 


fa?-xy\ 

\y-®  / 


y-x 

2 (y2  - a3)  (a2  - x2)  + (a2  - xy)2 

(y-xf 


(-  a4  + a2#2  + a.2y2  - x2y2)  + (a.4  - 2a2xy  + x2;/2) 

(y-®)2 

_ a2x2  - 2a2xy  + a2y2 2 

~ " xl-2xy-vf  “a  ‘ 


5.  (i)  Multiply  by  ( x - 1)  (x  - 2)  (x  - 3) ; then 

(x-2)  (x-3)  + 2(x-l)  (x  — 3)  = 3 (x  - 1)  (x-2); 
x2  - 5x  + 6 + 2x2  - 8a;  + 6 = 3x2  - 9x  + 6,  &c. 


Or  thus : 


1 _ A 2 2 

x - 1 x-3  x-2  x-3 


(x-l)(x-3)  (x-2)  (x-3) 


0 ; x - 2 + x - 1 = 0. 


(ii)  Multiply  by  a,  b respectively;  then  x-^y  = u,  x + ^y  = a; 
whence  y = 0,  x — a. 

6.  Let  - be  the  fraction  ; then  = 1 and  = \ • 

y y 5 y - 2 6 

.'.  5x  - y = - 10  and  6x  - y = — 2,  &c. 


c.  1.  (i)  (x2  - 2x  + 1)  (y2  + 1)  - (y2  - 2y  + 1)  (x2  + 1) 

= (x2  + 1)  (y2  + 1)  - 2x  (y2  + 1)  - (y2  + 1)  (x2  + 1)  + 2y  (x2  + 1 ) 

= 2 {x2y  + y - xy2  - x } = 2 {xy  (x-y)  - (x  - y)}  = 2 (xy  - 1)  (x-y). 
(ii)  Each  expression  = xy  + xz  + yz. 

2.  Let  x,  y be  any  two  numbers;  then  we  have  to  prove  the  identity 

®y=j{(®+y)2-(®-y)2}- 


3.  (i)  (1  + 21x)  (1  - 3x).  (ii)  3y  (x3  - 8y3)  = 3y  (x  - 2y ) (x2  + 2xy  + 4y2). 

(iii)  {x3  + 3x  + 3x2  + l}  {x3  + 3x-3x2-  1}  = (x  + 1)3  (x  - l)3. 
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4.  (i)  Find  h.  c.  f.  of  numerator  and  denominator. 

x2  - 10a;  + 21  ) xz  - 46a;  - 21  ( x + 10 
a;3  - 10a;2  + 21a; 

10a;2-  67a;-  21 
10a;2  -100*  + 210 


33  ) 33a; -23l 


x - 7 ) x2  - 10a;  + 21  ( x - 3 
x 2-  7x 


Whence  we  find 

(ii) 


x2  - 10a;  + 21  _ (a;  — 7)  (a;  — 3) 


xs  -46a;  -21  (x  - 7)  (a;2  + 7a;  + 3) 
(x  - 1)  - (x  - 2)  {x  - 4)  + (x  - 3)2 


3a; + 21 
3a; + 21 


= &c. 


(a;  -1)  (x  - 2)  (x  - 3) 

(x  - 1)  — (a;2  - 6a:  + 8)  + ( x 2 - 6a;  + 9) 
= (a;  - 1)  («  - 2)  (a;  - 3) 


— &c. 


5.  (i)  Multiply  by  24. 

12  (x  - 3)  - 6 (a  - 1)  + 4 (a;  + 1)  - 3 (x  - 3)  .=  0 ; 

.'.  12a;  - 6a;  + 4a;  - 3a;=36  - 6 - 4 - 9,  Ac. 

(ii)  Multiply  the  first  equation  by  b,  and  subtract  the  second ; then 
x ( ab  - a2)  — bc  — c2\ 

bc-c2  c(b-c)  ...  , c(a-c) 

X-— s - — 77 C • Similarly  y = -) . 

ab-a?  a(b-a ) b(a-b) 

cc  2?/ 

6.  Let  A have  £a;  and  R have  £y.  Then  x + y = 100  and  - + -A  = 55. 


D.  1.  */27  - 27  + 64 - (-3  + 3 - 4)2= ^64  - 22=8  - 4 =4. 

2.  (i)  (a;2- 9a:  + 20)  - 3 (a;2- 3x  + 2)  + 3 (a:2  + 3a;  + 2)  - (a;2  + 9a;  + 20)  = 0. 

(ii)  1 + n + ^n  (n  + l)  = (n  + l)  ^1  + ^n^  = ^ (n  + 1)  («  + 2) ; 

then  ^ (7i  + 1)  (n  + 2)  + ^ 7i  (n  + 1)  (n  + 2)  = | (ti  + 1)  (a  + 2)  (3  + a). 

3.  (i)  x(x2  + xy -Gy2)=x(x  + 3y)  (x-2y). 

(ii)  x2  (x  + a)  - a 2 (x  + a)  = (a;2  - a2)  (x  + a)  = Ac. 

(iii)  x2  [y2  - 1)  - (y2  - 1)  = (a;2  - 1)  (y2  - 1)  = Ac. 
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..  (a-x)2  + 4:ax  + (a  + x)2  _(a2-2ax  + x2)  + 4:ax  + (a-  + 2ax  + xz) 

(a  + x)  (a  - x)  ~ (a  + x)  (a  - x) 

2 (ci2  + 2ax  + xi)  _ 2(a  + x)2  2 (a  + x) 

(a  + x)  (a-  x)  ~ (a  + x)  (a- x)  a-x 
(x-  5)  (x-  6)  - 2 (x  - 4)  (x-6)  + (x  - 4)  (x-5) 

(11)  (x^i)  (x-  5)  (x  - 6) 

(■ x 2 - 11a?  + 30)  - (2a;2  - 20s  + 48)  + ( x 2 - 9a;  + 20)  2 

— (a;  - 4)  (x  - 5)  (x  - 6)  (x-  4)  (x  - 5)  (x  - 6) ' 

5.  (i)  Multiply  by  84. 

21  (3as  + 1)  - 168  (6  - x)  = 12  (5x  - 4)  - 28  (x  - 2) ; 

63a; + 21  - 1008  + 168a: =60x  - 48-^28x  + 56,  &c. 

(ii)  3i/  + |=-6;  2/  + | = 8. 

Multiply  the  second  by  3 and  subtract  the  first ; 

6 1 

then  - = 30 ; whence  x — ~,  &c. 

x 5 

6.  Let  3a;  be  the  number  of  leaps  by  the  hare  before  she  is  caught; 
then  the  greyhound  will  take  2a;  leaps,  and  these  2x  leaps  of  the  greyhound 

7 7 

are  equal  to  2a;  x - leaps  of  the  hare.  Hence  2a;  x - = 3a;  + 60,  whence  a;  — 36. 
Thus  the  greyhound  takes  72  leaps. 

E.  1.  (rn  + n)  ( m + n - 1 ) — m (m-  1 + ri)  + n(m  + n-  1) 

— m (m  - 1)  + 2 mn  + n(n—  1). 

. . (m  + n)  (m  + n-  1)  (m  + n- 2) 

fe  {m  (m  - 1)  + 2 mil  + n (n  - 1)}  (m  + n - 2) 

= m (m - 1)  {ni-2  + n)  + 2mn  (m-  1 + n-  l)  + n (n-  1)  (m  + n-  2) 

= m(m- 1)  (m  - 2 ) + m (m- 1)  n + 2m  (m  - 1)  n + 2mn  (n  - 1) 

+ mn  (n-  1)  +n  (n-  1)  (n  - 2). 

2.  x - y ) a;4  - y*  ( x3  + x2y  + xy2  + y3 

x 4 - x?,y 

x3y  - y4 
x3y  - x2y2 

aPy*-y* 

x-y 2 - xy3 

xy3  - y 4 
xy 3 - y4 

From  this  we  obtain,  ( x + y )4-  (2^)4  divided  by  (x  + y)  - (2 z) 

— (x  + y)3  + (x  + y )2  (2z)  + (x  + y)  (2 z)2  + (2 zf = &c. 

3.  (ii)  a (a2  - 2bc  - b2  - c2)  — a {a2  - (b  + c)2} 

= a {a-  (ft  + c)}  {a  + (6  + c)}  = &c. 
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4.  8a3  - I8a62= 2a  (4a2  - 962)  = 2a  (2a  - 36)  (2a  + 36), 

8a3  + 8a26  - 6a62  = 2a  (4a2  + 4a6  - 362)  = 2a  (2a  + 36)  (2a  - 6), 
4a2  - 8a6  + 362= (2a  - 36)  (2a  - 6) ; 
whence  l.  c.  m.  = 2a  (2a  - 36)  (2a  + 36)  (2a  - 6). 


5.  1 + 


x - a x - a 


Then 


bx 


x-  a (x  - a)  (x 
Then  , ■ ■**■—-  + 


— X (l  + ^ ^ — *2 

-6)  x - a \ x-bj  (x  - a)  (x  - < 


(x  - a)  (x  - 6)  ( x -a)(x-  6)  ( x - c) 

x 2 


(x-a)(x-b)  \ x-c  J ( x-a ) (x  - 6) (x  - c)  ’ 


6.  Suppose  that  he  owed  £x.  He  was  able  to  pay  j of  his  debt  ; thus 

his  assets  were  £ % . 

4 

If  his  assets  had  been  £ ^ , and  his  debts  £~ , he  would  have  had  a 
4 3 

balance  in  his  favour  of  £140. 

TT  5x  2x  . . . 

Hence  — = 140. 

4 o 

F.  1.  Expression  is  equal  to 
{ l-(-3  + 5)}2+{-3-(-5  + l)}2+{-5-(-l  + 3)}2 

= { -l-2}2+{  - 3 + 4}2+{-5-2}2  = 33  + l2+(-7)2  = 9 + 1 + 49  = 59. 

2.  x3  + ax 2 + a2x  + a3  ) x8  - 2a4.x4  + a8  ( x5  - ax 4 - a4x  + a5 

xs  + a x7  + a2xs  + a3x 5 

- ax7-  a2x6  - a3x5  - 2a4x4  + a8 

- ax7  - a2x3  — a3x5  - a4x4 

- a4x4  + a8 

- a4x 4 - a5x3  - a6x2  - a7x 

a5x 3 + a3x2  + a7jc  + a 8 
aPx3  + a6x2  + a7x  + a3 

3.  We  have  (x  - 1)  (x  + 1) , (x-1)2,  (z  + l)2,  (x  - 1)  (x2  + x + l), 

and  (x  + 1)  (x2-x  + l); 

thus  l.  c.m.  is  (x  - l)2  (a;  + 1)2  (x2  + x + l)(x2-x  + l). 

a r\  1 1 3x  _(2x-y)  + (2x  + y)-3x 

‘ 2x  + y + 2x-y  y2-^x2  (2x-y)(2x  + y) 

= * =&CL 

[2x-y)(2x  + y) 
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(ii)  The  expression  on  the  left  is 

(x  -a)(y  - a)  (b  - c)  + (a;  -b)(y-  b)  (c-a)  + (x-  c)  ( y-c)(a-b ) 

(a-b)  (a -c)  (b  - c) 

N=xy  {(b  - c)  + (c  - a)  + (a  - b)}  - ( x + y ) {a  (b  - c)  + b (c  - a)  + c (a  - b)j 

+ a2(b-c)  + b2  ( c-a)  + c2  ( a - b). 
The  coefficients  of  xy  and  (x  + y)  are  at  once  seen  to  be  zero;  also 
• (b-c)  + b2(c-a)  + c2  (a  - b)  will  be  found  to  be  (a  -b)(b-  c)  (a  - c). 


„ _J_  1 1 

x+a  x+b~ x+a+b+ x+a+b' 

1 1 1 

"x+a 


x+a+b  x+a+b  x+b' 
(x  + a + b)  - (x  + a)  _ (x + b)  - (x  + a + b) 
(a; 4- a) (a;  + a + 6)  ~ (a;  + a + 6)(a:-l-6) 


(x  + a)(x  + a + b)  (x  + a + b)  (x  + b) 


; b(x  + b)—  - a (x  + a),  &c. 


(ii)  Multiply  the  third  equation  by  5 and  subtract  from  the  first; 
then  multiply  the  third  equation  by  3 and  subtract  from  the  second. 

Then  12y  ~ 2z=  - 12  and  13?/ - 4,2  = - 13. 

Hence  y—  - 1,  z — 0.  Then,  on  substitution,  we  find  that  x — 3. 

6.  Suppose  there  are  x acres  of  arable  and  y of  pasture.  Then 
30a;  + 40y  = 550  x 20,  and  20a;  + 35?/  = 387|  x 20. 

XLIII.  Pages  158,  159. 


1. 

Either  x - 1 = 

0,  or  a; + 2 = 0 

; that  is  x = 1 , 

or  x—  - 

for  2— 

16. 

17. 

x(x-  1)  = 0 ; 

whence  a;  = 0, 

or  x - 1 = 0,  &c. 

18. 

5? 

IT 

© 

&c. 

19.  a;  (a;  + 3)  = 

0,  &c. 

20. 

¥ 

'OJ 

II 

© 

, Ac. 

21.  x(2x-5) 

= 0,  &c. 

22. 

x (3a;  + l)  = 0. 

, &c. 

23.  x2  - 5x  = i 

0 ; i.e.  x\ 

24. 

2a;2-jc=0;  i 

.e.  x (2x  - 1)  = ' 

0,  &c. 

25. 

3x2  - 5a;=0; 

i.e.  x(3x-5)~ 

=0,  &c. 

26. 

5a;2  + 6a;  = 0; 

i.e.  x(5x  + 6)  -- 

= 0,  &c. 

27. 

© 

H 

rO 

i 

.e.  x(x-b)= 0 

, &c. 

28. 

ax2-bx  = 0; 

i.e.  x(ax-b)  = 

= 0,  &c. 

29. 

6a;2  -x2- 5 = 

0;  .-.  5a;2- 5 = 

© 

II 

© 

that  is 

(a;  - 1)  (a;  + 1)  = 0,  &c. 
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30. 

31. 

32. 

33. 

34. 

35. 


36. 


37. 

39. 

41. 

43. 

45. 

46. 

47. 

48. 

49. 

50. 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 
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5a;2  + 25  = 3a;2  + 75,  whence  2a;2  - 50  = 0;  a;2-25  = 0; 

i.e.  (x  - 5)  (x  + 5)  = 0,  Ac. 

ox2  + 20  = 4a:2  + 36;  .\  a;2- 16  = 0;  i.e.  (x  - 4)(a;  + 4)  =0,  &c. 

2a:2  + 14  = 7a:2  +14;  .\  -5a;2  = 0;  a = 0. 

5a:2  + 15 -x2 + 25= 76;  4a;2  - 36  = 0 ; a;2-9  = 0; 

i.e.  (x  - 3)  (a;  + 3)  = 0,  Ac. 

7a:2  — 7 - x2  + 9 = 56;  6a:2- 54  = 0;  x2  — 9 = 0; 

i.e.  (x  - 3)(a;  + 3)  = 0,  &c. 

3a:2  + 25a:2  + 20a: + 4 = 20a; + 32;  28a;2  - 28  = 0 ; a;2-l  = 0; 

i.e.  (x- l)(a;  + l)  = 0,  Ac. 

17  + 3a;  = X— + 3a:  + 1 - 28 ; whence  x2  - 81  = 0 ; 

i.e.  (x  - 9) (x  + 9)  = 0,  &c. 

(x  - 2)  (a;  - 3)  = 0,  &c.  38.  (x- 3)(a;-4)  = 0,  Ac. 

(a;- 2) (a:- 10)  = 0,  &c.  40.  (a; - 4) (x  =- 5)  = 0,  &c. 

(x  - 4)  (a;  - 7)  = 0,  &c.  42.  (a:  - 10)(a;  - 15)  = 0,  &c. 

(a; + 7)  (x  - 12)  = 0,  Ac.  44.  (a; + 1.2)  (a:- 13)  = 0,  cfec. 

(x  + 15)  (x  - 10)  = 0,  &c. 

a:2  + 2a;-3  = 0;  i.e.  (x  + 3)(x-l)  — 0,  Ac. 

a:2  + 4a:  - 45  = 0;  i.e.  (x  + 9)(x-  5)  = 0,  &c. 

x2  - 3x-  10  = 0;  i.e.  (x  - 5) (x  + 2)  = 0,  &c. 

x (x2  + 11a:-  180)  = 0;  i.e.  x (x  + 20)(x-9)  = 0,  &c. 

x3-x2-  132a;  = 0;  i.e.  x(x2-x  - 132)  = 0;  or  x (jc+ 11)  (a:  - 12)  = 0,  Ac. 


XLIV.  Page  161. 

x2  - 4a;  - 45  = 0 ; or  (x  + 5)  (x  - 9)  = 0,  Ac. 

a;2- 6a;  - 91  = 0;  or  (x  + 7)  (x  - 13)  = 0,  &c. 

x2-  6x  + 9 = x + 3;  x2-7x  + 6 = 0 ; or  (*-  1)  (x- 6)  = 0,  Ac. 

a:2-8a:  + 16  = a:-2;  .*.  a:2-9a;  + 18  = 0;  or  (a;- 3) (a;- 6)  = 0,  Ac. 

x2 -3x  + 2 = 20;  .'.  a:2-3a:- 18  = 0;  or  (x  - 6)  (x  + 8)  = 0,  Ac. 

a:2  + 4a;  + 3 = 2a;  + 6 ; .*.  x2  + 2x- 3 — 0 ; or  (x  + 3)  (a:  - 1)  = 0,  Ac. 

4a;  + 3 = a:2  + 2a:;  a;2-2a;-3  = 0;  or  (x  - 3)  (x  + 1)  = 0,  Ac. 

4a:  - 3 = 2a;  - x2 ; a:2  + 2a;  - 3 = 0 ; or  {x  + 3)  (x  - 1)  = 0,  Ac. 
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9.  x3  + 3a;2  +c3.t  + 1 = a;3  - 3a;2  + 3a;  - 1 + 26  ; 6a;2-24  = 0; 

*2-4  = 0;  or  (a; -2)  (a;  + 2)  = 0,  &c. 

10.  x3  - 3a:2  + 3a;  - 1 = ar.3  + 3a:2  + 3a;  + 1 - 56 ; -6a;2  + 54  = 0; 

,t2-9  = 0;  or  (x  - 3)  (x  + 3)  = 0,  &c. 

11.  (3a:  + 1)2=  0 ; the  only  solution  of  which  is  3a;  + 1 = 0;  or  x = - i . 

12.  9a;2 -24* + 16=0;  i.e.  (3a;-4)2  = 0;  .\  3a;  - 4 = 0,  Ac. 

13.  a;2  - 53a;  + 150  = 0 ; t.  e.  (x  - 3)  (x  - 50)  = 0,  &c. 

14.  a;2-2a;-99  = 0;  i.e.  (x-  11)  (a;  + 9)  = 0,  &c. 

15.  3a;3  - 10a; + 3 = 0 ; i.e.  (3x  - 1)  (x  - 3)  = 0,  &c. 

16.  3a:2+ 11a;  - 20  = 0 ; i.e.  (3a;-4)  (a;  + 5)  = 0,  &c. 

17.  4a;2  + 21a;  - 18  = 0 ; i.e.  (4a;  - 3)  (x  + 6)  = 0,  &c. 

Or  if  the  student  cannot  see  the  factors  by  inspection,  he  may  proceed, 


Similarly  with  the  others. 

18. 

6a;2  + 55a; -50  = 0; 

i.  e.  (6a;  - 5)  (x  + 10)  = 0,  Ac. 

19. 

24a:2 -30a; -75  = 0: 

; i.e.  (12a;  + 15)  (2a;  - 5)  = 0,  &c. 

20. 

a;2 -35a; -200  = 0; 

i.  e.  (x  + 5)  (x  - 40)  = 0,  &c. 

21. 

19a:2 -39a; + 2 = 0; 

i.  e.  (19a;-  1)  (.r-2)  = 0,  &c. 

22. 

17a:2  — 70a; + 8 = 0; 

i.e.  (17a: -2)  (a;-4)  = 0,  &c. 

23. 

51a;2  + 19a;  - 10  = 0 

; i.e.  (17a;- 5)  (3a; + 2)  = 0,  &c. 

24. 

(11a;-  1)  (10a;  - 1)  = 

= 0,  &c. 

25. 

21a;2 -13a; -20  = 0 

; i.e.  (3a; -4)  (7a;  + 5)  = 0,  &c. 

26. 

21a;2  + 23a;  -20  = 0 

; i.e.  (3a; + 5)  (7a:-4)  = 0,  &c. 

27. 

6x2  — 13a;  + 6 =0 ; i 

.e.  (2a; -3)  (3a;-2)=0,  &c. 

28. 

6a;2  - 5x  - 1 = 0 ; i. 

e.  (6a:  + 1)  {x  - 1)  = 0,  &c. 

29. 

(3a; -4)  (3a; -17)  = 

0,  &c. 

to 

© 

16a;2- 16* + 3 = 0; 

i.e.  (4a;  - 3)  (4a;  - 1)  = 0,  &c- 
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31.  (29#  + 46)  (#  - 3) =0,  &c. 

32.  29#2  + 11#- 138  = 0;  i.e.  (29# + 69)  (#  - 2)  = 0,  &c. 

33.  #2+ 10# -231  = 0;  i.e.  (#  + 21)  (#-ll)  = 0,  &c. 

34.  (#  + 2)2-4(#-  1)2  = 0;  i.e.  {(#  + 2)  - 2 (#-  1)}  {(#  + 2)  + 2(#  - 1)}  = 0; 

thus  either  (#  + 2)  - 2 (#  - 1)  = 0,  whence  # = 4 ; 

or  (#  + 2)  + 2 (#-  1)  = 0,  whence  # = 0. 

35.  (#  + 6)2-  16(#- 6)2  = 0;  i.e.  {(#  + 6) - 4 (a- 6)}  {(#  + 6)  + 4 (#- 6)}  =0; 

thus  either  (#  + 6)  - 4 (#  - 6)  = 0,  whence  # = 10 ; 

18 

or  (#  + 6)  + 4(#-6)  = 0,  whence  # = -^- . 

36.  (#  + 8)2-9#2=0;  i.e.  {(#  + 8)  - 3#}  {(#  + 8) + 3#}  =0; 

thus  either  (#  + 8)  - 3#  = 0,  whence  #= 4 ; 

or  (#  + 8) +3#=0,  whence  #=5  - 2. 

37.  (#  - 7)2  - 49  (# + 2)2  = 0 ; i .e.  {(#  - 7)  - 7 (#  + 2) } {(#  - 7)  + 7 (#  + 2) } = 0 ; 

7 

thus  either  (#  - 7)  - 7 (#  + 2)  = 0,  whence  x=  - 

7 

or  (#-7)  + 7(#  + 2)  = 0,  whence  #=—  . 

8 

38.  (#  - a)  (#  - 2 a)  = 0,  &c. 

39.  #2-4a#  + 3a2  = 0;  i.e.  (x-a)  (#-3a)  = 0,  &c. 

40.  x2  - 2a#  + 2 ab  -b2= 0 ; the  term  required  to  make  #2  - 2a#  a perfect 
square  is  + a2 ; thus  we  write  #2  - 2a#  + a2  - a2  + 2 ab  - b2  = 0 ; 

or  (#  - a)2  - (a- b)2=0;  i.e.  {(#- a)  - (a- 6)}  {(#- a)  + (a  - &)}  =0; 
thus  either  (#  - a)  - (a  - b)  = 0,  whence  # = 2a  - b ; 

or  (#- a)  + (a- fe)  = 0,  whence  # = &. 

41.  4#2  + 4a#  + a2- 62  = 0;  i.e.  (2#  + a)2-fc2  = 0; 

i.e.  {(2#  + a)  - &}  {(2#  + a)  + 6}  = 0; 
thus  either  (2#  + a)  - b = 0 ; or  (2#  + a)  + b = 0,  See. 

42.  x2  + 2a#  - b2  - 2 ab  = 0 ; the  term  required  to  make  #2  + 2a#  a perfect 
square  is  + a2 ; thus  we  write, 

#2  + 2a#  + a2-  a2  - b2  - 2ab—0;  i.  e.  (#  + a)2  - (a  + 6)2=0; 
i.e.  {(#  + a)  - (a  + 6)}  {(#  + a)  + (a  + 6)}=0; 
thus  either  (#  + a)  - (a  + b)  = 0,  or  (#  + a)  + (a  + b)  = 0,  &c. 

XLV.  Pages  165—167. 

1.  Multiply  by  the  l.  c.  m.  of  denominators,  i.e.  by  2#;  then 
2#2  + 2 = 5#;  /.  2#2-5#+2  = 0;  i.e.  (2#-  1)  (#-2)=0,  &c. 
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2.  Multiply  by  6x,  the  l.  c.  m.  of  denominators;  then 

6x2  + 6 = 13x;  6a;2-  13a; + 6 = 0 ; i.e.  (2x  — 3)  (3a;  - 2)  = 0,  &c. 

3.  Multiply  by  6a;,  the  l.  c.  m.  of  denominators;  then 

3a;2  + 12  = 20a; ; £x2 - 20a;  + 12  = 0;  i.e.  (3a; - 2)  (a;  - 6)  = 0,  &c. 

4.  Multiply  by  4 {x  + 5) ; then 

(x  + 5)2  - 16  = 6 (x  + 5) ; ,\  x2  + 4x- 21  = 0;  i. e.  (a;  - 3)  (x  + 7)=  0,  &c. 

5.  Multiply  by  6a;  (x  - 1) ; then  6a;2  + 6 (x  - 1)2= 13a;  (x  - 1) ; 

x2-x-6  = 0;  i.e.  (x- 3)  (x  + 2)  — 0,  &c. 

6.  Multiply  by  10  (x  + 1)  (x  + 2). 

10  (x  + 1)2  + 10  (x  + 2)2  = 29  (x  + 1)  (x  + 2) ; 

9x2  + 27x  + 8 = 0 ; i.e.  (3x  + l)(3x  + 8)  = 0,  &c. 

7.  Multiply  by  5 (x  - 2)  (x  + 2) ; then 

5 (a;  + 2)  - 10  (x  - 2)  = 3 (x  - 2)  (x  + 2) ; whence  3a;2  + 5a;  - 42  = 0 ; 
i.e.  (3a; + 14)  (a;-3)  = 0,  &c. 

8.  Multiply  by  3 (a;  - 4)  (x  + 4) ; then 

21  (a;  - 4)  - 3 ( x + 4)  = 5 (a;  - 4)  (x  + 4) ; whence  5a;2  - 18a;  + 16  = 0; 
i.e.  (5x  - 8)  (x  - 2)  = 0,  &c. 

9.  Multiply  by  (x  + 1)  (x  - 2) ; then 

x (x  + 1)  + 4 (x  - 2)  = 3 (x  - 2)  (a;  + 1) ; whence  a;2  - 4x  + 1 = 0; 

(a;  - 2)2  - 3 = 0;  i.e.  (a;  - 2 + ^3)  (x  - 2 - N/3)  ^0,  &c. 

10.  Multiply  by  3 (x  - 1)  (a;  + 1)  (x  + 10) ; then 

15  (x  - 1)  (a; + 10)  - 30  (a;-l)  (a;  + l)  = 2 (a;  + l)  (x  + 10) ; 

15a;2  + 135a;  - 150  - 30a;2  + 30  = 2a:2  + 22a:  + 20 ; 

17a;2 -113a; + 140  = 0;  i.e.  (17a;  - 28)  (a:- 5)  = 0,  &c. 

11.  Multiply  by  2 (3  + x)  (2  + Sx) ; then 

(3  + a;)  (2  + 3a:)  + 2(2  + 3a;)  + 2 (3  + a;)  = 0; 

6 + lla;  + 3a;2  + 4 + 6a;  + 6 + 2a;  = 0;  i.e.  3a;2  + 19a;  + 16  = 0 ; 

(3a;  + 16)  (a;  + 1)  = 0,  &c. 

12.  Multiply  by  3 (x  + 3)  (a;  + 11) ; then 

(x  + 3)  (x  + 11)  + 3 (x  + 11)  + 3 (x  + 3)  = 0 ; 
x2  + 20x  + 75  = 0;  i.e.  (x  + 5)  (x  + 15)  = 0,  &c. 

13.  Multiply  by  (x  - 1)  (x  + 1) ; then 
3 (x  — l)2  — 2 (x  + 1)2  = 5 (x  — 1)  (x  + 1) ; 

2x2  + 5x  - 3 = 0 ; i.e.  (2x  - 1)  (x  + 3)  = 0,  &c. 


whence 
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14.  Multiply  by  (x  - 1)  (x  - 3)  (x  + 3) ; then 

3 (x  - 3)  (x  + 3)  + 4 (x  - 1)  (x  + 3)  = 15  (a?  — 1)  (sb  3) ; 
whence  2a;2  - 17a;  + 21  = 0 ; i.  e.  (2x  - 3)  (x  - 7)  = 0,  &c. 

15.  Multiply  by  18  (5a; + 3) ; then 

2 (4a;  + 3)  (5a;  + 3)  = (6x  - 13)  (5a;  + 3)  - 18  (7a;  - 46) ; 
whence  10a:2  + 227a;  - 771  = 0;  i.e.  (10a; + 257)  (x  - 3)  = 0,  &c. 

16.  Multiply  by  12  (x  - 1) ; then 

3 (a;  - 1)  (2x  - 3)  = (x  - 1)  (a -5) + 12  (5a; -16); 
whence  5a;2 -69a;  + 196  = 0;  i.e.  (5x -49)  (x- 4)  = 0,  &c. 

17.  Multiply  by  11  (2a;  + 1)  (3a;  - 5);  then 

11  (2a;  - 1)  (3a;  - 5)  + 13  (2a;  + 1)  (3a:  - 5)  = 11  (2x  + 1)  (3x  + 5) ; 

78a;2 - 377a; -65  = 0;  6a;2- 29a;  - 5 = 0;  i. e.  (6a:  + 1)  (a - 5)  = 0,  Ac. 

18.  Multiply  by  4 (2a;  - 3)  (3a:  - 2) ; then 

4<(2x - 2)(3x  - 2)  + 4 (2x  - 3)  (3  - 3x)  = 5 (3a;  - 2) ; 

.-.  24a;2 - 40a;  + 16  - 24a:2  + 60a; -36  = 15a; -10;  5x-10  = 0;  x = 2. 

19.  Multiply  by  (x  -2)(x  + 3);  then 

3a;  (x  + 3)  - 4 (x  - 2)  - 4 (x  + 3)  = 0 ; 3a:2  + 9a;  - 4a;  + 8 - 4a;  - 12  = 0 ; 

3x2  + x-4  = 0;  i.e.  (3x  + 4) {x  - 1)  = 0,  &c. 

20.  Multiply  by  (x  - 3)  (x  + 2) ; then 

5a;  (a;  + 2)  - 6 (a;  - 3)  - 19  (a:  + 2)  = 0 ; 5a;2  + 10a; -6a; + 18- 19a; -38  = 0 

/.  x2-  3x  -4  = 0;  i.e.  (x  - 4) (x  + 1)  = 0,  &c. 

21.  Multiply  by  (x  + 1)  (a;-  1) ; then  (x  - 1)2+  (x+  l)2  = 5a;; 

2x2-5x  + 2 — 0;  i.e.  (2x - 1)  (x - 2)  = 0,  &c. 

22.  Multiply  by  2a;2  {x  - 3)  (x  + 4) ; then 

2a:  (x  + 4)  + 2a:  (x  - 3)  = 9 (x  - 3)  (x  + 4) ; 

2a;2  + 8a:  + 2a;2  - 6a:  = 9*2  + 9^■-  108;  /.  5x2  + 7a;  — 108  = 0; 
i.e.  (5a; + 27)  (a:-4)  = 0,  &c. 

23.  Multiply  by  16a;  (x  -3)  (x  + 3);  then 

16  (x  + 3)  + 16a;=13  (a: -3)  (a; + 3);  16a;  + 48  + 16a:=13a:2- 117; 

13x2- 32a: -165  = 0;  i.e.  (13a;  + 33)  (*- 5)=0,  &c. 

24.  Multiply  by  72  (a;- 2)  (a; + 2);  then  24  (x  + 2)  - 360  + 7a;  (x - 2)  = 0 ; 

whence  7x2+  10a;- 312  = 0;  i.e.  (7x  + 52)  (x- 6)  = 0,  &c. 

2 5.  Multiply  by  8 (x  - 1)  {x  + 1) ; then 

8 + 8 (x  + 1)  = 7 (x  - 1)  (x  + 1)  - 8 (x  - 1) ; 

7x2-  16x - 15  = 0;  i.e.  (7x  + 5)(x- 3)  = 0,  &c. 


whence 
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26.  Multiply  by  3 (x  - 2)  (x  + 2) ; then 

3 + 9 (x  + 2)  = 3 (x  - 2)  (x  + 2)  + (x  - 2) ; 
whence  - 3x2  + 8x  + 35  = 0 ; i.e.  - (3x  + 7)(x-5)  = 0,  Ac. 


27.  We  have  - - — , = J 

X X+l  X + 2 X + 4 


1 2 
:(x+l)  “ (x  + 2)(x  + 4) ' 
Now  multiply  by  x (x  + 1)  (x  + 2)  (x  + 4) ; then  (x  + 2)  (x  + 4)  = 2x  (x  + 1 ) ; 
whence  x2-4x-8  = 0;  (x- 2)2- 12  = 0; 

i.e.  (x-2  + n/12)(x-2-v/12)  = 0. 


28.  We  have  ^ - 

x + l 


: - 1 _ X - 2 X+l 

x x - 1 x + 2 : 


x(x  + l)  (x  - 1)  (x  + 2)  ’ 
Now  multiply  by  x (x  - 1)  (x  + 1)  (x  + 2) ; (x  - 1)  (x  + 2)  = - 3x  (x  + 1) ; 


whence 


29 


4x2  + 4x-2  = 0;  or  x2  + ®--  = 0; 


x x+3  x x-3 
x — 3 x x + 3 x 


3 x (x-  3)  x (x  + 3)  3 ’ 

27  (x  + 3)  + 27  (x  - 3)  = 2x  (x  + 3)  (x  - 3) ; 

/.  27x=x(x2-9);  i.e.  x(x3-36)  = 0. 

Hence  x=  ±6,  the  value  x=0  being  inadmissible  [See  Art.  148]. 


30.  Re-arranging,  we  have 


x+3  x+4 

x+l  ~ x + 2' 


x - 5 x - 6 
x^3  “ x^4; 


whence 


(x  + l)  (x  + 2)  (x  - 3)  (x  - 4) 

10x=10,  Ac. 


; /.  (x  + 1)  (x  + 2)  = (x  - 3)  (x  - 4) ; 


31.  We  have 


-1 


(x  - 4)  (x  - 5)  (x  - 7)  (x  - 8)  ’ 

(x- 4)  (x- 5)  = (x- 7)(x- 8) ; whence  6x  = 36,  Ac. 

32.  x2  - 3ax  + 2a2  = 0;  i.e.  (x-  a)  (x-  2a)  = 0,  Ac. 

33.  9x2-  6ax-a2+62  = 0;  /.  (3x-a)2- (2a2.-&2)  = 0; 

{(3x  - a)  - fj{2a2  - 62)}{(3x  - a)  + ^/(2a2  - 62)}  = 0,  Ac. 

34.  ax2  + x (a2-  1)  -a  = 0;  (ax-  1)  (x  + a)  = 0,  Ac. 

35.  ax2-x(a2+l)  + a=0;  .’.  {ax- 1)  (x-a)  = 0,  Ac. 

36.  x2  - 2 (a  - &)  x + 62  - 2a6  = 0 ; 

/.  x2-  2 (a  - b)x  + (a  - b)2-  (a  - b)2  + b2  - 2ab  = 0 ; 
i.e.  {x  — (a-b)}2  - a2~0 ; ;.  {x- (a  - b)  + a}  {x- (a- b)  - a)  =0,  Ac. 

8 
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37.  x2 + 2 (b  - c)  x + c2 -2bc  — 0-, 

x2  + 2 (b  - c)  x+ (b  - c)2  - (b  - c)2  + c2  - 2bc  = 0 ; {x+  (b  - c)}2  - b2— 0; 

.*.  [x+  (b  - c)  - 6]  [sc  + (6  - c)  + 6]  = 0;  i.e.  [sc-c][sc  + 2&-c]  = 0,  Ac. 

Note.  In  the  following  examples,  wherever  the  student  cannot  see  the 
factors  by  inspection,  he  should  proceed  as  in  Art.  143,  or  Art.  144.  A root 
is  often  obvious  by  inspection ; and  in  this  case  it  is  often  well  to  proceed 
as  in  Art.  155. 


38.  (5  - c)  x2  - { (b  - c)  + (a  - &)}  x + (a  - b)  = 0 ; 

i.e.  {(b  - c)  x - (a  - b)}  (x  - 1)  = 0,  Ac. 

39.  We  have  (a  + b)(x2-  l)  + c (sc-  1)  = 0 ; 

i.e.  (sc  - 1)  {(a  + b)  (sc  + 1)  + c|  — 0,  Ac. 

40.  (ax-b)(bx-a)  = 0,  Ac.  41.  (ftse  + c)  (cse  + 6)  = 0,  Ac. 

42.  («2  - b2)  x2  - Aabx  — ( a 2 -b2)  — 0 ; 

i.e.  {(a-b)x-  (a  + b)}  {(a  + b)x  + (a-b)}  —0,  Ac. 


43.  (52  - a2)  sc2  - 2 (b2  + a2)  x + (b2  -a2)  — 0 ; 

i.e.  {(b  - a)  x - (b  + a)}  {(6  + a)  x - (b  - a)}  = 0,  Ac. 

44.  We  have  sc  - a + - - - = 0;  x - a + — (sc-  a)  = 0: 

ax  ax 

(x-a)  (asc  + l)  = 0,  Ac. 


45. 


Multiply  by  (a  + x)  [a  - sc) ; then 

a(a-sr)  + a(a  + sc)  = 4 (a+x)  (a-x) ; whence  sc2--a,2=0; 


La)(a:  + A«)=0,4o. 


46. 


Hence 


1\_„  . a + b-x  a + 5-sc 

a)~  ’ " b(x-a)+  a(x-b)~ 

a + b-  x — 0 (I), 


= 0. 


b (x-a)  a(x-b) 

From  II,  a (x  - b)  + b (x  -a)  = 0,  whence  x = 2ab-i-(a  + b). 


.(II). 


47. 


a a b 

x-a  b x-b 


Hence 


a(a  + b-x)  b(a+b-x)_ 
a ~ ’ b (x  - a)  a(x  -b) 

a + 6-sc  = 0 (I), 


or 


From  II, 


a 

b (x-a) 




a (x-b) 


= 0 


a2  (x-b)  + b2  (x  - a)  = 0,  Ac. 


(II). 
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••(I), 

.(II). 


48.  $ma  + -*--b=0;  .,«(«  + &--£)  + 6 (a  + &z^  = 0. 

x-b  x- a x-b  x-a 

Hence  a+b-x—  0 

a b . 

or  H =0  

x-b  x-a 

From  II,  (a  + b)  x-a2-b2= 0,  Ac. 

49.  Multiply  by  abx ; then  bx2  + a-b  = b<2x  + a2x, 

or  bx2 - ( a 2 + b2)  x + a?b  — 0 ; (bx - a2)  (x-b)  — 0,  Ac. 

50.  Multiply  by  x (x  + a + b) ; then  x=x  + a + b + x (x  + a + b)  ^ ’ 


0 = a + b + x (x  + a + b) 
ab 


a + b 
ab 


Now  multiply  by  — ; then 
a + b 


51. 


52. 


0 = ab  + x(x+  a + b),  i.e.  0 — (a  + x)(b  + x),&c. 
1 1 1 1 „ a+b  a+b 


1 1 1 n 

, 1 b T = 0 i ••  / ;\ 

x-a-b  x a b x(x-a-b) 


H — , — 0; 

ab 


:.  ab  + x(x-a-b)  = 0;  i.e.  (a-x)(b-x)  = 0,  Ac. 


\x  + a c + a 


h)  + (£i-m)=01 


Hence 


(c  + a)  (a;  + a)  (c  + &)(«  + b) 

c - x—0 

1 1 


= 0. 


.=0. 


(e  + a)  (x  + a)  (c  + b)(x  + b) 

From  II,  we  have  (c  + b)  (x  + b)  + (c  + a)  (x+a)  = 0,  whence 
X—  — + 2c). 


53 


(X  C \ / X 

x+a  c+a)  \x  + b c+b J 
a(x-c) 


^ = 0; 
b(x-c) 


Hence 

or 

From  II, 
whence 


' (ar  + a)  (c-t-a)  (.r  + b)(c  + 6)‘ 

x-c  = 0 

a b 


■ 0 


(x  + a)(c  + a)  (z+6)(c  + &)' 
a(x  + b)(c  + b)  + b (x  + a)  (c  + a)  = 0, 
_ ab  (a  + b + 2c) 

~ ac  + bc  + 2ab 


•(H). 


••(I), 

(II). 


8—2 
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x + a x-a  x + b a;  - 6 4 ax  4 bx 

* ' x-a  x + a + x-b  ' x + b~  9 x2  - a2  ^ x2-  b2~ 

Hence  a;  = 0 

4 a 4 b 

l^a2 + x2-b2~ ° 

From  (II),  a (x2-  b2)  + b (x2  - a2)  — 0,  whence  x2-ab  — 0,  &c. 


■ (I), 
(II). 


55  ( a a-c  \ / b b + c \_Q 

‘ \x  + a x+a-c)  \a;  + & x + b + cj  9 

cx  cx  _ o • 

" (x  + a)  (x  + a-c)  (x  + b)  (x  + b + c)  9 

cx  |(a;  + 6)  (x  + b + c)  - (x  + a)  («  + a-c)}=0;  * 

.\  cx  {2x  (b  + c - a) + b2  - a2  + bc  + ac} —0,  &c. 

XL  VI.  Pages  169,  170. 

Square  both  sides  of  the  equations  1 to  9 ; then 

I,  a;-3  = 9,  &c.  2.  a;-7  = 16,  &c. 

3.  3x  + 1 = 16,  &c.  4.  25  (x  + 7)  — 16  (3a;  - 2),  &c. 

5.  9(a;-f  3)  = 4(3a5  + 6),  &c.  6.  (a; + 5)  = 4 (3a; + 4),  &c. 

7.  9 (x  + 7)  = 25  (3a;  -2);  whence  -66a;  =-113,  &c. 

8.  a;+2  = a;2;  whence  a;2 -a; -2=0;  i.e.  (x-2)  (a;  + l)=0,  &c. 

9.  a;  + 20  = x2;  whence  x2  - x - 20  = 0;  i.e.  (x  - 5)  (x  + 4)  = 0,  &c. 

10.  s/(x  + 1)  = 5 - x ; /.  squaring,  x + L=  25  - 10a;  + a;2 ; 

whence  x2-  11a;  + 24  = 0;  i.e.  (x  - 3)  (x  - 8)  = 0,  &c. 

II.  -rj(x  + 2)  = 4 - a;,;  /.  x + 2 = 16  - 8a;  + x2 ; 

whence  x2  - 9a;  + 14  = 0 ; i.  e.  (x-2)  (x-7)  — 0,  &c. 

12.  3 J(x-2)  = 2-x;  .\  9 (a; -2)  =4- 4a;  + a;2; 

whence  x-  - 13a;  + 22  = 0;  i.e.  (x-2)  (x-  11)  = 0,  &c. 

13.  2iJ(x  -5)  = 5 -x;  4 (x  - 5)  = 25  - 10a;  + x2 ; 

whence  x2-  14a;  + 45  = 0;  i.e.  (x  - 5)  (x-  9)  = 0,  &c. 

14.  9 + 4a;  = 4a;2- 12a;+9;  whence  4a;2 - 16a;  = 0;  i.e.  4a;(a;-4)  = 0,  &c. 

15.  3x- 5=iJ(30x-  71) ; .'.  9a;2- 30a;  + 25  = (30a;- 71) ; 

Whence  9a;2  - 60a;  + 96  = 0 ; (3a;  - 8)  (x  - 4)  = 0,  &c. 

16.  - 5 Jx  = 3 - 2x]  /.  25x  = 9-  12a;  + 4a;2; 

Whence  4x2- 37x-  + 9 = 0;  i.e.  (4a;  - 1)  (x  - 9)  = 0,  &c. 
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17.  /s/(flJ  + 3)  = 3 — ® j a;  + 3 = 9 - 6x  + x2\  whence  a;2-7a;  + 6 = 0; 

i.e.  (x  - 1)  (x  - 6)  = 0,  &c. 

18.  4a:2  + 4a:  + 1 = 6x  + 3 ; whence  4a:2  - 2x  - 2 = 0 ; (2a;  + 1)  (x  - 1)  = 0,  &c. 

19.  7x  — 33=*J(3x  — 11) ; 49a:2  - 462®  + 1089  = 3a;  - 11 ; 

whence  49a:2 -465a: + 1100  = 0;  i.e.  (49a;  - 220)  (x  - 5)  = 0,  &c. 

20.  We  have  N/(a;  + 10)  = 1-J(x  + 1) ; .\  « + 10  = l + a;  + 1 - 2^/(a:  + 1). 

Hence  8=  - 2 ^(*  + 1) ; 16=®  + 1,  &c. 

21.  Square  both  sides ; then 

x + 2jxj{5x  + l)+5x  + l = 25;  2 Jx  y/(Sx' + 1)  = 24  - 6x ; 

sjx  J(5x  + 1)  = 12  - 3a; ; x (5x  + 1)  = 144  - 72a:  + 9a;2 ; 
whence  4a:2- 73a; + 144  = 0;  i.e.  (4a;  - 9)  (a;  - 16)  = 0,  &c. 

22.  x + 2*Jx*J(5x  + l)  + 5a;  + 1 = 4; 

whence  2 x/a;  J(ox  + 1)  = 3 - 6a; ; 4a:  (5a;  + 1)  = 9 - 36a;  + 36a;2 ; 

whence  16a:2 - 40a;  + 9 = 0 ; i.e.  (4x - 9) (4a;  - 1)  = 0,  &c. 

23.  2a; + 9 -2,J{2x  + 9)  lS/(a;  + 4)  + a;  + 4 = 1; 

whence  - 2 ,J[2x ■+  9)  j (x  + 4)  = - 12  - 3a; ; 

4 (2a;  + 9)  (x  + 4)  = 144  + 72a;  + 9a;2; 
whence  a;2  + 4a;  = 0;  i.e.  x(a:  + 4)  = 0. 

24.  7a;  + 1 - 2 Jtfx  + 1)  J(3x  + 10)  + 3a;  + 10  = 1 ; 

whence  - 2 lx  + 1)  sj[3x  + 10)  = - 10  - 10a: ; J (7a:  + 1)  J ( 3a:  + 10)  = 5 + 5a; ; 

(7a;  + 1)  (3a;  + 10)  = 25  + 50a;  + 25a;2; 
whence  4a;2- 23a; + 15  = 0;  i.e.  (4a;  - 3)  {x  - 5)  =0,  &c. 

25.  2x  + ll-2J(2x  + ll)J{2x-5)  + 2x-5  = 4; 

whence  - 2 J(2x  + 11)  J{2x  - 5)  = - 2 - 4a: ; J{2x  + U)  s/(2x  - 5)  = 1 + 2a; ; 
(2a;  + 11)  (2a:  - 5)  = l + 4a:  + 4a;2;  whence  a;  = 7. 

26.  4a;  + l-2v/(4a;  + l)x/(a;  + 3)+a:  + 3 = 4; 

- 2 >/(4a;  + 1)  ^[x  + 3)  = - 5a; ; 4 (4a;  + l)  (a;  + 3)  = 25a:2 ; 

whence  9a;2-  52a; - 12  = 0 ; i.e.  (9a; + 2)  (a:-  6)  = 0,  &c. 

27.  8a;  + 5 - 4 V(2a;  + 1)  J^x  + 5)  + 4 (2*  + 1)  = 1 ; 

whence  -4  J (2x  + 1)  */(8a;  + 5)  = - 8 - 16a; ; 

/.  x/(2a;  + l)x/(8a;  + 5)  = 2 + 4a;;  .-.  (2a; + 1)  (8a;  + 5)  = 4 + 16a;  + 16a;2; 
whence  2a;  + 1 = 0,  &c. 

28.  \f  (p+  4)  + s/(x  + 20)  = 2 Jlx  + 11) ; 

\ a;  + 4 + 2N/(a;  + 4)^/(a;  + 20)  + a;  + 20  = 4 (a;  + ll)j 
.-.  2 ^(3:  + 4)  J{x  + 20)  = 2a:  + 20;  .\  J{x  + 4)  */(*- + 20)  = x + 10 ; 

(a:  + 4)  (a;  + 20)  = a;2  + 20a; + 100;  whence  4a;  - 20  = 0,  &c» 
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29.  4a;  + l-2v/(4a;  + l)N/(*  + 3)+a;  + 3=a;-2; 

whence  - 2 N/(4a;  + l)  N/(a:  + 3)=  - 4a;  - 6 ; s/(4a;  + l),v/(a;  + 3)  = 2a;  + 3; 

(4a;  + 1)  (x  + 3)  = 4a;2+  12a;  + 9 ; whence  x - 6 = 0. 

30.  2a;  + 4 + 2 (2a;  + 4)  (3®  + 7)  + 3a;  + 7 = 12a;  + 9 ; 

whence  2 J(2x  + 4)  ^(3*  + 7)  = lx  - 2 ; .-.4  (2x  + 4)  (3a:  + 7)  = 49a:2  - 28a:  + 4 ; 
whence  25a;2  - 132a;  - 108  = 0 ; i.  e.  (25a:  + 18)  (x  - 6)  = 0. 

31.  6a;  + l + 2N/(6a:  + l)  V2(l-*)  + 2 (1  -a;)  = 7a;  + 6; 

whence  2v/(6x  + l)  (1  -a;)  = 3a;  + 3 ; .-.  4 (6a;  + 1)  {2  (1  - a;)}  = 9a;2  + 18a:  + 9; 
whence  57a:2  - 22a:  + 1 = 0 ; i.e.  (3a:-  1)  (19a:-  1)  = 0,  Ac. 

32.  4(2a;  + 8)-4v/(2a;  + 3)v/(5a;  + l)  + 5a;  + l = 2(a;-l); 

whence  - 4 J(2x  + 3)  s/(5x  + 1)  = - lLr  - 15 ; 

16  (2*  + 3)  (5a:  + 1)  = 121a:2  + 330a;  + 225 ; 
whence  39a;2  - 58a;  - 177  = 0 ; i.e.  (39a;  + 59)  (x  - 3)  = 0,  Ac. 

33.  V^lR^)  = <s/2  - V(*  - 3)  (*  - 4) ; 

(x  - 1)  (x  - 2)  = 2 - 2 ^2  J(x  - 3)  (x  -4)+(*r3)(*-4)j 
whence  2a:  - 6=  - J'2  J (x  - 3)  (x  - 4) ; .*.  4a:2  - 24a:  + 36  = 2 (x  - 3)  (x  - 4) ; 
whence  2a;2  - 10a:  + 12  = 0;  i.  e.  2 (x  - 2)  (a:  - 3)  = 0,  Ac. 

34.  .+i+ve+i)^+AI=«; 

i.e.x  + 1 + 24 — — = 4;  .-.  a:-l4 — =0;  whence  a:=0. 
a;  + 1 x + 1 


35.  s/(x  + l)  *JX' 

(l  + 1)-2'/(a:+1,^T)  + 4l==a:' 

9 9 

i.e.  (a:  + 1)  - 6 4 — a;;  -54 -=0,  &c. 

’ a:  + l a;  + 1 


5 25  5 

36.  \/(3  + a:)  = -7--N/a;;  3 + a;  = 2 -j-.*Jx  + x\ 

37.  6*  + |=a:+4+V(*+4);?^T)+jfii 

a Q 17  9 

i.e.  6a:  + - = a:  + 4 + 6 + ^-i;  /.  5x-J-  = -^; 
2 x + 4 2 x + 4 

.-.  10a: (x  + 4)  -17  (x  + 4)  = 18; 

10a:2  + 23a:  -86  = 0;  i.e.  (10a: + 43)  (a;-2)  = 0,  Ac. 


whence 


38. 

whence 
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a - x + 2 ^/(a  - x)  J(b  - x)  + b - x = a + b - 2x ; 

2 x/( a - x)  <J(b  - x)  = 0 ; .'.  ( a - x)  (b  -x)  = 0,  Ac. 

39.  s/{ax  + b2)  = a-b-s/(bx  + a2)\ 

ax  + b2  = a 2 - 2 ab  + b2-  2 (a  - b)  ^/(bx  + a2) + bx  + a2 ; 
x (a  - b)  - 2a  (a  — b)  = -2(a-b)  *J[bx  + a2) ; 

.*.  x-2a= -2  J(bx  + a2);  .'.  x2  - iax  + 4a2  = 4 (bx  + a2) ; 
whence  a;2-4  (a  + &)a;  = 0;  i.e.  x {a;  - 4 (a  + b)}  =0,  Ac. 

40.  a + x + 2^(a  + x)sj(b  + x)  + b + x = a + b + 2x; 

whence  2 ^(a  + x)  J{b  + x)  = Q\  :.  (a  + x)(b  + x)  = 0,  &c. 

41.  a-x  + 2 ^/(a  - x)  J{b  - x)  + b - x = 2a  + 2b ; 

2 J(a  - x) ^(b  - x)  — a + b + 2x\ 

;.  4 (a-  x)  (b  - x)  = a2  + 2 ab  + b2  + 4x  (a  + b)  + 4a;2 ; 
whence  8a:  (a  + b)  + ( a 2 -2 ab  + b2)  = 0,  Ac. 


XL  VII.  Pages  174—176. 

1.  (a;-2)  (a;  + 2)  = 0,  i.e.  a;2-4  = 0. 

2.  [x  - 3)  (x  + 4)  = 0,  i.e.  aj2  + a;  - 12  = 0. 

3.  (a;  + 3)  ( x + 2)  = 0,  i.e.  x2  + 5x  + 6 = 0. 


4. 


5. 


6. 


= 0 , i.e.  x2 - \ — 0,  or  4a;2 -1  = 0. 

4 

= 0,  or  (3a:  - 1)  (4a:  + 1)  = 0,  i.  e.  12a;2  - x - 1 = 0. 
= 0,  or  (3a;  + 1)  (2a:  + l)  = 0,  i.e.  6a;2  + 5a;  + l = 0. 


7.  a;  (a;  - 3)  = 0,  i.  e.  x2  - 3a;  = 0.  8.  a:  (x  + 4)  = 0,  i.e.  x2  + 4a:  = 0. 


9.  (*  - 5)  (x  + 3)  x = 0,  i.e.  x 3 - 2a;2  - 15a;=0. 

10.  {x-J2)(x  + J2)  = 0,  i.e.  x2-2=z0. 

11.  (x-Jo)(x  + J5)=0,i.e.x2-5  = 0. 

12.  x (a:-N/3)  (a;  + v/3)  = 0,  i.e.  xs-3x=0. 

13.  (x-2  + iJ3)  (x-2-s/3)  = 0,  i.e.  (x-2)2-3-0,  Ac. 

14.  (x-5  + v/7)(a:-5-x/7)  = 0)  i.e.  (a;-5)2-7  = 0,  Ac. 

15.  (a;  - a + ^/t)  (x-a-  ^/b)  = (x-a)2-  b = 0,  Ac, 
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Jy  C 

18.  From  Art.  150,  we  have  a + B = — and  aB=-  • 

r a r a 

a + /3_  b c _ b . 1 1_  b 

a/3  a ' a c ’ ' ' ($  a c 

19.  We  have  a + /3  = -- , aB  = - . 

a r a 

Hence  (i)  a2  + /32  = (a  + /3)2-  2a/3  = ^ - 2 ~ . 

,U)  a , ^_a2  + ^_(a  + ^)2-2a/3_/52  c\  . c 

W /S  a~  aj3  a p ~ \a*  a)  ' a 

nih  1 , 1 _ a2  + /32  (a  + /3)2-2a/3  /62  „ c\  , c2 

' ; a-  /8s”  a2/32  “ a2/32  “ \a2  a/  * a2- 

20.  a + /3  = - 4,  a/3  = 2;  a2  + j82=  (a  + /S)2 - 2a/3  = ( - 4)2 - 4=  12. 

21.  a + /3=^4p,  a/3=2>2;  .\  a2  + /32  = (a  + /3)2  - 2a/3  = 16p2  - 2jd2  = 14p2. 

22.  If  a,  /3  be  the  roots  of  x^  + ax  + 5 = 0,  a2  + /32=(a  + /3)2-2a/3  = a2-26. 
If  7,  5 be  the  roots  of  #2  + 3aa:  + 6 + 4a2  = 0, 

72  + 52=  (7+  S)2  - 275  = ( - 3a)2 - 2 (6  + 4a2)  = a2  - 26. 

4:  a 

23.  a + /3=--,  a/3  = -;  thus  if  the  roots  are  equal,  i.e.  if  /3  = a,  we 

4 2 

have  2a=  - - , whence  a — - g , (i) ; 

and  a2  = |,  whence  and  from  (i)  ~ ~ ; .•.  a = |. 

Otherwise  thus:  condition  for  equal  roots,  viz.  “62-4ac  = 0”,  (§  145), 

4 

becomes  in  this  equation,  42-4(3a)  = 0,  whence  a--- . 

24.  Condition  for  equal  roots  becomes  in  this  equation, 

(1  + a)2- 16  = 0;  i.e.  {(1  + a) -4}  {(l  + a)  + 4}  = 0;  whence  a = 3,  or  -5. 

25.  a + / 3=  - = 1 , a/S  = T^1 ; if  one  root  is  double  the  other,  (say 

J.U0  o 100 

3 

j3  = 2 a),  these  equations  become,  3a  = - 

‘md  2“ -iso;  whence 2 ( - 1)'= m '•  “=8- 

26.  a + (3—  -p,  afi=q\  thus,  if  9q  = 2p2, 

9a/3  = 2 (a  + /312,  whence  2a2  - 5a/3  + 2/32  = 0 ; 
i.e.  (2a  - /3)  (a  - 2/3)  = 0 ; whence  either  2a  = /3,  or  a = 2/3 ; f.  £.  one  of  the  roots 
must  be  double  of  the  other. 
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5 3 

27.  We  have  a + /3  = - and  a/3=-.  The  equation  whose  roots  are 


a [3  . 

5 . - , is  | x 

P a 


--fi)  (X~a)  = °’  *'-{])  + a)-V  + 1=0- 


But  - + & = a‘2  + /3‘2  = (a  + /3)2~2a/3  _ (a  + /3)2  _ 2_ 


(i)! 


/3  « 


a.p 


ap 


ap 


-2=^;  thus  re- 
fa 


13 

quired  equation  becomes  x2  - — x + 1 = 0 ; or  6 a;2  - 13a;  + 6 = 0 


15 

28.  a + p=—,a.p  = 2.  Required  equation  is 


a 3 (a  + /3)2  „ 

^ + a-— ^-2- 


(¥ 


a/3  2 

„ 209 


-2  = — . 


Whence  required  equation  is,  x 2 — — x + 1 = 0 ; or  8.r2  - 209a;  + 8 = 0. 

O 

29.  a + /3  = 11,  ap  = 22;  roots  of  required  equation  are  a + /3,  and 

-+  i , i.e.  a + p,  and  , i.e.  11,  and-—,  i.e.  11  and  thus  required 
a p ap  22  2 

l 1\  23  11 

equation  is  (a;  - 11)  f a;  - - J = 0 ; that  is  x2  - — x + - - = 0 ; or  2a;2  - 23a;  + 11  = 0. 

30.  a + /3=-7,  a/3  = 9;  required  equation  is 

(-=£*)  ,e. 

a + /3  a + p (a  + p)2  72  49 

now  — — H - = — = — = — ; 

a p ap  9 9 

49  49 

whence  required  equation  becomes  .r2  - — x + — = 0 ; or  9a:2  - 49a;  + 49  = 0. 


31.  If  a,  p are  roots  of  x2+px  + q = 0,  a + /3=  -p,  ap  = q;  also,  equation 
whose  roots  are  a2,  /32,  is  (x  - a2)  (x  — /S2)  = 0 ; or  a;2  - (a2  + p2)  x + a2(82= 0 ; but 
a2  + /32  = (a  + /3)2  - 2a,S  = jo 2 - 2#,  and  a2,82  = g'2 ; thus  required  equation  becomes, 

x 2 - (p2  - 2q)  x + q2  = 0. 

32.  We  may  write  these  two  equations  respectively  as, 

fc2  c2  & c 

a;2  + — a;  + — „=0,  I.,  and  a;2  + - a:  + - = 0,  II. 
az  a2  a a 
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From  31,  the  equation  whose  roots  are  the  squares  of  the  roots  of  II.  is 


6!-2C- 


:0;  this  is  identical  with  I.,  if 


Z-2C 


l) 2 c 

i.e.  if  2 -5-  2 - = 0;  or,  if  b2-ac  = 0. 
a 2 a 


33.  a + /3=  - J , a/3  ; roots  of  required  equation  are 


, a/3  q . 

a + B,  and  — — , i.  e.  - - , and 
r « + /3  p 


i.e.  - - and  - 


thus  required  equation  is  ^r+J^  ^x  + ^j  = 0; 
or  multiplying  by  pq,  pqx 2 + ( q 2 +p?’)  a;  + gr  = 0. 


, , q-+pr  , r 

; or  ia+  p — - a;  + - ; 

2>2  2? 


be  1 

34.  a + /3  = — , a/3=- ; equation  whose  roots  are  aB  and  — , 
r a r a a/3 

(.  c a\  . f c\  f a\  „ a2  + c2 

j.«.  - , and  - ) , is  ( a:  — I x — 1 = 0;  or  x 2 x + 1 — 0 ; 

\ a c ) \ a)  \ c ) ac 


or,  multiplying  by  ac,  acx 2 - (a2  + c2)  x + ac  = 0. 

Also  equation  whose  roots  are  a + B,  and  — i-j , 

a + p 

f . b , a\  . ( b\  ( a\  . 

e.  — , and  - - ) , is  ar  + - 1 lx  + - = 0,  or  x1  + 

\ « 6/  V «/  \ b) 

or,  multiplying  by  ab,  abx2  + (a2  + b2)  a:  + a6  = 0. 


n2  + b2 
ab 


x + 1 = 0 ; 


35.  Let  a,  /3  be  roots  of  first  equation  ; y,  S of  the  second. 

Then  a + /3=  - a,  a(3=b;  y + d=-p,yS  = q. 

But  a~/3  = 7 ~S;  (a-^)2=(y- S)2 ; i.  e.  (a  + /3)2  - 4a/3=  (7  + 5)2  - 4y5; 

i.e.  (-a)2-4&— (-p)2-4g;  i.e.  a2-46=p2-4g. 

36.  (a  + j3 )2=(-p)2=p2-,  (a-/3)2  = (a  + /3)2-4a/3=p2-4<jr;  thus  roots  of 
required  equation  are  p2,  and  p2  - 4g ; thus  equation  is 


(x-p2)  {x-p2-  4g-)  = 0;  i.e.  x 2 - (2p2  - 4g)  a;+p2  (p2-  4</)  = 0. 

37.  Required  equation  is  + j* ~ ^ + o)|  =°’ 

i.e.  x2-  (a  + ^ + /^  + ^)  + (P  + 1)=0' 


now 

and 


a+l+f,+l=a+P+^1'- 


_p+zP—  _p(v+1). 
2 2 ’ 


l\[al\_ap  + 1 a/3+1  (a/3+1)2  (?  + l)2 

?)  v : « 1 - ~r  ■ « = «,< 
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Thus  equation  becomes, 

x2  - ( - P + x+  ^ + --  = 0 ; or,  multiplying  by  q, 

V 3 J 3 

qx2+p  (?  + l)a;  + (g  + l)2  = 0. 
b c 

38.  We  have  a + /3  = -- , aB  = ~ . 

r a r a 

The  equation  whose  roots  are 

fh«ia 

or  {(a + 2/3)  x-  1}  {(2a  + /3)  x-  1}  =0, 

that  is  (a  + 2/3)  (2a  + /3)  x2  - 3 (a  + /3)  x+  1 = 0. 

Now  (a  + 2/3)  (2a  + /3)  = 2a2  + 2/32  + 5a/3  = 2 (a  + /3)2  + a/3  = 2 ~2  + 
Hence  the  equation  required  is 

^2  ^ + ^ a;2  + 3 ^ a:  + 1 = 0,  or  (2 b2  + ac)  x2  + 3abx  + a2  — 0. 

XL  VIII.  Pages  181—182. 

1.  (x2  - 1)  (x2  - 4)  = 0 ; i.  e.  (x  - 1)  (a:  + 1)  (x  - 2)  (x  + 2)  = 0,  &c. 

2.  (a;2-4)  (a;2  + 2)  = 0;  i.e.  (x-2)  (x  + 2)  (x  - iJ-2)  (a;  + */-2)f  = 

3.  (a;2-  1)  (x2  - 9)  = 0 ; i.  e.  (x-  1)  (a;  + l)  (x- 3)  (a;  + 3)  = 0,  &c. 

4.  (a;2  - 9)  (a;2  + 2)  = 0 ; i.  e.  (x  - 3)  (x  + Z)(x-J^2)  (x  + J^2)  = 

5.  Multiply  by  9a;2 ; thus  a;2  (x2  - 1)  + 9 - 9a;2 = 0 ; 

or  a;4 - 10a;2  + 9 = 0;  i.e.  (x2 - 1)  ( x 2 - 9)  = 0,  &c. 

6.  Clear  of  fractions ; a;4  + 100  = 29a;2 ; 


.'.  x4  - 29a;2  + 100  = 0 ; i.e.  (x2 

- 4)  (x2  - 25)  = 0 ; 

•••  (*-2)(a 

o + 2)  (x  - 5)  (x 

+ 5) 

= 0,  &c. 

7.  *4+l 

II 

+ 

n. 

‘ ( fl2  + ^ 

K 

+ 1 = 0; 

i.e.  ( x2~ 

i.e.  ( x-a ) (a;  + a) 

H)Kg< 

8.  **-l 

=(‘*■40^ 

V 

-1  = 0; 

. ( x 2 - a2)  | 

+ 

aj  m 
II 

o 

(a; -a)  (x  + a) 

(" 

a J \ a 

f a:2  + 2 = a;2  - ( - 2)  = (x  - Ay/  — 2)  (x+J-2). 


-0,  &c. 

),  &c. 

, &c. 
1=0,  &c. 
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9.  a£  + l = a;4;  ^8- + x4  + l = 0; 

i.  e.  (x*  - a4)  (x*  - iy=  0 ; i.  (x2  - a2)  (x2  + a2)  (x2  - (a2  + ^=0: 

e.  ( x-a ) (x  a)  [x-  a J - 1)  (x  + a sj  - 1)  ^ + ^ 


(*-nr)  fwr)=0"‘t- 


10.  Let  X2- x=y;  then  y2-8y  + 12  = 0; 

i.  e.  ( y - 2)  (y  - 6)  = 0 ; /.  y = 2,  or  6. 

Thus,  either  x2  - x — 2,  whence  x2  - x - 2 — 0,  i.  e.  (x  + 1)  (x  - 2)  = 0, 
whence  x—  - 1,  or  2; 

or  x2-x  = G,  whence  x2~x- 6 = 0;  i.e.  (x- 3)  («  + 2)  = 0, 

whence  x = 3,  or  - 2. 


11.  Let  x2  + x=y;  then  y2  - 22y  + 40  = 0 ; 

i.e.  0/-2)  (2/  — 20)  = 0 ; y = 2,  or  20. 

Thus,  either  rr2  + a;  = 2,  whence  a;2  + a;-2  = 0,  i.e.  (a; + 2)  (.r-l)  = 0,  &c., 
or  x2  + x= 20 ; whence  a:2  + x - 20  = 0,  i.  e.  (a:  + 5)  (x  — 4)  = 0,  &c. 


or 


12.  Let  x2  + x=y ; then  y (y  + 1)  = 42  ; .-.  y2  + y-42  = 0; 

i.  e.  (?/  - 6)  (y  + 7)  = 0 ; .'.  y — 6,  or  - 7. 

Thus  either  .r2  + a;  = 6,  whence  x2  + x -6  = 0,  i.e.  (a; + 3)  (a:-2)=0,  &c., 


x 2 + x = - 7,  whence  a:2  + a;  + 7 = 0,  i.e.  x2  + x + 


= 0; 


i.  e. 


•W-(> 


x*.  ^ 

13.  Put- j = y;  then?/  + - = 2;  whence  y2  - 2y  + 1 = 0 ; 

x+i  y 


y= 1. 


Thus  ^ = 1 ; whence  x2  - x - 1 = 0 ; 

x + 1 

i.e.  l x- =0;  whence  x = ~ =fc  ^ 


14.  Put 


ar2  + 1 


- ?/ ; then  y + 


15 
2/  2 ’ 


whence  2?/2- 5?/  + 2 = 0;  i.  e.  (2i/  - 1)  (y  - 2)  =0;  y — -,  or  2. 
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Thus,  either  ■ — - , whence  x2-2x  + l~0;  i.e.  (x-l)2;=0,  Ac. 

X 1 

— 4 = 2,  whence  #2-y:X  + l = 0; 
x2  + l 2 

. / IV  - 15  A . 1,  sf~  15 

i.  e.  ( x - -t  - — ztt  — 0 ; whence  x — T ± — ; 

\ 4/  16  4 4 


x 2 1 17 

15.  Put  — — — = ?/ ; then  y + - = — ; whence  4y2  - 17y  + 4 = 0 ; 
x-1  2/1 


i.  e.  (4 y - 1)  (y-  4)  =0 ; ,\  y=~  , or  4. 

.r2  1 11 

Thus  either  - = T , whence  x2  - -y  x + T=0; 

x- 1 4 44 

(~)=0;  whence  x=i±.^-i-5; 

: 4,  whence  x2  - 4x  + 4 = 0 , i.e.  (x - 2)2  = 0,  Ac. 


x-1 


3\  11 

16.  Put  x2  + x — y,  then  (y  + 1)  (?/--J  + l=0;  whence  (/2--t/--  = 0; 

i-e-  (2/-1)  (y+|)=°;  y =1>  ox~\- 


Thus,  either  x2  + x^l,  whence  ( x + 


1\2  5 


1 n/5. 


4=1  •’•a:  = -2±  2 ’ 


or  x2  + x=-^,  whence  (x  + |)  -^-^=0, 

17.  Put  x2  + x~y  •,  then  ((/  + 1)  ((/  + 2)  = 12  ; /.  y2  + 3y ' - 10  = 0 ; 

whence  y = 2,  or  - 5. 

Thus,  either  x2  + x= 2,  whence  x2  + x - 2 = 0,  i* e.  (x  - l)(x  + 2)  = 0,  Ac. 

,•  • . ( 1\2  /-19\  A 1 , V-19 

or  x^  + xv=-5,  whence  (x  + ^J  - ( 1=0;  .\  x=:-- ± 


18.  Put  x + — = •(/ ; then  7/2  + 4?/ = 12 ; whence  t/  = 2,  or  -6. 

Thus,  either  x + - = 2 ; whence  x2  - 2'x  4- 1 = 0 ; x = 1 : 

x 


x+-=s-6;  whence  x2  + 6x  + l = 0;  i.e.  (x  + 3)2~8  = 0,  Ac. 
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19.  Let— 2X  .+  =y;  then  ?/  + - = !;  whence  2 y2- by  + 2 = 0; 

"I”  ~r  jL  y Ji 

, „ 1 
whence  y — 2 or  -. 

^•2  | 2 * 

Thus,  either  — ^ =2,  whence  a;2  + 8a;=0,  i.e.  a;  (a;  + 8)  = 0,  &c.; 

j;2  + 2 1 

or  ^ z"  = — , whence  x2  - 4a:  + 8 = 0 ; i.e.  (x-  1)  (x-  3)  = 0,  &c. 

a;2  + 4a;  + 1 2’  v /v  ’ 


20. 

in  12. 


Let  x2  + x = y;  then  y + 1 = 


42 


y2  + V - 42  = 0;  whence  proceed 


21.  Let  x-  - 2a;  - 3 = y2 ; then  xi- 2x=y2  + 3;  thus  2 {y2  + 3) -y  — 9 ; 

3 

whence  2y2-y-3  — 0\  ;.  y= -1,  or  -. 

Thus,  either  a;2  - 2a;  - 3 = ( - l)2,  whence  x'2  - 2x  - 4 = 0 ; 

i.e.  (x-  l)2-  5 = 0,  &c. , 

or  a;2  - 2a;  - 3=  , whence  x2-  2x  - ^ = 0;  i.e.  (a;- l)2- ^ — 0,  Ac. 

22.  Let  x2  + 3x  + 7 = y2;  then  we  have  a;2  + 3a; =?/2- 7; 

but  a;2  + 3a;-23  + Jx2  + 3x  + 7 = 0;  ;.  y2- 7 - 23  + ?/  = 0; 

i.e.  y^  + y-  30  = 0,  whence  y = 5,  or  -6. 

Thus,  either  x2  + 3x  + 7 = 52,  whence  x2  + 3a; - 18  = 0 ; .\  x = 3,  or  - 6; 
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or  a;2  + 3a;  + 7 = (-6)2,  whence  a;2  + 3s- 29  = 0 ; .-.  (a;+-J |-  = 0,  &c. 

23.  Let  a;2  + 3a;  + l = y2;  then  x2  + 3x=.y2  - 1;  thus  2 (y2-  1)  — 1 - y ; 

3 

whence  2y2  + y - 3 = 0;  y = 1,  or  --. 

Thus,  either  a;2  + 3a;-j-l  = l2;  whence  a;(a;  + 3)  = 0,  &c. 

f 3\2  / 3\2  14 

or  a;2  + 3a;  + l=  ( - - j ; whence!  x + -J  -—=0,  &c. 

24.  Let  x1  + 6a; = y2\  then  we  have  a;2  + 6a;- 24  + x/(4x2  + 24a;)  = 0; 
whence  t/2- 24  + v/(4«/2)  = 0;  i.  e.  ?/2  + 2?/-24  = 0;  whence?/ = 4,  or  -6. 

Thus  either  a;2  + 6a;  = 42,  whence  a; =2,  or  -8; 
or  a;2  + 6a;=(- 6)2;  whence  (x  + 3)2  - 45  = 0,  &c. 

25.  Let  2a;2  - 11a;  + 15  = ?/2;  then  we  have  2a;2- 11a; =?/2- 15. 

But  we  have  4a;2  - 22a;  + 24  - *J(2x2  - 11a;  + 15)  = 60 ; 

2 (y2-  15)  + 24  - ?/  = 60 ; whence  2y2-y  - 66  = 0;  /.  y~ 6,  or  -^. 
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Thus,  either  2a;2  - 11a;  + 15  — 62,  whence  2a;2- 11a;- 21  = 0, 
i.e.  (2x  + 3)  (a;  - 7)  = 0,  Ac., 

/ 11\2  / 11\2  243 

or  2a;2- 11a; + 15  = ( - — j , whence  (a;-^j-J  - = 0,  Ac. 

26.  Let  2.r2- 5.r  + 6=?/2;  then  we  have  2a:2  - 5x  + 6 + J2x2  - 5a;  + 6 = 6 ; 

!/2  + !/  = 6;  whence?/ = 2,  or  -3. 

Thus,  either  2a:2  - 5a:  + 6 = 4 ; whence  (2a;  - 1)  (x  - 2)  = 0,  Ac. 
or  2a;2- 5a;  + 6 = 9,  whence  (5}.a;  + l)  (a;-3)  = 0,  &c. 

27.  a;2  + 3a;-  10 - 36=  ,Jx2  + 3x- 4;  let  a;2  + 3a;  - 4 = ?/2 ; 

then  ?/2-42  = !/;  whence  y — 7,  or  -6. 

/ 3\2  221 

Thus,  either  x2  + 3a:  - 4 = 49 ; whence  [ x + — — 0 ; 


whence 

or 


x~  2±2v/221; 

x2  + 3x  -4  — 36;  whence  (a;  + 8)  (a;-5)  = 0,  Ac. 


28.  Since  a;  = l is  a root  of  the  equation,  x3-  2x+  1 must  be  divisible  by 
x - 1 ; dividing,  we  obtain,  x3  -2x  + l — (x-  1)  (x2  + x - 1) ; thus  the  equation 

may  be  written  (x  - 1)  (a;2  + x - 1)  = 0 ; i.e.  (x-  1)  + - jj  =0; 

29.  (x  - 1)  must  be  a factor,  and,  by  division,  we  find  that  the  equation 

is  equivalent  to  (x-  1)  (a;2  + x- 4)  = 0;  i.e.  (x - 1)  j ^a;  + = 0 ; 

i.  e.  [x  - 1) 


30.  x-3  is  a factor ; whence  by  division,  equation  becomes 

(x  - 3)  (a;2  + 3a;  - 40)  = 0 ; i.e.  (x - 3)  (x  + 8)  (x  - 5)  = 0,  Ac. 

31.  a:  - 3 is  a factor ; and  we  have  (x  - 3)  (x2  - 7)  = 0 ; 

i.e.  (x  - 3)  (a;  - ^/7)  (x  + rj7)  — 0,  &c. 

32.  x + 1 is  a factor ; and  we  have  (x  + 1)  (x2  - 3x  - 4)  = 0 ; 

i.e.  (x  + 1)  (a;+l)  (a;-4)  = 0,  Ac. 

33.  a:  - 2 is  a factor;  and  we  have 

(x  - 2)  (ox2  - 5a;  - 7)  = 0 ; (x- 2)  (x2- x- ^ =:0; 
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[we  multiplied  numerator  and  denominator  of  by  5 in  order  to  reduce  it 
to  a fraction  whose  denominator  was  a perfect  square]. 


Thus 


WHH) 


s/m 

10 


= 0,  &c. 


34.  a;3  - 4a;  + 15  ) x3  + 2a;2  +9(1 
x3-4x  +15 
2 ) 2x2  + 4.c  - 6 

x2  + 2a;  - 3 ) x3  - 4a;  + 15  ( x - 2 
x3  + 2x2  - 3a: 

^2x2~-  x + 15 
- 2a;2  - 4x  + 6 
3 ) 3 a;  + 9 

x+  3 ) a;2  + 2a;- 3 ( x-  1 
x2  + 3x 

Thus  h.c. f.  of  the  two  expressions  is  (a; + 3);  they  - x-d 

will  /.  both  vanish  when  this  is  zero,  i.e.  when  x=-  3.  - x-  3 


35.  2a;3  -x2-  76a;  - 105  ) 2a:3  + 21a;2  + 34a;  - 105  ( 1 
2a;3—  x2  - 76a; -105 
22a; ) 22a;2  + 110a; 

J+  5~ ) 2a;3  - a;2  - 76a;  - 105  ( 2a;2  - 11a;  - 21 

2a;3  + 10a;2 

-11a;2  “76a;  -105 
- 11a;2  - 55x 

Thus  h.  c.  f.  is  x + 5 ; .'.  both  equations  are  - 21a;  - 105 

satisfied  when  x=-5.  - 21a;  - 105 


36.  (i)  By  trial  we  find  equation  is  satisfied  by  x = 1 ; .\  x - 1 is  a factor ; 
and,  by  division,  equation  becomes 

[x - 1)  (x2  + x-  20)  = 0 ; i.e.  (x-  1)  (x- 4)  (x  + 5)  = 0,  &c. 

(ii)  x2  (a; + 2)  - 9 (a; + 2)  = 0;  i.e.  (a; + 2)  (a;2-9)  = 0; 

i.e.  (a; + 2)  (a; -3)  (a;  + 3)  = 0,  &c. 

(iii)  By  trial  we  find  equation  is  satisfied  by  a;  = 2 ; .-.  x - 2 is  a factor; 
and,  by  division,  equation  becomes 

(x  — 2)  (a;2  + a;  - 20)  = 0 ; i.e.  (as-2)  (a;-4)  (a;  + 5)  = 0,  &c. 

(iv)  By  trial  we  find  equation  is  satisfied  by  x=-  2,  thus  (a;  + 2)  is  a 
factor;  and,  by  division,  we  obtain 

(x  + 2)  (x2 - 5a; - 50)  = 0 ; i.e.  (x  + 2)  (x - 10)  (x  + 5)  = 0,  &c. 

(v)  By  trial  we  find  equation  is  satisfied  by  x—2 ; thus  {x  - 2)  is  a 
factor;  and,  by  division,  we  obtain 

(a;- 2)  (a;2  + 2a;- 15)  = 0;  i.e.  (x- 2)  (x  + 5)  (a;-3)=0,  &c. 
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(vi)  By  trial,  x=l  satisfies  equation;  thus  (x - 1)  is  a factor;  whence, 
by  division, 

(x-  1)  (2a;2  + 9a;  + 4)  = 0;  i.e.  (x-l)  (2a;  + l)  (a;  + 4)  =0,  &c. 

(vii)  4a:2  (a;  + l)  - 9 (a;  + l)  = 0;  i.e.  (x  + 1)  (4a;2 - 9)  — 0 ; 

i.  e.  (x  + 1)  ( 2x  - 3)  (2a:  + 3)  = 0,  &c. 


XLIX.  Page  185. 


1.  From  I,  x = 6 - y ; substituting  in  II,  (6  - y)2  - y2= 24 ; 

i.e.  36-12y  = 24,  whence  y = 1.  Then  a; =6  -y  = 5. 

2.  From  I,  x =y  + 10;  substituting  in  II,  (y  + 10)2  + y2  = 58; 

i.e.  2y2 *  + 20y  + 42  = 0 ; whence  y = - 3,  or  -7. 

If  y = - 3,  a;=y  + 10  = 7.  If  y = - 7,  x~y  + 10  = 3. 

3.  From  I,  3a; =10- 3y,  x=10  thus  from  II,  ~ y = 1 ; 

whence  - 3y2  + lOy  - 3 = 0;  i.e.  - (3y  - 1)  (y  - 3)  = 0;  .-.  y = | or  3. 


From  II,  x=-  • thus  if  y=|,  a:  = 3;  if  y — 3,  ®=|. 


4.  From  I,  x = -~;  thus  from  II, 


4(~^)  +9(~lf)  2/  + 92/2  = 72;  i-e • 9y2- |^y2  + 9y2=72, 
9 

-y2  = 72,  whence  y=  ±4. 

If  y = 4,  x=  ~6.  If  y = - 4,  x—  -^  = 6. 

5 /5  \2 

5.  From  I,  a;=-y ; thus  from  II,  yj  -3y2=13; 

13 

i.e.  —y2=z  13,  whence  y = ±2. 

5 5 

If  y = 2,  x = -y  = 5.  If  y = - 2,  a;  = - y = - 5. 


6.  From  I,  a:  = 15 -y;  thus  from  II,  4 (15 - y)  - 4y  = (15 - y)  y ; 

whence  y2  - 23y  + 60  = 0;  whence  y = 3 or  20. 

If  y = 3,  a:  = 15  y = 12.  If  y = 20,  a;  = 15  - y = -5. 

K.  S.  E.  A. 


9 
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7.  From  I,  x=  j|^-;  thus  from  II,  + 3?/  = 2 ^ 2/  > 


whence  ?/2  + |?/-  ^ = 0;  whence  y — 1 or-| 


If  ?/  = l,  x=^  + 5f?3.  If  2/  = 


y + 5 _5 
2 “ 4 ' 


8.  From  I,  a._fe/  + 3l . thus  from  n, 

O 


whence 


(^y+5(^),+26=„ 

91?/2  + 775?/  + 1186  = 0;  i.e.  (9L/  + 593)  (?/  + 2)=0; 


o 593 

••  or  “9 T’ 

o P_%  + 31_7  Ify  593  t_%  + 31. 

2,  x—  3 -7.  It  y-  gl  . 3 - 


48 

91' 


9.  From  I,  x—  ; thus  from  II, 


whence  73?/2-80?/  + 7 = 0;  i.e.  (73y  - 7)  (y  - 1)  = 0 ; y=—,  or  1 


if  y=: 


5-2  y 117  5-2  y 

~3  = 79  • if  y = i,  *=  “.  • = !. 


73  7 3 73  ' " * ~ 3 

10.  From  I,  x—  -- 1~  ^ ; thus  from  II 


whence  313?/2  + 1950j/  + 3033  = 0 ; i.e.  (313?/  + 1011)  (?/  + 3)  = 0 ; 

1011 
313  ' 


.*.  y=  - 3,  or 


„ Q 25+7?/  „ „ 1011 

If  |/=  - 3,  x=  2~-=2. 


25  + 7y  _ 374 
2 ~ 313 ' 


11.  From  I,  x = 2 -y. 

From  II,  2y+  3x=6xy ; 2y  + 3 (2  -y)  = 6 (2  -y)  y; 

2 3 

whence  6y2-  13y  + 6 = 0;  i.e.  (3y  - 2)  (2?/  - 3)  = 0 ; .-.  «/  = — , or  - 

T,  2 _ 4 3 _ 1 

If  y=~,  x=2-y  = ~.  U y = -,  x=2-y=~. 
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12.  From  I,  x=7  — 2y. 

From  II,  3 y + 3x=  5 xy ; /.  3y  + 6 (7  - 2y)  = 5 (7  - 2 y)  y ; 

7 

whence  10y2 - 44y  + 42  = 0 ; i.e.  2 (y -3)  (5y -7)  = 0 ; y = 3,  or  ■=. 

o 

If  y = 3,  x—7- 2y  = l.  If  y=  ~ , rc  = 7 - *y  = ^ . 

13.  From  I,  x=5  -y. 

From  II,  Qy  + 6x=5xy ; .’.  6 y + 6 (5-y)  = 5 (5-y)y; 
whence  5y2-25y  + 30  = 0;  i.e.  5 (y-2)  (y-3)  = 0;  y = 2,  or  3. 

If  y = 2,  x = 5 -y  = 3.  If  y — 3,  x — h-y  — 2. 

14.  From  I,  a;=l  + y. 

From  II,  Qx2  - 6y2  = 5xy ; .-.  6 (1 + y)2- 6y2=5  (1 +y)  y ; 

3 

whence  -5y2  + 7y  + 6 = 0;  i.e.  - (5y  + 3)  (y  - 2)  = 0;  y=-g,  or  2. 

3 2 

If  y = - - , a;=l  + y = - . If  y = 2,  x = l +y  = 3. 

5 5 


15.  From  I,  a; 


._y+4 


From  II,  3y  + 4x—xy ; 3y  + 4 ^ y ; 


.\  6y  + 4 (y  + 4)  = (y  + 4)  y ; whence  - y2  + 6y  + 16  = 0 ; whence  y = 8,  or  - 2. 
If  y = 8,  If  y = -2,  x=y~p=l. 


16.  From  I,  x-- 


3y  - 7 


From  II,  5y  - 14a;=  6 xy ; 5y  - 14  = 6 ^ ’ 

35y  - 14  (3y  - 7)  = 6 (3y  - 7)  y ; whence  - 18y2  + 35y+ 98  = 0; 
ie.  — (2y - 7)  (9y  + 14)  = 0 ; thusy  = ?-  or 


T,  7 3y  - 7 1 T . 

If  y=  2>  x = ^T-=-.  If  y: 


14  3y  - 7 
9 ’ 7 : 


3' 


17.  (I  — II) ; By  subtraction,  2#= 7;  x=^- 

23  23 

By  addition,  2 xy  — 23 ; ,\  y = — = — . 


9—2 
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18.  Multiply  the  first  equation  by  2 ; then  by  subtraction 
4x  + y = 7',  y — 7-  4x. 

Then,  from  I,  a;  (7-4a:)  + 2a;  = 5;  - 4a;2  + 9a;- 5 = 0; 


20.  11x2  + 1x3,  gives  7a:2  - x + 4 = 12 ; 7a:2-  x-  8 = 0- 


1.  From  I,  x [x- 2y)  = 0;  .\  x=0,  or  x=2y. 

Thus  from  II,  (i)  if  ^ = 0,  9?/2  = 225;  9y2- 225  = 0, 

i.  e.  9 (y  - 5)  (y  + 5)  =0,  &c. 

(ii)  if  x = 2y,  16?/2  + 9t/2=225;  25y2- 225  = 0; 

i. e.  25  (y  - 3)  (y  + 3)  = 0;  y=  ±3;  a;  = 2y=±6. 

2.  From  I,  x (2x  - 3y)  = 0 ; x=0,  or  a:  = ^. 

2 

Thus  from  II,  (i)  if  a;=0,  y2—  34,  whence  y—  i^/34. 


If  a:=|,  y=7-4x=2.  If  a?=l,  $/  = 7-4a;=3. 
19.  By  addition,  2a:2  + x =78;  .’.  2a;2  + a:- 78  = 0; 


i.e.  (2a; + 13)  (x-  6)  = 0 ; .\  a;=-  — , or  6. 


if 


a; =6,  36  — ?/  = 29 ; y=7. 


From  I,  if  x = 


if 


a:=  - 1,  l-3-2y  = 4;  whence  y=  -3. 


L.  Pages  188,  189. 


whence 


3.  From 


4 (a:2  + Sxy)  = 45  (y2  - xy) ; .*.  4x2  + 57xy  - 45y2=0; 
i.e.  (4x-3y)  (x  + 15y)  = 0;  x = ~ , or  x=  - 15y. 


whence 
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Thus  from  II,  (i)  if  x=^~,  y2-~=4,  whence  y — ±4, 


and 


and 


or 


4,  From  I and  II,  22  ( x 2 - xy)  = 63  ( y 2 + ot/)  ; 

22x2-85xy -83y2=0;  i.e.  (2x-9y)  (llx  + 7y)  = 0;  r.  x — ^-,  or  x=  - . 


5 . 4 (x2  + xy)  = 3 (2y2  + 3 xy) ; 

thus  4x2 - 5xy - 6y2—0 ; i.e.  [4x  + 3y)  (x  — 2y)  = 0 ; x=  - , or  x — 2y. 


(ii)  if  x—2 y,  2y2  + 6y2  — 32,  whence  y=  ±2 ; 
x=2y=  ±4. 

6.  {x2  — Sxy)  + 10  (4y2  — xy)  = 0 ; 

thus  - x2  + lSxy -40y2=0;.  i.e.  - (x  - 5y)  (x  - 8y)  — 0 ; x—5y,orx—8y. 
Thus  from  II,  (i)  if  x=5y,  4 y2  - 5 y2=  - 1,  whence  ?/  = ± 1 ; 

x = 5y=  ±5; 


and 


or 


and 


Thus  from  II, 


wh( 


7.  20  (x2  + xy-  2 y2)  = - 11  {xy  + 3y2) ; 

/.  20x2  + Slxy  - 7y2—0 ; i.e.  (4x+7y)  (5x-y)=*0;  .'.  x=-~,orx—^. 
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Thus  from  II,  (i)  if  x=  - ^ ^ + 3y2= 80,  whence  y ± 8 ; 

, *=-fj|l4; 


(ii)  if  x=|,  y + 3j/2  = 80;  whence  ?/=  ±5; 

• *=f=±l. 


8.  6(.r2  + 3^)  = 7(t/2  + a:2/); 

6o:2  + llxy  - 7y~  — 0;  i.e.  (2x-y)  (3x  + 7y)  = 0,  x = ^r , or  x= . 

2t  o 

Thus  from  II,  (i)  if  a;=| , ?/2  + ^-=6,  whence  ?/=  ±2;  *=|=±1; 

7y  7y^  / 1 

(ii)  if  x=  ~ —■ , 2/2  — ^ = 6,  whence  y=  ±3 


7?/ 

3 


9.  (II  x 3-1);  8a;2=:200;  whence  #=±5;  thus  from  II,  75  - y2=71 
whence  y—  ±2. 

N.B.  Here  either  sign  may  go  with  either;  e.g.  x=  -5,  y — + 2,  is 
solution. 


10.  (1x5-11x3);  ll.r2  = 44;  :.  Sb2; 

from  I,  (i)  if  x=  2,  6y  + 4 = 10,  y — 1; 

(ii)  if  - 2,  - 6?/  + 4 = 10,  ,\  y=  - 1. 


11.  115  (a;2  + 3 xy)  = 54  (xy  + 4y2) ; 

115a:2  + 291a:i/-216y2=0;  i.e.  (5x-3y)  (23x  + 72y)  = Q; 
3 y 72  y 

X~~&  ’ °r  X=  ~ "23  ' 

Thus  from  II,  (i)  if  x—^-,  + 4y2=  115,  whence  ±5; 

5 5 

* = |=±3. 

5 


(ii)  if  x=  - 


72?/  72y2 


23 


23 


23  +4y2=  115,  whence 

C=-1|'=T36. 
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12.  3x(x  + y)  = 20y(x-y)-, 

3x2-  17xy  + 20y2=0;  i.e.  (3x-5y)  (x  - 4ty)=0;  x=^~y  or  x=4y. 


(ii)  if  x — iy,  y(3y)  = 6,  whence  y=  +*/2; 

a;=%=±'4v/2. 

13.  2(x2-3xy+2y2)  = 2x2  + y2; 

.’.  - 6a#  + 37/2=0;  i.e.  -3y(2x-y)=0-,  ;.  y = 0,ory  = 2x. 

Thus  from  II,  (i)  if  y = 0,  2a:2=6,  whence  x—  ±^3; 

(ii)  if  y — 2x,  2.r2  + 4a;2=6,  whence  x—  ± 1 ; .*.  y— 2x=  ±2. 

14.  From  I,  x 2 - 2a#  = - 5 ; from  II,  x2  - 2 xy  + y2= 4 ; 

/.  4 (,r2  - 2xy)  = - 5 (x2  - 2 xy  + y2) ; 

9a;2-  18a#  + %2=0;  i.e.  (3x-5y)  (3x-y)  — Q-,  .’.  x=°~,or  x = |. 
Thus  from  I,  (i)  if  x = ■ ^ ^ ^ + 5 = 0,  whence  y = ± 3 ; 


16.  5 (a;2  - Ixy  - 9 y2)  = 9 (z2  + 5a#  + lly2) ; 

- 4a;2  - 80a#  - 144t/2  = 0 ; i.e.  - 4 (a;  + 2t/)  (x  + 18?/)  = 0 ; 


Thus  from  II,  (i)  if  x = 


15.  (I  + II);  4a:2  + 17a#  + 4y'2  = 0 ; i.e.  (4.c  + t/)  (a:  + 4?/)  = 0 ; 

.'.  a;  = - 1 , or  x — - 4y. 

Thus  from  I,  (i)  if  x=  whsuce  y—  ijj^/21; 


(ii)  if  x—  ~4 y,  13y2  + 5y2  = 84,  whence  y — ± 2 ; 
.'.  a:=  - 4 y—  =^8. 


/.  x=  - 2y,  or  x=  - 18 y. 
Thus  from  I,  (i)  if  x—  -2 y,  iy2  + liy2  - 9?/2  = 9, 


whence 


?/=±l;  .'.  x=  -2y=  =p2. 

(ii)  if  x=  - 18?/,-324y2  + 1267/2-97/2  = 9, 


1 

y= I ^ 


whence 
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17.  3(4x*-3xy)  = 5(y*-xy); 


5y 


.’.  12x2-4^!/ - 5t/2=0;  i.e.  (6x-5y)  (2x  + y)  = 0-,  x=-~  , or  x=  - 

Thus  from  II,  (i)  if  x=~  , i/2-~-  = 6;  whence  y~  ±6;  /.  x—~  — ±5. 
(ii)  if  x—  - 1 , y2  + ^ = 6 ; whence  y=±2; 


18.  9 (x2  + 3xy)  = 40  (±y2  + xy)-, 

9x2  - 13xy  - 16Ch/2=0;  i.e.  (9x  + 32y)  (x  - 5y)=0;  /.  x=  , or  x=5 y. 

Thus,  from  II,  (i)  if  x = --jp>  4y2  - ^—  = 9, 

v.  , 9 32 y 

whence  ?/=  ; .*.  a;= — -p-=  T 16. 

(ii)  if  x=5y,  4y‘1  + oy2=9,  whence  y—  ±1;  .\  x=5y  = ±5. 

19.  6 (a;2  + a;?/  + ?/2)  = 7 (6a;2-  2xy  + y2) ; 

36a;2  + 20a:y-i/2=0;  i.e.  - (2a;  - y)  (18#  - y)  = 0 ; y = 2x,  or  y — 18x. 

Thus  from  I,  (i)  if  y = 2x,  a;2  + 2a;2  + 4a;2 =7 ; 
whence  a;=±l;  :.  y = 2a;  = ±2. 

(ii)  if  y = 18a;,  x 2 + 18a;2  + 324a;2  = 7 ; 

1 18 

whence  a;=±-;  y = 18a;==t  — . 

7’  J 7 


20.  19  (2a;2  - 2a;?/  + 3?/2)  = 18  (3a;2  - 2y2) ; 

.-.  - 16a;2-  38xy  + 93y2=0;  i.e.  - (8x  + 31ij)  (2x-3y)  = 0; 


31  y 3y 

:.  x—  — ~ , or  x—  3 

O 


2 ’ 


Thus  from  II,  (i)  if  x=  - , 2888^  - 2y2=  19, 


whence 


8 31w  31 

"=-8-=-7ii5' 

(ii)  if  x=  ~ , W.y.K. 


whence 


2/=  ±2;  x—-~=  ±3. 


Dai's! 
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21.  We  have  x — -y-  1 ; hence 


11 

+ 1 — 12  ’ 

whence  y^  + y- 12  = 0;  .*.  y = 3,ox  -4. 

If  y—  3,  x=  - y - 1=  - 4 ; 

and  if  y=  - 4,  x—  - y - 1 = 3. 

22.  From  II,  6y  + Qx-xy  = 0;  thus,  since 

x = - y - 3,  we  obtain  (jy  + & (-y  -3)  - ( - y - 3)  y = 0 ; 
y^  + 3y  - 18  = 0;  whence  y=  - 6,  or  3. 

If  y=  -6,  x=  - y - 3 = 3; 

and  if  y—  3,  x=  -y -3=  - 6. 

23.  Multiply  the  first  equation  by  6,  and  the  second  by  xy ; then  we 


have 

24.  From  I, 
From  II, 
Whence 


eix  + 3y=10  and  2y  + 3a;  = 0,  &c. 


5x  + 2y  = 50,  :.  x = 


50-2  y 


VZy  + 3Qx=5xy. 


whence  2 y2  - 50y  + 300  = 0 ; i.  e.  2 (y  - 10)  (y  - 15)  = 0 ; y = 10,  or  15. 

If 


y = 10,  x = -^—^=6; 
5 


and  if 


, _ 50-2  y , 

y = 15,  x= — g-  - = 4, 


25.  From  I,  xy  + x + y - 9 = 0.  From  II,  xy  = 3,  and  x=~. 

g 

Hence  3 H b w - 9 = 0 ; 

y 

3y  + 3 + y2  - 9y  = 0 ; ,\  y2  - 6y  + 3 = 0,  i.e.  {y  - 3)2  - 6 = 0;  :.  y=\ 3±J6. 
But,  from  I,  xy  + x + y-  9 = 0;  i.e.  3 + a;  + y-9  = 0; 

whence  a:  = 6-y  = 6- (3±N/6)  = 3=Fv/6. 

26.  From  I,  xy  + x + 3y-  1 = 0.  From  II,  xy  = - 1 ; .-. 

1 V 
Hence  -1 b 3y  - 1 = 0 ; - y - 1 + 3 y2  ~ y = 0,  or  3 y2  - 2y  - 1 = 0 ; 


whence 


y= 1 or  - o- 


Then,  from  I,  xy  + x + 3y  - 1 = 0,  i.e.  - l + a;  + 3y  - 1 = 0 ; 

/.  x — 2-3y,  thus  if  y = 1,  * = 2-  3=  -1;  and  if  y=  -^ , a:  = 2 + 1 = 3. 
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LI.  Pages  192,  193. 

1.  From  I,  x — 3 + y ; substitute  in  II,  then  (3  + ?/)3-?/3=279, 

whence  9y2  + 27?/-  252  = 0;  i.e.  9 (?/  + 7)  (y  -4)  = 0; 

/.  y—  - 7,  or  4.  If  y—  - 1,  x — 3 + y=  - 4;  and  if  ?/  = 4,  x=3  + y = 7. 

2.  From  I,  a:  = 2 + ?/;  hence  (2  + ?/)3-?/3=98; 

whence  6y3+ 12?/  - 90  = 0 ; i.e.  6 {y  + 5)  {y - 3)  = 0; 

.\  ?/=  - 5,  or  3.  If  y — - 5,  x = 2 + y — - ; and  if  y — 3,  x = 2 + y = 5. 

3.  From  I,  x=7-y;  hence  (7 -y)3  + ys  — 91, 

whence  21?/ 2 - 147?/  + 252  = 0;  i.e.  21  (y  - 3)  (y  - 4)  = 0 ; /.  y = 3,  or  4. 

If  ?/  = 3,  x = 7 - ?/  = 4;  and  if  y — 4:,x  — 7-y  = 3. 


4.  From  I,  x = l - y;  hence  (1  -y)3  + y3  = 61, 

whence  3y2-3y  - 60  = 0,  i.e.  3 (y  - 6)  (y  + 4)  = 0; 

.*.  t/  = 5,  or  -4.  If  y— 5,  a;  = l -?/  = -4;  and  if  ?/=  -4,  a;  = l-?/  = 5. 

_ xA  + x2y2  + y 4 91  ...  ..  „ /TTT. 

5.  —5 - = rn  5 '<•  e.  a:-  - xy  +y2=  7.  (HI). 

x2  + xy  + y2  13’  J J v ’ 

(I  + III);  2x2  + 2y2=20;  :.x2  + y2  = 10.  (IY). 

(I -III);  2a#  = 6.  (V). 

(IV  + V);  (a;  + ?/)2=16;  .\  x + y=  + 4. 

(IV  — Y) ; (a:-?/)2=4;  x-y=± 2. 

From  x + y=  4,  x - y=  2,  we  obtain  x = 3,  y — 1. 

Froma;  + ?/  = 4,  x-y  — - 2,  a;|||  1,  7/=  3. 

From  a;  + ?/  = -4,  x-y  = 2,  a;  = - 1,  ?/  = -3. 

From  x + y—  - 4,  x-y=  - 2,  a;=  -3,  y=  - 1. 


6. 


xi  + xhf  + y^  — “+Z  ■ i.e.  x2  + xy  + y2= 27.  (Ill) . 
x2-xy  + y2  n 


243 

9 


(III  + 1) ; 2a;2  + 2#2=36;  /.  a;2  + ?/2  = 18.  IV. 

(Ill -I);  2a#  = 18.  Y. 

(IV  + V);  {x  + y)2=39;  .-.  a;  + ?/  = ±6.  YI. 

(IV  - V) ; (a;  - ?/)2=  0,  .\  a;=#,  whence  and  from  VI,  2y=  ± 6 : 
?/  = ±3,  and  x = y=± 3. 


7.  (11+1x3);  a:3  + 3a:2?/ + 3a:?/2 + ?/3  = 280 + 720; 

i.e  [x  + y)3—  1000 ; x + y — 19,  and  x=10-y. 

Substitute  in  I ; then  10 y (10  - y)  = 240 ; -y2  + 10 y -24  = 0; 

whence  y = 6,  or  4.  If  ?/  = 6,  x = 10-?/  = 4;  and  if  y — 4,  x =10-?/  = 6. 
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8.  (II- 1x3);  x3 - 3x2y  + 3xy2  — 1/3=  63  - 86 ; 

i.e.  (x-y)2  — 27,  x-y  = 3,  and  ,\  x=S  + y. 

Thus,  from  I,  3 y (3  + y)  = 12 ; y2  + 3y  - 4 = 0,  whence  //  = 1,  or  - 4. 

If  ?/  = 1,  x=3  + y = 4-,  and  if  y—  -4,  x = 3 + y=  - 1. 


9.  We  have  (- 
\x 


iY 

■y/ 


) =4,  i.e.  — 
' a;2 


2 1 , 

h — 4. 

xy  y2 

Hence,  from  II,  — =16;  /.  + — + ^ = 36. 

xy  x 2 xy  y- 

11  112  2 

Hence  - + - = ±6;  which  with — 2 gives  - = 8 or  -4,  and  - =4  or 

x y x y x y 

- 8,  &c. 


10.  We  have- + 1 = 1 and  f- + -^  f- + -^  = 5, 

x y \x  y)\x  y) 

1 1 „ 

ince  - + - = 5 ; 
x y 

'■ 3(H) 


Hence  - + -=  5 ; whence  -=  - 4,  and  then  1 = 9. 
x y x y 


11 


5 _ 2.  2 4_  1 _ 5 _ Q 

x 2 xy  if'  " x2  xy  if~' 


£,  (‘  .v)f  Vh  o. 

y)  \x  y) 


u?-Lo,  H ! + 5=0,  » 

a:  y a;2  x2  x y x- 


4 V 


=■1,  &c. 


2 1 1 ■ 

t.  e.  o H 0=0, 

a;2  xy  y~ 


12-  3(H)=HH 

’.’if  ^ O. 

\*  y/  V*  y) 

If  l + I=o,  -2-A=3,  &c. 

a;  y * 4a:2 

If  - - 1 = 0,  \ - -^=3.  [This  shews  that  1 is  infinite,  see  Treatise  on 
xyxixi  x 

Algebra,  Arts.  122  and  123.] 

13.  From  II,  (xy  + 1)  (xy  + 12)  = 0 ; /.  xy  - - 1,  or  xy  = - 12 ; 

1 12 

i.e.  x=  — , or  x= . 

y V 

Thus,  from  I,  (i)  if  aBS- 1,  -1+^  = 1,  -1  +y2  = y\ 

whence  y = 1 ± ; and  then  a;  = ^ + 


....  12  12 

(n)  if  x—  — , h?/  = i; 

y y 


12  + y2=y, 

whence  y~  4,  or  - 3.  And,  from  I,  if  y = 4,  a;=  - 3 ; if  y «=  - 3,  x= 4. 
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14.  From  II,  x2y2  + Axy  - 12  = 0,  whence  xy—  - 6,  or  xy  — 2 ; thus 

6 2 

x= — , or  a;  = - . 

y y 

6 6 

(i)  Ifa;=--,  ~-  + y= 5,  /.  - 6+y2=5y,  whence  y = 6,  or  - 1. 

And,  from  I,  if  y = 6,  x=  -1;  and  if  y—  - 1,  a;  = 6. 

2 2 5 JYl 

(ii)  If  x=  - , — hi/  = 5,  2 + y2=5y,  whence  y=  - 5 


y V 


whence 


- 5 J17 


15.  Add;  then  .r2- 2xy  + y2  + y - a;  = 6;  i. e.  (y  — x)2  + (y -x)  - 6 = 0 ; 
whence  (y-x)  = 2 or  -3;  thus?/  = a;  + 2,  or  y — x-  3. 

Thus,  from  I,  (i)  if  y = x + 2,  x2-x  (x  + 2)  + a;  + 2 = - 6; 
whence  #=8;  .\  y = x + 2=10. 

And  (ii),  if  y = x-  3,  a:2-a:(a;-3)  + a;-3=-6; 

whence  a;=-f;  /.  ii  — x-  3= 


16.  Add;  then  x2  + 2xy  + y2-x~y  = 6 ; i.e.  (x  + y)2  - (x  + y)  - 6 = 0; 
whence  (x  + y)  = 3 or  x + y = - 2;  whence  y = 3-x,  or  y — -2-x. 

Thus,  from  I,  (i)  ify  = 3-a;,  x2  + x (3  - x)  - (3  - a;)  = 9, 
whence  x — 3,  :.y  = 3-x—0. 

And  (ii),  if  y—  - 2-x,  x2  + x (-2  - a;) - (-  2- a;)  = 9, 

whence  x=-l,  ;.y=-  2-x=5. 


17.  Multiply  by  y and  x respectively,  and  subtract;  then  0 = 3 y- 


whence 


4a: 


Thus,  from  I,  a;  + j-  = 3;  whence  4a:3- 12a: + 9 = 0,  i.e.  (2a;-3)2=0, 


whence 


3 4a:  2 

X~2’  V~  9 ~3' 


_ T TT  • rw  7a;  49a; 

18.  I x y - II  x x gives  0 = -- ; whence  y = _ - . 

7 4 iZ 

72  18 

Then,  from  I,  x+  — = — ; whence  49a:2- 126a: + 72=0  ; 

49a:  7 

6 12  49r  7 7 

i.e.  (7a;- 6)  (7a:- 12)  = 0;  x=~,  or  — . Thence  y = ^ , or-. 
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19.  5 (2a;2  - xy  + y2)  = 2 (2a;2  + 4a;y) ; /.  6a;2  — 13xy  + 5y2  = 0 ; 

3x 

i.e.  (2x  - y)  (3x  - 5y)  = 0 ; /.  y — 2x,  or 

Then,  from  II,  (i)  if?/  = 2a;,  2a;2  + 8.r2=10.r,  whence  x = 0,  or  1; 

thence  y=2x=0,  or  2. 

....  T.  3a;  „ 12a;2  , 15 

(n)  If  2/  = -g-  > 2a;2  + -^-=3x,  whence  x = 0,  or  — ; 

.,  3a;  9 

thence  y =—  = 0,  or  — . 

20.  2 (a;3  + 1)  - 3 (a;2  + a;)  = 0 ; i.e.  (*  + 1)  {2  (x2-x  + l)  - 3a;}  = 0; 

i.e.  (x  + 1)  (2a;  - 1)  (a;  - 2)  = 0 ; as= -1,  ~,  or  2. 

Then,  from  II,  y = ^f^=0,  l,  or  1. 

o o 

21.  1x3-11x2  gives  y3=  -27;  :.y=-  3; 

whence  2a;3-  135=115 ; x=5. 

22.  From  II,  xy=  ±20.  Then,  from  I,  x+y=  ±9. 

20 

Hence  a;  ± — = ± 9 ; .*.  a;2  =f 9a; ±20  — 0. 

x 

If  x1  - 9a;  + 20  = 0,  a;=4  or  5;  and  then  y — 5 or  4. 

If  a;2  + 9a; -20=0,  x=  - ^ ± ^161 ; and  then  y=  - 1 ^ 

xi  + x2y2  + yi  _ 91  . • x2  + xy  + y2  _ 13 
(x2  - xy  + y2)  (x  - y)2  28’  %'e'  (x-y)2  4 

.-.  4 (x2  + xy  + y2)  — 13  (a;  - y)2 ; whence  - 9a;2  + 30 xy  - 9y2  = 0 ; 
whence  x = 3y  or  3 x—y. 

Then,  from  I,  (i)  if  x=3y,  8ly4  + 9yi  + y*=9l,  :.  ?/4=  1,  /.  a/!=±  1; 

±1  or  ± ^/-  1 ; and  then  a;=  ±3  or  ±3  - 1. 

Similarly,  if  y — 3x,  x=  ±1  or  ± J - 1 ; and  then 
y=  ±3  or  ±3  >/-  1. 

24.  Multiply  the  first  equation  by  7 and  add  the  second ; then 
10a;2  + 20a^  + 10j/2  + 30(a;  + 2/)  = 100;  x2  + 2xy  +y2  + 3 (a;  + j/)  = 10; 

.•.  (x  + y)2+3  (x  + y)  - 10=0;  whence  x + y — - 5,  or  2, 

Now  proceed  as  in  Art.  156. 
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25.  By  subtraction, 


x _ y _ 5 
y x~  6 ’ 


6a;2  - 6 y2=  5 xy,  whence  (2a;  - 3 y)  (3a;  + 2 y)  = 0,  thus  x = , or  x = - 


Then,  from  I,  (i)  if  a;  = ^,  (jpj  y + | = |, 


whence 


whence 


, 1 3m  1 

,=  ±3’and  * = 


(ii)  If  *=  ( - 2y)  whence  y!+^=0, 

...  a/__Vr ii 


^ a;  5 

26.  1 ~ ; which  reduces  to  a;2  ; whence  a;=  . 

?/  1 20  4 2 

x xy  3 

Thus,  from  II,  (i)  if  a;  = i = ~ , whence  3 y2  - lOy  + 3 = 0, 

Jj  £t\J  O 


whence 


y = S or 

(ii)  If  s=A,  -|-4  = |,  whence  - - 10;/  - 3=0, 


whence 


y=  - or 


27.  From  II,  xy  ~ ay  -bx  — 0 ; from  I,  y = ^ ; 


thus 


(ax\ 

U)-“ 


- bx  = 0; 


x (ax  - a2  - b2)  — 0 ; a;  = 0,  or  a --  . Hence  y — ~i=0,  or 

28.  From  I,  fcy  = b2+a  (a;  - a) ; and  from  II,  x (by)  = abx  + b (by) ; 
whence  x {b2  + a(x  - a)}  — abx  + b {b2  + a (x  - a)} ; 

whence  ax2  + ( b 2 - 2ab  - a2)  x-b  (b2  - a-)  = 0 ; 

i.e.  {ax  - b (a  - b)}  [x  - (a  + b)}  = 0; 


thus  x=-(a-M,ora  + t.  Substitute  for  y. 
a v ' 
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62  a2 

29.  We  have  a; —a-  b,  and  ?/  = — -a  + b. 

y x 

Hence  x~  — — — a-b; 

--a  + b 
x 

whence  x {a2  - (a-b)  x}  - b2x  = (a  - b)  {a2  ~(a-b)x}  ; 

(a  - b)  x*- 2a  (a- b)  x+  (a- b)  a2=0;  .’.  x2-2ax  + a2=0,  whence  x = a. 

_ Q|2 

Then  y = a + b = b. 

x 


nn  (zx)  (XV)  9 x 16  . 9 .. 

30.  ESr  x 1 - — y~  ; z.e.  x2-S&;  s=±6. 

yz  4 

Then,  from  II,  2 = -^-=  and  from  III,  w = 

±6  2 ; ± 6 


8 

3' 


31.  (x2yz)  ( y2zx ) (z2xy)  = 6 x 12  x 18 ; i.e.  x4yizi=G4 ; 

x2y2z2=  ±62 ; ,\  xyz=  ±6  or  ±6>/-l. 

Then  we  have  x=—  = ±1  or  x=  ± - , ^ „•  = =f iJ  - 1,  &c. 
xyz  J - 1 

32.  x(x  + y + z)+y  (x  + y + z)+z  (x  + y + z)  = 8 + 12  + 5; 

i.e.  (x+y  + z)2=25 ; ,\  x + y + z==  ±5 ; 


from  I,  x — 

x + y + z 

and  from  III, 


_8_ 

±5 


±8; 

5’ 


, TT  12  12 

from  II, 


33.  We  have  xy + xz  = 6,  yz  + yx=12,  xz  + yz  = 10. 
Hence  12  + 10-6  = 2 yz;  yz  = 8. 

Then  xz  = 2and.r/  = 4. 

Hence  s«xs!/-r)/z  = l,  i.«.  a;2=l  ; ,\  x=  ±1,  &c. 


34.  Ey  continued  multiplication 

(x  + y)2  (x  + z)2(y +z)2  = 2x3x6;  .-.  (x  + y)  (x  + z)  (y  + z)  = ± 6. 
Hence  y + z—  ±3,  x + z=  ±2,  x + y=  ±1. 

[All  the  upper  signs  or  all  the  lower  signs  being  taken.] 

These  last  equations  give  x=0,  y=  ±1,  z=  ±2. 
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LII.  Pages  197—199. 

1.  Let  x and  8®  be  the  numbers.  Then  x x 3#  = 248 ; a;2=81,  &c. 

2.  Let  x,  18  - x be  the  numbers.  Then  x (18  -x)  = 77,  &c. 

3.  Let  x,  x + 20  be  the  numbers.  Then  x2  + (a;  + 20)2=650,  &c. 

4.  Let  x and  25  - x be  the  two  parts.  Then  x (25  -x)  = 156,  &c. 

5.  Let  x,  and  80  - x be  the  two  numbers.  Then  x2  + (80  - x)2  = 3208. 

6.  Let  x be  the  number.  Then  (36  - x)  (30  - x)  = 891,  &c. 

7.  Let  the  length  be  x yards  and  the  breadth  x - 10  yds.  Then  the  area 
will  be  a;  (a; -10).  Hence  x (x  - 10)  = 1131,  whence  a;  = 39  [a- =-29  being 
inapplicable]. 

8.  Let  x be  the  number,  then  the  reciprocal  is  - . Hence  we  have 

K)H)=* 

4x 4 - 15a;2  -4  = 0,  i.  e.  (x2  - 4)  (4a;2  + 1)  = 0. 

Hence  x—  ±2  [the  imaginary  roots  - 1 being  inapplicable]. 


9.  If  x balls  can  be  bought  for  20s.,  125  balls  cost 
125  x 20 


125  x 20 


Hence 


x 

plicable]. 


a;2  = 2500.  Hence  a;=50  [the  negative  root,  -50,  is  inap- 


12  x 27 

10.  If  x eggs  cost  12  pence,  27  eggs  will  cost  — - — pence.  Hence 


12x27 


x2 =324.  Hence  a;  = 18. 


11.  Let  one  cask  have  2a;  gallons  of  water  and  the  other  x gallons  of 
wine.  Then  after  the  transfers  one  cask  will  have  2a;  - 6 gallons  of  water 
and  6 gallons  of  wine,  and  the  other  will  have  6 gallons  of  water  and  x - 6 of 
wine.  Hence  2a;-6:6  = 6:a;-6.  Hence  (2a;  - 6)  (x  - 6)  = 36,  &c. 

12.  Let  x be  the  number  of  persons  originally.  Then  each  should  have 

paid  — shillings,  but  each  did  pay  . Hence  — = - 1 ; 

r x x-4  x x-4 

80  (x  - 4)  = 80a;  - x (x  - 4) ; .-.  x2  - 4x  - 320  = 0,  i.  e.  (x  - 20)  (x  + 16)  = 0. 
Hence  a;  = 20  [the  negative  root  being  inapplicable]. 

240 

13.  I jet  .r  be  the  number  of  articles ; then  each  cost  pence.  Hence 
{^9 + 2^  (x- 2)  =252;  .-.  240  + 2a;- ~ -4=25.2; 


whence 


x2  -8a;  -240=0  &c. 
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14.  Let  x be  the  number  of  shares ; then  each  cost  — — pounds.  Also 
x-  15  were  sold  for  £1740 ; hence  each  was  sold  for  pounds.  Hence 

we  have  + 4 ; ,\  1740^=  1875  (x  - 15)  + 4.r  (x  - 15),  whence  x'—75 

[or  x—  - 93f  which  is  inapplicable]. 


15.  Let  x be  the  number  of  minutes  in  which  they  could  row  the 
distance  in  still  water.  And  let  d yds.  be  the  distance.  Then  their  pace  in 

still  water  is  - yds.  per  minute.  Also,  from  the  question  it  would  take  them 
x 

x + 7 minutes  to  drift  down  the  d yds.  -with  the  stream.  Thus  the  pace  of 
the  stream  is  - yds.  per  minute. 

against  the  stream  their  pace  is  ^ yds.  per  minute;  but  they  row 

the  distance  against  the  stream  in  minutes ; thus  their  pace  against  the 

stream  is  ^ yds.  per  minute. 

8f 

Thus  we  obtain  the  equation 

d _ _d_  _dLt  . Id  _ 7 d 
x x + 7~8$’  ' x (x  + 7)  ~ 60  ’ 

whence  a;  (a; -f  7)  = 60 ; x2  + 7x- 60  = 0;  i.e.  (x  + 12)  (a;  - 5)  = 0 ; 
whence,  rejecting  the  negative  root,  x = 5. 

With  the  stream,  their  pace  would  be  yds.  per  minute, 

. d d , . , . 17d 

l’e‘  5 + 12 yds' per  mmute’  l'e‘  go  ; 

at  which  pace  they  would  row  d yds.  in  , i.  e.  in  ^ minutes. 

60 


16.  Let  speed  of  the  current  be  x miles  an  hour.  Then  against  the 

stream  their  pace  is  8 - x miles  an  hour ; thus  they  row  8 miles  in  - hrs. 

8 — x 

With  the  stream  their  pace  is  8 -fa;  miles  an  hr.;  they  row  8 miles  in 
fe— - hrs.  But  the  whole  journey  takes  2§  hrs.  Hence  the  equation 


8 

8 - a; 


8 

8 + a; 


— 2§,  &c. 


K.  S.  E.  A. 


JO 
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17.  Let  the  faster  travel  x miles  an  hour;  then  it  runs  36  miles  in 
36 

— hours.  The  other  travels  .t-15  miles  an  hour;  it  runs  36  miles  in 
x 

36  36  36  1 

hours.  Whence  the  equation  — = - - ; /.  x-  - 15x  - 2700  = 0 ; 

a;- 15  x x- 15  5 

whence  a;  = 60.  [The  negative  root  is  to  be  rejected.] 

18.  Suppose  that  he  walked  x miles  per  hour  originally.  Then  the 

time  actually  taken,  in  hours,  was  - -f -.  Hence  -4 -=---; 

x x + 1 x a:  + l x 2 

H - - = - ; whence  x=5.  Then  the  time  in  hours  = ^ + ^ = 14. 

x a + 1 2’  3 4 0 


19.  Let  A and  B do  the  whole  together  in  x days.  Then  A will  do 

- the  work  in  x - 1 days,  and  ,\  A does  5—. of  the  whole  in  a day. 

2 2 (#  - 1) 

Similarly  B does  -r  of  the  whole  in  a day.  But  between  them  they  do 

2(x  + 2) 

- of  the  whole  in  a day. 
x 


Hence 


1 


2 (x  - 1)  2 (x  + 2)  x 


1 = -;  whence  * = 4. 


12 


20.  Let  x shillings  be  the  original  price  per  dozen ; then  — x 21  could 
12 

be  bought  for  a guinea.  Also  x 21  can  be  bought  at  the  new  price. 

12  12 

Hence  — x 21  = 5x21  + 7; 

x a + 3 

— — „ = 1 ; .\  x (x  + 3)  = 108,  whence  x = 9. 

x x+5  ’ \ > 


12 


21.  Let  the  original  price  be  x pence  for  12  eggs,  that  is  Id.  for  — eggs, 


144 


144 


or  12d.  for  — — eggs.  At  x - 1 pence  for  12  eggs,  12d.  would  buy  - — ^ 
and  this  number  of  eggs  exceeds  the  former  by  2. 

144  144 


Hence 


Hence 


a;-  1 


2;  144  = 2* (a- 1); 

x2- x- 72  = 0,  i.e.  (a-9)  (a+8)=0. 
* = 9. 


36 


22.  Suppose  she  bought  x dozen  for  36d.,  tnat  is  1 dozen  for  — d. 

If  x-1  dozen  had  cost  36d.,  1 dozen  would  have  cost  d.  Hence 

x-  1 

= — + 3,  whence  x2  -x  - 12  = 0,  i.e.  (x-  4)  (re + 3)  = 0.  Hence  x = 4. 
x-1  x 
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23  Let  the  prices  for  14  lbs.  be  x pence  and  (a; + 21)  pence.  Then  for 
, , 14x240  , 14  x 240  , , . 

240  pence  can  be  bought pounds  and  ^ i 01  pounds  of  the  two 


a;  + 21 


kinds  respectively.  Hence 


14  x 240  14  x 240 


+ 8, 


x x + 21 

whence  x (x  + 21)  = 21  x 420,  i.  e.  (x-  84)  (x  + 105)  = 0. 

Hence  x = 84  [the  negative  root  being  inadmissible]. 

24.  Let  x apples  cost  12  pence;  then  1 apple  costs  ^ pence,  and  12 


144  144 

apples  cost  — pence.  Hence — = 2a;  + 2: 


a;2  + a;  - 72  = 0,  whence  x — 8. 


25.  Let  A’s  share  be  £x;  then  B’s  share  will  be  £(x  - 5).  In  A’ s share 
there  are  20x  shillings;  thus  C has  20a;  times  B's  share,  i.e.  £20a;(a;-5). 
Whence  the  equation  x + (x  - 5)  + 20a;  (x-  5)  = 1015;  10a;2  - 49a;  - 510  = 0; 

i.e.  (x-  10)  (10a;  + 51)  = 0;  whence,  x — 10;  thus  A’s  share  is  £10,  B’s  £5,  and 
<7’s  £1000. 


26.  Let  x be  one  fraction ; since  their  sum  is 
since  their  difference  = their  product,  we  have 

6a;2  + lx  - 5 = 0 ; 


the  other  is  -x  - x ; 

b 


7 5 

whence  a;2  + ^ a;  --.  = 0 

6 6 


1 

X^2 


27.  The  two  men  walk  between  them  25  miles  in  5 hours,  that  is  5 
miles  an'  hour.  Hence  if  one  walk  x miles  per  hour,  the  other  must  walk 

5-x  miles  per  hour;  and  they  will  walk  1 mile  in  — and  minutes 

60  60  a;  5 -a; 

respectively.  Hence  ^ = 18,  whence  3a;2  + 5a;  - 50  = 0.  Hence  x = 3£ 

[the  negative  root  being  inapplicable],  and  5-.t  = 1£. 

28.  Let  the  number  of  men  in  the  depth  of  the  column  be  x ; and  in 

sc  1 

its  breadth  thus,  in  the  column  there  will  be  -x2  men.  Thus,  by  the 

question,  in  the  hollow  square  there  will  he  — - 206  men. 

By  the  question,  the  number  of  men  in  the  outer  side  of  the  hollow 
square  is  x.  Now  if  we  place,  in  the  middle  of  the  hollow  square,  a solid 
square  of  men  with  x - 6 in  a side,  we  should  just  fill  it  up  and  thus  form  a 
solid  square  with  x men  in  a side.  This  solid  square  would  contain  a;2  men, 
and  the  number  of  the  men  introduced  to  fill  up  the  hollow  square  is  ( x - 6)2. 
Thus  the  hollow  square  itself  contains  x2-(x-  6)2  men,  i.  e.  12x  - 36. 

Whence  the  equation  ^ - 206  = 12a;  - 36 ; 

a;2 -24a; -340  = 0;  i.  e.  (x  - 34)  (x  + 10)  = 0 ; a;  = 34. 

Thus  the  number  of  men  in  the  column  is  %x2  = 578. 


10—2 
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29.  Let  the  lengths  of  its  sides  he  x and  y inches  respectively.  Then 
we  have  xy  = (x-  6)2  and  xy  = (x  - 2)  (y  + 1). 

The  second  equation  reduces  to  x - 2y  = 2 ; .-.  y — ^(x-2). 

Hence  x = (x  - 6)2; 

whence  x2—  22a:  + 72=0;  i.e.  (x~4)(x-  18)  = 0;  .-.  .r  = 4,  or  18. 

/p 2 

If  a;  = 18,  y = — 2~  = 8.  [The  solution  x = 4,  y = l must  be  rejected,  for 
we  could  not  have  a square  whose  side  was  shorter  than  4 inches  by  6 inches.] 

30.  Let  x,  x t-  35  be  the  two  sides ; then  the  square  on  the  diagonal  is 

x2  ~f~  (x  35)2. 

Hence  x + 35  + /K/{x2+(x  + 35)2}  — 5x;  x2+(:r  + 35)2  = (4:r-35)2; 

whence  x =25,  and  x + 35  = 60.  Hence  area  = 60  x 25  sq.  yds. 

31.  Let  the  longer  side  be  x yards,  and  the  shorter  y yards.  Then 

{x-3){y-l)  = ^xy,  and  {x  + 9)  {y -2)=xy. 


.*.  xy  - Gy  - 2x  + 6 = 0,  and  9y-2a;=18. 
Proceed  as  in  Art.  156. 


32.  Let  A,  B,  C,  D travel  at  the  rate  of  a,  b,  c,  d miles  per  hour  respec- 
tively; and  let  x be  the  distance  from  P to  Q. 

Then  A goes  120  miles  while  C goes  x - 120  miles, 


and  A ... 

140 

D .. 

. x - 140 

Also  B ... 

.r  - 126 

C .. 

. 126 

and  B ... 

X 

2 

I)  .. 

X 

2 

„ 120 

Hence = 

a 

x - 120 

140  .r  - 140 

120  c 

c 

’a  d ’ 

140  d 

x- 126 

Also r- 

0 

126 
c ’ 

and  b — d ; :.  - 

x - 126 
126  ' 

Hence 

whence 


120  x - 120  x - 126 
140  “ x - 140  X 126  ’ 

x2  — 354a;  + 30240  = 0,  i.e.  (x-  144)  (x  - 210) =0. 


MISCELLANEOUS  EXAMPLES.  IV.  Pages  199—203. 

A.  1,  2x  ~[3x  - 9y  - {2x  - 3y -x  - 5y}]  = 2x  - [3x  - 9y  - {x  - 8y}] 

— 2x-  [3x  - 9y  - x + 8?/]  — 2x-  [2x  -y]  — 2x-2x  + y = y. 
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2.  a* 2  + 5a&  - 2ac  + 2562  + 106c  + 4c2 
a - 5b  +2 c 

<r  + 5a26  - 2a'2c  + 25 ah2  + 10 abc  + 4ac~ 

- 5a2b  - 25a62-f  lOafcc  - 12563  - 80 62c  - 206c2 

+ 2a2c  + 10a6c-4«c2  + 5062c  + 206c2  + 8c3 

Tr5 6  + 30  abc  - 12563  + 8c~3 

3. 

(a  - 26) ) a3  + (4a6  -b2)x-  (a  - 2b)  (a2  + 362)  ( x 2 + (a  -2b)x  + (a2  + 362) 

' x 3 - (a  - 26f|^i  B fH  HI  if 

(a  - 26)  jc2  + (4a6  -b2)  x-  (a-  2b)  (a2  + 362) 

(a  - 26)  x2  - (a2  - 4a6  + 462)  x 

(a2  + 3b2)  x - (a  - 2b)  (a2  + 3 b2) 

(a2  + 3b2)  x-(a-  26)  (a2  + 362) 

4.  (i)  {(2a;  + y-z)-(a;  + 2y  + 4z)}{(2a;  + a/-2)  + (a;  + 2?/+4z)} 

= {x-y-5z)  {3x  + 3y  + 3z}  =3  {x  - y -5  z}  (x  + y + z). 

(ii)  a;2  (y2  - 1)  - (y2  - 1)  = (a:2  - 1)  [y2~  l)  = (x- 1)  (||  1)  (y  - 1)  (y  + 1). 

(iii)  x2z  ( y2z  - 1)  - ( y2z  - 1)  = (x2z  - 1)  ( y2z  - 1). 

5.  (i)  Find  the  h.c.f. 

x3  + 4a;2  - 8a;  + 24  ) a;4  - x3  + 8a;  - 8 ( x - 5 
x4  + 4x3  - 8x2  + 24x 

- 5x3  -f  8a;2  - 16a;  - 8 

- 5a:3  - 20a:2  + 40a;  - 120 
28  ) 28a:2 -50a: + 112 

x2  - 2x+  4)a;3  + 4a;2-  8a;  + 24(a;  + 6 

x3  - 2x2  4-  4a: 

6x2-12x~+2i 
6a;2  - 12a:  -f-  24 

Whence,  by  division,  we  find 

x3  + 4a:2  - 8a;  + 24  _ (x  + 6)  (x2  - 2a:  + 4)  _ 

8 - 8a;  + x3  - x4  (2  - x - x2)  (x2  - 2x  + 4)  C’ 

..  ( x -l)2-2(x-  2)2  + (x  - 3)2  _ x2  - 2x  + 1 - 2a;2  + 8a;  - 8 + x2  - 6a;  + 9 
(U)  (a;-l)(a;-2)  (a: -3)  ” (*-1)  (x  - 2)  {x  - 3) 


(a:  — 1)  (*  _ 2)  (x  — 3)  ’ 

6.  (i)  Multiply  by  (x  -a)(x-  b)  (x  - c)  ; then 

(x  - b)  (x  - c)  + 2 (x  - a)  (x  - c)  = 3 (x  - a)  (a;  - b) ; 
i.  e.  x2  -bx  - cx  + bc  + 2x2  - 2aa;  - 2ca;  + 2ac  = 3a:2  - 3aa;  - 36a:  + 3ab  ; 

whence  ax  + 2bx -3cx=3ab -2ac -bc\  whence  x = _ 

a + 26  - 3c 

(ii)  By  inspection,  (4a:  + 3) (x  - 7)  = 0,  &c. 
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.....  1 1 x + y , . , o 

(in)  x + y = - + - = — —I:  .'.  xy  = l.  Also  x + y = ~. 

J x y xy  J J 2 

15  1 1 

Hence  x + - = - . Whence  i=2  or  - , and  then  ?/=  - or  2. 

x 2 2 J 2 


+!»  which  can  never  be 
positive  quantity. 

8.  Let  x,  and  x + 1 be  the  numbers.  Then  (x  + 1)3  - x3=  919  ; 
whence  3x2  + 3x-  918  = 0,  i.e.  3 (x  + 18)  (x  - 17)  = 0. 

Hence,  rejecting  the  negative  root,  ar  — 17. 


7.  x*-5x+7  = (x~y  + T-(^y=(x 
3 / 5\2 

less  than  - , since  ( x - - j is  either  zero  or  a 


B.  1.  x3  + 9x2  + 27x  + 27-3(x3  + 6x2+12x  + 8)  + 3(x3  + 3x2  + 3x+l)-x3  = 6. 

2 . (x  - a)2  + (y  - b)2  + (a2  + b2  - 1)  (a;2  + y2  - 1) 

= x2 -2ax  + a2  + y2-2by  + b2  + (a2  + b2 -1) x2  + (a?  + b2-  1)  y2-  ( a2  + b 2-  1) 
=x2  (a2  + b2)  +y2  (a2  + 52)  - 2ax  -2by  + 1. 

Again,  (ax  + by -l)2  + (bx  - ay)2 

= a2x 2 + b2y2  + 1 + 2 abxy  - 2 ax  - 2 by  + b2x2  - 2 abxy  + a2y2 
= a;2  (a2  + b2)  + y2  {a2  + b2) -2ax -2by  + l. 

3. 

2 - 2ax  + a2  ) x6  - 2 a3x3  + a6  ( x 4 + 2ax3  + 3a2x2  + 2a3x  + 

x 6 - 2 ax5  + a2x4 

2ax5  - a2x 4 - 2 a?x?  + a6 

2ax?  - 4a2x4  + 2a3x3 

3a2x4  - 4a3x3  + a6 

3a2x4  - 6<x3x3  + 3a4x2 

2a3x3  - 3a4x2  + a6 

2a3x3  - 4a4x2  + 2 a5x 

a4x2  — 2a5x  + a6 
a4x 2 - 2a5 x + a6 

Or  thus ; (x3  - a?)2~ (x  - a)2  = { (x3  - a3)  -f- (x  - a) } 2 = (x2  + ax  + a2)2 = &c. 


4.  8x3  + 27  = (2x)3  + 33=(2x  + 3){(2x)2  - 3 (2x)  + 32}  = (2x  + 3)  (4x2  - 6x  + 9) ; 
16x4  + 36x2  + 81  = (4x2  + 9)2  - 36x2 { (4x2  + 9)  - 6x}  { (4x2  + 9)  + 6x} 

= (4x2  - 6x  + 9)  (4x2  + 6x  + 9) ; 

6x2  - 5x  - 6=  (2x  - 3)  (3x  + 2). 

Thus  l.  c.  m.  = (2x  + 3)  (4x2  - 6x  + 9)  (4x2  + 6x  + 9)  (2x  - 3)  (3x  + 2) 

= (8x3  + 27)  (8x3  - 27)  (3x  + 2)  = (64x6  - 729)  (3x  + 2) . 
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Thus 


,.  2 1 _2(a  + l)-(a-l)_a;  + 3 

(1)  35-1  35+  1 _ (35  — 1)  (35  + 1)  X2  - 1 ’ 

2 1 35  + 3 _ 35  + 3 35  + 3 

oT+L  35+  1 fl52  + 1 ~ 352  - 1 352  + l 

(35  + 3)  (352  +1)  — (35  + 3)  (x2  — 1)  2(35  + 3) 

(352  -l)(352+l)  “ 354  -l  ' 

{(a  + 6)2  + (a  + 6)c  + c2}  {(a  + 6)  -c}  {(a  + 6)  + c[  ^ 

11  {(a  + 6)-c}  {(a  + 6)2+(a  + 6)c  + c2[  {(a  + 6)  + c}  — 

6.  (i)  6 + llx-2x2  + 3x2  + 15x=x2  + 2x  + l- x;  2535=-  5; 

1 

" X~  ~ 5 ’ 

(ii)  0352  + 735-  160  = 0;  i.e.  (535  + 32)  (35- 5)  = 0,  &c. 

(iii)  3 (x2  + xy)  = 10  (y2  - xy);  whence  3x2  + 13xy  - 10?/2=0; 

2y 

i.e.  (3x-2y)(x  + 5y)  = 0;  35= , or  35= -5 y. 

From  II,  if  x=~,  y2-^~  = 3;  3y2  - 2y2—9 ; whence  y—  ±3; 

2y 

and  /.  x = -^-=  ±2. 

1 5 

If  35=  -5y,  y2  + 5y2=3;  whence  y = ± -j-  ; and  x—  -5 y= 

7.  If  a and  /S  are  the  roots,  a + /3  = 5,  a/3  = 2;  (§  150) 

thus  a2  + ^2  = (a  + /3)2  — 2a/3=25  — 4 = 21. 


8.  Let  3;  and  35  + 360  be  the  number  of  tickets  for  reserved  and  un- 
reserved seats  respectively.  Then  the  respective  costs  of  a ticket  are 
, 1200  TT  1200  1200  0 * 
and  —-Kah  • Hence  = + 3 ; 

35  + 360  35  35  + 360 

352  + 36035 -144000  = 0,  i.e.  (35 - 240)  (35  + 600)  = 0. 

Hence  35  = 240  [the  negative  root  being  inadmissible];  and  the  total 
number  of  tickets  sold  = 240  + 600. 


C.  1.  12a  - 3 {6  - 2a  + 66  - 2a}  = 12a  - 3 {75  - 4a} 

= 12a  - 215  + 12a  = 24a  - 216. 

2.  {(a3  - a62)  + (2a26  + 263) } {(a3  - a62)  - (2a26 + 263)} 

= (a3  - db2)2  - (2a26  + 263)2=  (a3  - 2a462  + a2 64)  - (4a462  + 8a264  + 466) 
= a6  - 6a462  - 7a264  - 46®. 
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3.  - 4a;2  -xy  + 2y2 ) 24.x4  - 10 xhj  - Sx2y2  + 10 xy3  - 4 y4  ( - 6a;2  + 4 xy  - 2 yr 

24x4+  6x3y-12xY 

- 1 Gx3y  + 4x'2y‘2  + 10 xy3  - 4 y4 
-16 x3y  - 4x2y2  + 8 xy3 

8 xhy-+  2xyi  - 4y4 
8 xPy2  + 2x'y3-4y4 

4.  4 (ab  - cd)2  - (a2  + b2  - c2  - d2)2 

==  {2  ( ab  - cd)  - (a2  + b2  - c2  - d2)}  {2  (ab  - cd)  + (a2  + ft2  - c2  - d2)} 

= { (c2  - 2cd  + d2)  - (a2  - 2ab  + b2) } { (a2  + 2ab  + b2)  - (c2  + 2cd  + d2) } 

= { (c  - d)2  - (a  - b)2}  {(a  + b)2  - (c  + d)2} 

= {(c-d)-(a-b)}{(c-d)  + (a-b)}{(a  + b)-(c  + d)}{(a  + b)  + (c  + d)} 

= &c. 


y - x 
a:  + f 

1+xy 

|3' + 1 + a;?/}  ^ + xy}  x(l  + xy)  + (y-x) 

x x(y-x) 
1 + xy 

N ^(y-g)j  (i  | » (1  + xy)-x(y-x) 

1 1+xy  j 

_ x2y  + y_(x2+l)y_ 
1 + a:2  a;2  + ± 


(ii)  Expression  on  the  left 

~^bc  ^ - c)  + ca  (c  - a)  + «6  (a  - b)  + (b  - c)(c  - a)(a-  b)] 

= [b2c  - be2  + c2a  - ca?  + a?b  - ab 2 + be2  - b2c  + ca2  - c2a  + ab2  - a2b]  ==  0. 

6.  (i)  Multiply  by  30;  then  10  (a?  - 1)  — 6 (x  -3)  = 210  + 5 (x  + 2); 

whence  10#  - 6a;  - 5x  = 210  + 10  + 10  - 18 ; x= -212. 

(ii)  a;2  + (2a-a;)2=2a2;  /.  x2-2ax  + a2~0;  x = a.  Then 
y = 2a  - x = a. 

7.  a;2  + 6a;  + 12=(a;  + 3)2  + 3;  least  value  of  (a;  + 3)2is0;  thus  least  value 
of  a;2  + 6a; + 12  is  3. 

Again  6a;-  x2  - 4 = 5 - (x  - 3)2;  least  value  of  (x-  3)2  is  0;  thus  the  greatest 
value  of  5 - (x  - 3)2  is  5. 

8.  Let  A have  3a;  shillings  and  x pennies ; and  let  B have  y shillings 
and  y pennies. 

Then  3x  + x + y + y = 18,  or  2x  + y = 9. 

Also  3a;x  12  + a;  = 12y  + y + 9,  6r  37a;-13y  = 9. 

Whence  a;  = 2,  y — 5. 

D.  1.  {(b  + c)2-a2}  + {(c+a)2-b2}  + {(a  + b)2-c2} 

= (b  + c - a)  ( b + c + a)  + (c  + a-b ) (c  + a + b)  + (a  + b-c)  (a  + b + c) 

= (a  + b + c)  {(b  + c - a)  + (c  + a-b)  + (a + b - c)}  = (a + b + c)  (a  + b + c). 
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1 + 4x  + Qx2+  ix3  + x4  + 2-2x  + 2x2=&c. 

Let  the  numbers  be  x and  .t  + 1.  Then  we  have  to  prove  that 
(x  + 1)2  - x2  = 2x  + 1. 

If  1 + i + l = 0;  bc  + ca  + ab  — 0. 

a b c 

Now  (a  + b + c)2=a2  + b2  + c2  -f-2  ( be  + ca  + ab)  = a2+b2+c 2, 
since  bc  + ca  + ab  = 0. 

5.  x2-5x-U  = (x-7)(x  + 2),  (x2-4x-21)  = (x-7)  (*  + 3). 

The  factors  of  the  third  expression  are  not  obvious ; we  therefore  proceed 
to  find  the  h.  c.  f.  of  it  and  the  second  expression.  We  shall  thus  be  led 
to  find  that  x3  - 3a;2  - 25a;  - 21  = (x2  - 4x  - 21)  (x  + 1)  = (x  - 7)  (a;  + 3)  (#+l). 
The  l.  c.  m.  is  therefore  (x  - 7)  (x  + 3)  (x  + 2)  (x  + 1). 

All  three  expressions  vanish  if  x - 7 = 0. 

6.  (i)  ---  + 5 = 10,  and - + - = 10. 

x y x y 

10  2 

Hence,  by  addition  — = 15,  /.  .t  = -,&c. 

....  11  1 1 a-x  x-a 

(n) = ; + 7 ; i. e.  — . r.  ; 

7 x a x-a  - b b ax  b(x-a-b) 

b (x-a-b)  (a-x)  + ax(a-x)  = 0;  i.e.  (a  - x)  {b  (x  - a-b) + ax\  =0 ; 
or  (a  ~x)  {a;  (a+  b)  - b (a  + b)}  = 0;  or  (a  + b)  (a-x)  (x-b)—  0;  thus  x — a,  or  b. 
(iii)  3a8  - 11  (3 -®)2=1 ; whence  - 8a;2  + 66x  - 100  = 0 ; 

.-.  .r  — 2,  or  23  . Then  tf  x=2,  y = 3-x=l;  if  x—^,y  = 3-x=-~. 

x\  + x-2  _ x\  + x-2  _ {xi  + ^2)2  _ 2»i®3  _ \ a / a _ ft2  - 2ac 
x,,  x1  xtx2  x1x2  c ac 

a 


8.  Let  x gallons  be  drawn  off,  then  after  filling  up  there  will  be  60  - x 
gallons  of  alcohol  and  x of  water.  We  now  draw  off  a; + 14  gallons,  of 

which  (x  + 14)  x X are  alcohol.  There  are  30  gallons  of  alcohol  drawn 
off  in  the  two  drawings. 

Hence  x+  (x+ 14)  x — =30;  whence  x2  - 106#  + 960  = 0, 
i.e.  (x-  10)  (x  — 96)  = 0. 

Hence  x = 10  [the  value  x = 96  being  clearly  inapplicable]. 


f17 

1 \ 

3 

12  j- 

10 

13  ( 

' 10\ 

4 ' 

‘ 6 _ 

6 \ 
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2.  (i)  {a  + by-(a2-b2)2=(a  + by~{(a-b)(a  + b)}2 

= (a  + by  - (a  - b)2  { a + b)2={a  + b)2  { (a  + b)2  - (a  - b)2}  = (a  + ft)2  {4a&|. 
(ii)  Obviously  (b  - c)  + (c  - a)  + (a  - b)  = 0 ; thus  by  squaring, 

(b  - c)2  + (c  - a)2  + (a  - b)2  + 2 (b  - c)  (c  - a)  +,2  (b  - c)  (a  - b)  + 2 (c  - a)  (a-b)  = 0 ; 

(6  - c)2+  (c  - a)2  + (a  - b)2  -2(c-b)(c  - a)  - 2 (6  - c)(6  - a)  - 2 (a  - c)(a  - 6)  -0; 
/.  (&-c)2  + (c-a)2+(a-fc)2  = 2(c-fc)  (c  - a)  + 2 (b  - c)  (b  - a)  + 2 (a  - c)  (a  -b). 

3.  { (a  + 2b  - 3c  + d )2  - (2a  + b + 3c  - d )2}  -f-  (a  4-  ft) 

= {(a  + 26-3c  + d)-(2a  + & + 3c-d)}  {(a  + 26 - 3c + d)  + (2a  + & + 3c  - d)} 

B (a  + 6) 

= { - a + fc  - 6c  + 2rZ } {3a  + 3&}-f-(a  + 6)  = 3 { -a  + 6 -6c  + 2d}. 

4.  First  find  h.  c.  f. 

6a2  - 5ax  - 6 a2  ) 4a3  - 2aa2  - 9a3 

3 

12a8—  6aa2  — 27a3  ( 2a 
12a3  - 10aa2  - 12a2a 

4aa2  + 12a2a  - 27a3 
3 

12aa2  + 36a2a-81a3  (2a 
12aa2-10a2a-12a3 
23a2  ) 46a2a  - 69a3 

2a  - 3a  ) 6a2  - 5 ax  - 6a2  ( 3a  + 2a 
6a2  — 9aa 

4aa  - 6a2 
4aa  - 6a2 

Thus  (§  121,  (ii)),  l.  c.  m. 

= (4a3  - 2aa2  - 9a3)  (6a2  - 5 ax  - 6a2)  -f-  (2a  - 3a) 

= (4a3  - 2aa2  - 9a3)  (3a  + 2a)  = &c. 

y3  + x 3 1 x y (y3 +x3) + x2  (x  + y) -y2  (x -y) 

’ xy  y2-x2  xy-y 2 x2  + xy  xy(x-y)(x  + y) 

xhf  - xy2  _ xy  (x-y)  _ 1 

~xy(x-y ) (x  + y)~  xy  (x-y)  (x+y)~  x + y' 

6.  (i)  (a2  - a2)  + (a2  - 62)  = 2 (a  - 6)  (a  - a) ; 

whence  2Z>a  + 2aa  = a2  + Z>2  + 2aZ> ; i.e.  2 x (a  + b)  = (a  + b)2-, 

whence  a = ^(a  + fc). 

(ii)  a2  - 3a  + 2 + a2  - 5a  + 6 + a2  - 4a + 3 = 11 ; 

3a2-12a  = 0;  3a  (a  - 4)  = 0,  &c. 

(iii)  Multiply  by  y,  a respectively ; then 

xy  + l = ^y  and  xy  + l = |a. 


Hence 
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Hence 


9 21  2 5 

10  y2  + 1 = Toy’  whence2/  = 3°r  3’&c- 


„ x a c a x c a a - x-c  a 

7.  If  - + - = - + -; k =0;  

axacaaxc  a cx 

i.e.  (x-c)  f-  - a 'j  = 0.  Hence  x = c or  x 


(x  - c)  = 0, 
a2 


180 


8.  If  he  rode  x miles  an  hour,  the  time  actually  taken  was  — hours, 


The  time  at  x - 3 miles  an  hour  would  have  been -■  . Hence 

x — 6 

1 80  1 80 

— = — - - 3,  whence  x2  - 3x  - 180  = 0. 
x x- 6 

Hence  * = 15  [the  negative  value  of  x being  inapplicable]. 

F.  1.  3a3-4a2b  + 2ab2 

Sa2b  - 4n62  + 26s 
2a3  + 3n62  - 463 

-4fl3  + 2a2fe  +3  b3 

a3+  a2b+  ab2+  b 3 

2.  Both  expressions  are  equal  to 

(ft2  + c2)  x2  + ( a 2 + c2)  y2  + ( a 2 + b2)  z2  - 2 abxy  - 2acxz  - 2 bcyz. 

3.  *2  + 3*  + 2)  -xi+  *3  + ll*2  + ll*  + 2 ( -*2  + 4*  + l 

- *4-  3*3  - 2*2 

4*3  + 13*2  + 11*  + 2 
4x3  + 12x2  + 8* 

x2+  3x  + 2 
x2  + 3x  + 2 

4. 

x3  - x2  - 2x  + 2 ) x4  - 3x3  + 2x2  + x - 1 ( x - 2 
x4  - x3  - 2x2  + 2x 
-2x3  + 4x2-  x — 1 

- 2x3  + 2x2  + 4x  - 4 

2x2  - 5x  + 3 ) x3  - x2  - 2x  + 2 
2 


2x3  - 2x2  - 4x  + 4 ( x 
2x3-5x2+  3x 
3x2  - 7x  + 4 
2 

6x2  - 14x  + 8(3 
6x2  - 15x  + 9 

x-l~)  2x2  - 5x  + 3 ( 2x  - 3 
2x2  - 2x 
- 3x  + 3 

h.  c.  p.  = x-1.  -3x  + 3 

Since  (x-  1)  is  a factor  of  both,  they  will  both  vanish  if  x-  1 = 0,  i.e.  if 
x = 1 . 
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(ii) 


2 1 3 _ 2 (a;  - 3)  + a;  - 3 (a;  — 2) 

x ( x - 2)  + ( x - 2)  (x  - 3)  x (x-3)  x (x  - 2)  (x  - 3) 

__  2#  + x - 3x  - 6 + 6 _ 
x (x  - 2)  (x  + 3) 

1 1 1 


1 - x 


l i— 

(l  1~*)  (1-*) 


1 - — 1+1—1 
-X  X 


6.  (i)  Multiply  by  10;  then  2 (a; + 3)  - (6  -.r)  = 10a;  - 7;  whence  x = l. 
(ii)  From  the  first  equation 

(x  + y)  (a  - b)  + (x-  y)  (a  + b)  = 2 (a  + b)  (a  - b) ; .-.  ax  -by  = ar  - b2. 
Also  ax  + by  = a2  + b2.  Whence  x = a,  y = b. 


(iii)  We  have  1 + 


x - 1 


+ 1 + 


x-2 


= 2 41  + 


x-3 


1 2 6_ 

a;-l  + .r-2“a;-3: 


(x  - 2)  {x  - 3)  +2  (x  - 1)  (x  - 3)  = 6 (x  - 1)  (x  - 2), 


whence 


3x2-5x  = 0: 


x=0  or  x = - . 


7.  Let  a and  /3  be  the  roots;  then  a + /3= 7,  a/3=9; 

,\  (a-/3)2=(a  + J8)2-4a/3  = 49-36=13;  .\  a-/3  = ^/13; 
a2-/32=(a  + /3)  (a  — /3)  = 7 ^/13. 


8.  Let  a;2  be  the  number;  then  its  square  root  is  x\  a;2 -a;  = 156; 
whence  a;  = 13,  or  -12;  a;2  = 169  or  144. 

N.B.  144  cannot  exceed  its  square  root  by  156,  if  the  arithmetical  square 
root  is  meant. 


MISCELLANEOUS  EQUATIONS.  Pages  203-209. 

1.  x2- 5x  + 4+x2  - 8a;  + 15  = 2a:2  - 12x  + 18 ; whence  a?  = l.' 

2.  Multiply  by  12 ; then  6 (x  - 2)  - 4 (x  - 4)  + 3 (x  - 5)  = 0; 

6a:-12-4a:  + 16  + 3a;-15  = 0;  /.  5«  = 11,  Ac. 


o (*^'5>-(®-3)_(a-4)-(«-2)>  . -2  _ -2 

6'  (x  - 3)  (a;  - 5)  (ar-2)(*-4)  ’ " (a; -3)  (a -5)  (x  - 2)  (x  - 4)  ; 

{x  - 3)  (x  - 5)  = (x  - 2)  (x  - 4) ; x2- 8a;  + 15  = a:2  — 6a:  + 8; 

whence  - 2a;  = - 7. 
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4.  By  addition,  32#  + 32?/  = 160 ; x + y — 5. 

By  subtraction,  2x-2y—2;  :.x-y  = 1. 

Hence  2a;  = 6;  a;  = 3,  and  2?/  = 4;  .-.  y = 2. 

5.  Let  the  first  road  be  x miles,  then  the  second  is  a; + 3. 

x miles  at  8 miles  an  hour  takes  him  ~ hours. 

8 

Thus,  from  the  question,  in  returning  he  takes  7%  minutes  (^i.e.  ^hour 

longer  than  this  ; i.e.  he  returns  in  3 + - hours. 

8 8 


But  x + 3 miles  at  9 miles  an  hour,  takes  him  — hours ; thus  he  re- 
turns in  X-~- - hours. 

Whence,  3 + 3 = -J-3  ; .-.  9a;  + 9 = 8a;  + 24;  whence  a;  = 15. 

80  y 


6.  Multiply  by  18.  9 (x  -2)  - 2 (x  - 5)  + 15  (x  - 1)  = 0; 

9a;  - 18  - 2x  + 10  + 15a;  - 15  = 0;  whence  22a;  = 23,  &c. 

7.  3a;2  - 6a;  - 9 + 3a;2  + 8a;  - 91  = 6a;2  - 21a;  + 15  ; 

whence  23a:  = 115;  a;  = 5. 

8.  Multiply  by  (x  + 2)  (x  + 3)  (x  + 4) ; 

(2a;  + 9)  (x  + 3)  (®  + 4)  + (3a;  - 2)  (x  + 2)  (x  + 4)  = (5a;  + 14)  (x  + 2)  (x  + 3) ; 
i.  e.  2a;3  + 23a:2  + 87a;  + 108  + 3a;3  + 16a;2  + 12a;  - 16  = 5a;3  + 39a;2  + 100a;  + 84 ; 
.-.  2a;3  + 3a;3  - 5a;3  + 23a;2  + 16a:2  - 39a;2  + 87a;  + 12a;  - 100a;  = 84  - 108  + 16 ; 
a;  = 8. 

_ ..  . 5 H 6 

a;  + 2 a;  + 3 a;  + 4 

5 5 6 6 5 6 

“a;  + 2 a;  + 3 “ a;  + 3 ' x + 4 ’ " (a;  + 2)  (a; + 3)  _ (a;  + 3)  (a; + 4)’ 

5 (a; + 4)  = 6 (a; + 2),  whence  a;  = 8. 


9.  Clear  of  fractions ; then  8a;  + 7y  = 4592,  and  7a;  + 8?/  = 4648. 
By  addition,  15a;  + 15?/ = 9240 ; .*.  a;  + ?/  = 616. 

By  subtraction,  x-y=  - 56. 

Hence  2a;  = 560,  2?/ = 672. 


10.  Let  the  original  cost  per  pound  of  tea  and  sugar  be  x pence  and  y 
pence  respectively.  Then,  after  the  rise,  the  prices  would  be 
120  , 125 

and  T?^y- 


100 


100' 


120  125 

Hence  a;  + 5)/  = 45,  and  j^a;  + x 5?/  = 55,  or  24a; + 125y  = 1100. 
Multiply  the  first  equation  by  25  and  subtract  the  second;  then  a; =25,  &c. 
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11.  Multiply  by  9 x 11  x 13 ; then 

143  (6a;  + 3)  + 117  (7x  + 6)  + 99  (9a; + 2)  = 1287  (2*  + 1) ; 
whence  858*  + 819a;  + 891a;  - 2574a;  = 1287  - 429  - 702  - 198 ; 

i.e.  - 6a;  = -42;  x=7. 


12.  Multiply  by  ab  ; bx  + ax  = a2-b2\  :.  x — 


~r  tj  .v  ~r  ^ us  — kj  ,ks  — 

a;  + 1 a;  + 2 a; - 3 x - 4 ’ 

(a; + 3)  (x  + 2)  - (a; + 4)  (a;  + l)  _ (a-  - 5)  (x  - 4)  - (x  - 6)  (x  - 3) 


x + 3 .r  + 4 x - 5 x - 6 


(x  + l)(x  + 2) 


(x  - 3)  (x  - 4) 


2 


2 


; (x  + 1)  (x  + 2)  = (x  - 3)  (x  - 4) ; 


l'€'  \x  + l){x  + 2)  {x  - 3)  (a;  - 4)  ’ 


i.e.  x'2  + 3x  + 2=x2-7x+12;  whence  x = 1. 


14.  Multiply  the  first  equation  by  a + b,  and  subtract  the  second;  then 
2ay  — 2a;  :.y  — 1;  whencea;=l. 

15.  Suppose  he  had  x eggs  in  May ; then  the  daily  average  in  May  was 
x 

31  * 

He  had  100  less  in  April,  i.e.  a; -100;  thus  his  daily  average  in  April 
x - 100 
WaS  “SO— 

r r 100 

Hence  -y  = — ^ \-3;  :.  30a; =31  (x  - 100)  + 2790 ; whence  a;  = 310. 

16.  3a;  - 3 [4a;  - 4a;  + 10]  = 9-2  [3a;  - 5a;  + 25] ; 

.-.  3a; - 30  = 9 - 2 [ - 2a;  + 25];  .•.  3a;  - 30  = 9 + 4a;- 50;  whence  a;  = ll. 

17.  Multiply  the  first  equation  by  2,  and  add  to  the  second;  then 


20.  Let  the  age  of  the  youngest  son  be  x years;  then  that  of  the  oldest 
is  x + 5 ; and  .'.  in  7 years  will  be  x + 12.  Thus,  by  the  question,  the  father’s 
age  in  7 years  will  be  2 (x+ 12). 

But  the  father’s  age  is  three  times  that  of  his  younger  son,  i.e.  3a;;  and 
hence  in  7 years  his  age  will  be  3a; + 7. 

Thus  2 (x  + 12)  = 3a;  + 7 ; whence  x = 17,  &c. 


14 


x 


18.  (5x  + 3)  (3a;  + 5)  = 0,  &c. 


19.  (a; + 2)  (x-5)-(x-3)(x-4)  = (x-4)(x-5); 


i.e.  x2  — 3x  - 10 -a;2  + 7a;-  12  = a;2- 9a;  + 20 ; 
x2-  13a;  + 42  = 0;  i.e.  (x - 6)  (x -7)  = 0,  &o. 
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21.  Multiply  by  6 ; 3 (x  + 1)  (x  + 3)  = 2 (x  + 5)  (x  + 2)  + (x  - 1)  (x  - 4) ; 
3a;2  + 12a;  + 9 = 2a;2+ 14as  + 20  + as2  - 5a;  + 4;  whence  3a;  = 15,  &c. 

22.  (b  + c)  x - ab  - ac  - (c  + a)  x + bc  + ab  = (a  + b)  x - ac  - be ; 

(b  + c)  x-  (c  + a)  x - (a  + b)  x = - ac  - be  + ab  + ac  - be  - ab ; 

- 2ax  — - 2bc ; /.  x=bc/a. 

23.  Subtract;  then  10a;-10y  = 20;  x-y  = 2. 

Multiply  last  equation  by  19,  and  subtract  the  first;  then 

2a;  = 34;  .-.  a;  = 17.  Hence  y — x-  2 = 15. 

24.  (2a:  - 3)  (2a:  + 1)  + (3®  + 8)  (x-3)  = 5 (x-3)  (2a; + 1); 

i.e.  4a;2  - 4a;  - 3 + 3a:2  -X  - 24  = 10a:2  - 25a;  - 15; 
whence  3a:2  - 20a;  + 12  = 0;  i.e.  (3x  - 2)  (x  - 6)  = 0,  &c. 


25.  Let  x lbs.  be  the  weight  allowed  free.  Thus  for  the  two  passengers 
2a:  lbs.  are  allowed  free;  and  they  have  to  pay  40d.  for  the  remainder 

40 

(viz.  360  - 2as  lbs.) ; thus  they  pay  at  the  rate  of  -=r — — pence  per  lb. 

ooU  — 2iX 


If  one  passenger  take  the  luggage,  x lbs.  would  be  allowed  free ; and 
he  would  have  to  pay  65 d.  for  the  remainder  (viz.  360 -a; lbs.).  Thus  he 

pays  at  the  rate  of  -g— pence  per  lb. 


Whence 


40 

360  - 2x '' 


65 


360  - x ’ 

. 40  (360  - x)  = 65  (360  - 2x) ; whence  90.r  = 9000 ; 


a;  = 100. 


26.  Multiply  by  120 ; then 

24  (3* - 1)  + 20  (5a;  + 1)  = 15  (9a;+  1)  - 40  (1  - *) ; 

72as-  24  + 100a:  + 20  = 135a:  + 15  - 40  + 40a; ; whence  a;  = 7. 


27.  x + y = 3x  - 3y  - 6 ; whence  -5x  + Ay—  -6. 

2y  - x = 2y  - 2x  + 10 ; whence  x = 10. 

Then  4y  = 5x  - 6 — 44. 

28.  By  addition,  2ax  + 2ay  = 2a2;  .\  x + y = a. 

By  subtraction  2bx-2by=  -2b'2,  ,\  x-y=-b. 

Hence  2x  = a - b,  and  2y  — a + b. 

29.  3 (8  - a:)  + 8 (3  - a:)  = 3 (3  — ®)  (8  — a:) ; 

i.  e.  24  - 3a;  + 24  - 8a;  = 72  - 33a:  + 3a:2 ; 
whence  3a;2  - 22a:  + 24  = 0 ; /.  (3a:  - 4)  (x  - 6)  = 0,  &c. 

30.  Let  x be  the  father’s  present  age  in  years,  then  x is  also  the  sum  of 
the  ages  of  his  five  children.  Five  years  ago  the  father’s  age  was  x-b,  and 
the  sum  of  the  ages  of  his  children  was  x - 25.  Hence  x - 5 = 2 (x  - 25),  &c. 
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31.  2x(x  + l)  (x  + 5)  + {x  + 3)  (a;-l)  (a; + 5)  = (3a; + 19)  (a;-l)  (aj+l), 
i.e.  2x 3 + 12a;2  + 10a;  + a;3  + 7a;2  + 7a;  - 15  = 3a;3  + 19a;2  - 3a;  - 19 ; 


•whence 


20a;  = -4; 


32.  4 (a; -2)  = 5(1  -y);  whence  4a;  + oy  = 13. 

Also  26a;  + 3 y=  - 4 ; 

12a;  + 15y  = 39  and  130a;  + 15?/=  - 20;  ,\  118a;  = - 59,  &c. 


(x  - 1)  (x  + 1)  + x - i 8 x + 1 ’ 

•\  8 + 8 (a;  + 1)  = 7 (a;  - 1)  {x  + 1)  - 8 (a;  - 1) ; 
whence  - 7a;2  + 16a; + 15  = 0;  i.e.  (7a; + 5)  (a;-3)  = 0,  &c. 


34.  J 5a;  + l = 2-x/a:;  5a:  + 1 = 4 - 4^1  + a;;  whence  4#  - 3 = - 4 ^/x ; 

\ 16a;2 - 24a;  + 9 = 16a; ; 16a;2 - 40a;  + 9 = 0;.  i.  e.  (4a;  - 9)  (4a;  - 1)  = 0,  &c. 


35.  Let  P and  Q be  the  men,  and  let  them  ride  at  p and  q miles  an 
hour  respectively.  Let  them  meet  at  a place  G,  x hours  after  starting. 

Now  in  x hours  P travels  pa;  miles;  .-.  AG  is  px  miles. 


Similarly,  since  Q rides  from  C to  A in  1 hour  20  minutes,  A G is  - q miles. 


Whence  Px  = q<1 L 

In  the  same  way,  since  Q rides  from  B to  G in  x hours,  BG  is  qx  miles. 
And  since  P rides  from  C to  B in  3 hours,  BC  is  3 p miles. 

Whence  qx  — Sp II. 

From  I and  II,  (px)  ( qx)=  q \ (3 p) ; whence  a;  = 2. 


5a;  + 8 ^ 9 _ 10a;  + 1 

5a;  - 1 (5a;  - 1)  (5a;  + 1)  5a;  + 1 ’ 

(5a;  + 8)  (5a;  + 1)  - 9 = (10a;  + 1)  (5a;  - 1) ; 
i.e.  25x2  + 45a;  + 8 - 9 = 50a:2  - ox  - 1 ; 
whence  - 25®2  + 50a;  = 0 ; i.e.  25a:  (a;- 2)  = 0,  &c. 


37.  5y-^  + 9 = 3 y-~;  2Z/--=-9. 


5y--  + 9 = 4y-~ 
x x 


y + ~—  - 9,  or  2 y + ~=  - 18. 


Hence 


9;  x=  -1. 


i=  -9--=  -9  + 4 = 
x 


Then 


KEY  TO  ELEMENTARY  ALGEBRA. 


161 


38.  Multiply  by  4 (3a;  - 4)  (x  - 7) ; 

4 (4a?  - 7)  (x  - 7)  + 4 {2x  + 1)  (3a;  - 4)  = 73  (3a;  - 4)  (x-  7) ; 
i.  e.  16a;2  - 140a;  + 196  + 24a;2  - 20a;  - 16  = 219a;2  - 1825a;  + 2044, 
- 179a;2  + 1665a; -1864  = 0;  .*.  (179a; -233)  (a;-8)  = 0,  &c. 


39.  j4x  + 4 — sjx  — 4+  *Jx-\-8] 

4x  + 4 = (x  - 4)  + 2 ,y(ai-4)  (a;  + 8)  + (a;  + 8),  whence  2a;  = 2 ij(x- 4)  (a;  + 8); 
x2  = (x-  4)  (x  + 8) ; whence  a;  = 8. 

40.  Let  x,  y,  and  z shillings  be  their  respective  shares.  Since  A had 
one-ninth  of  the  shares  of  B and  G together,  we  have  a;  = i {y+z),  whence, 

9x-y  -2  = 0 1. 

Similarly  we  have  from  the  question, 

y = ^{z  + x)  i - x + Sy  - z = 0 II. 


z = 

-x+y  + 6;  .'.  - 

- x -■ 

y + z = 6 

III. 

From  I and  III, 

, 8x  - 2y  = 6 ; from  II ; 

and  III, 

- 2a;  + 2y  = 6. 

Hence 

6a;=12; 

.’.  X 

= 2,  &c. 

41. 

3a: -8  28- 

3a;  r 15 

4 

4 

=6  64*’ 

16(3*- 

•8) 

- 16  (28  - 3a:)  = 

:320 

-15a:;  whence  llla;  = 896. 

42. 

(x  + 3)  (*- 

4) 

“ (x  - 2)  (x  - 3) 

= (x. 

-3)  (x- 

4); 

i 

,e. 

x2  - x - 12  - x2 

+ 5x 

- 6 = a;2 

- 7a;  + 12; 

x1  - 

- 11a: + 30  = 0;  ; 

i.e.  (. 

x - 5)  (x 

- 6)  = 0,  &c. 

CO 

Squaring, 

x 2 

+ 4a;-l-4  = 4-fa; 

VS" 

-x;  l 

c2  + 4x  = a;  Js~x. 

Hence  as=0;  or  else  as  + 4=  a/8 -a;;  .*.  a;2  + 8a;  + 16  = 8 -x; 
whence  (*  + 1)  (aj  + 8)  = 0.  Thus  a:=0,  or  -1,  or  -8. 

44.  3a;  = 2y  + 12;  (2y  + 12)2-4?/2=576; 

.-.  48y  + 144  = 576;  :.  y = 9,  &c. 


45.  Let  £100  stock  cost  £x.  Then  interest  on  £a;  is  £2|;  hence 

os 

interest  on  £100  is  — x 100. 


At  x - 7% , the  interest  on  £100  would  be  - — x 100. 

x - 7i 


Hence -%-x  100=^x100+^;  /. 
x - 7i  x 9 ’ 


3300  _ 1100  2 

12a;- 88“  4a;  + 9 ’ 


whence  3a;2  - 22a;  - 27225  = 0 ; i.e.  (x  - 99)  (3a;  + 275)= 0. 
K.  S.  E.  A. 


11 
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46.  (4a:3  + 4a;2  + 8a;  + 1)  (x  + 1)  = (2a;2  + 2a;  + 1)  (2a;2  + 2a;  + 3) ; 
multiplying  out,  we  have, 

4a;4  + 8a:3  + 12a;2  + 9a;  + 1 = 4a;4  + 8a;3  + 12a;2  + 8a;  + 3 ; whence  x — 2. 

47.  (1x210);  21  (5a; + 6) -10(11?/ -5)  = 2310; 

whence  105a;  - 110?/ = 2134 III. 

(11x25);  55y -12  = 35a; -925;  .-.  - 35a; + 55?/=  - 913 IY. 

(Ill  + IY  x 2) ; 35a;  = 308 ; whence  x = ~ . 

(III  + IVx3);  55?/= -605;  whence  y—~  11. 

48.  36  (a:  - 1)  + 30a;  = 19a;  (x  - 1) ; 

whence  - 19a;2  + 85a;-  36  = 0;  i.e.  (19a;- 9)  (a;-4)  = 0,  &c. 

49.  /Jx  + 4=-^-\/a;;  a;  + 4=  4 + x;  whence  8=  ^ ; :.  x=^. 


50.  Let  P and  Q be  the  trains,  and  let  them  travel  at  p and  q miles  an 
hour  respectively ; let  them  meet  at  M,  x hours  after  starting. 

Then  in  x hours  P travels  px  miles ; but  P travels  from  Cambridge  to  M 
in  x hours ; thus,  the  distance  from  Cambridge  to  M is  px  miles. 

Similarly  since  Q travels  from  M to  Cambridge  in  1 hour  20  minutes 

4 \ 4 

i.  e.  - hours  ) , the  distance  from  Cambridge  to  M is  - q miles. 


3 

Whence 


.1. 


In  the  same  way  since  Q travels  from  London  to  M in  x hours,  the 
distance  is  qx  miles. 

3 3 

And  since  P travels  from  M to  London  in  - hour,  the  distance  is  - p 

4 4J 

miles. 

3 


Whence 


qx  = -p II. 


From  I and  II,  (px)  (qx)  = *•«.  pqx^=pq\  whence  x — %. 


Thus  P takes  1 hour  from  Cambridge  to  M and 
London,  i.e.  1|  hours  for  the  whole  journey,  &c. 


hour  from  M to 


51. 


2x  -1 


1 


23 


Multiply  by  10  (x  - 1) ; 


2 (a;  - 1)  5 (a;  - 1)  5 10  (*  -1)' 

5 (2x  - 1)  - 6 + 2 (x  - 1)  = 23 ; whence  a;  = 3. 

52.  5x  + 2y  - l = 3a;  -y  + 14;  whence  2a:  + 3y  = 15. 

3a:  - y + 14 =x  + 19 y + 6 ; whence  2a:  - 20 y = - 8. 

.-.  23 y = 23 ; y •=! ; : and  then  x = 6. 


KEY  TO  ELEMENTARY  ALGEBRA. 


163 


53.  J(x2-a2)  + ^ — 2T=2;  squaring,  x2-a2  + 2 + - 1 „ = 4; 

(X  ft  I X — CL 

/.  x2-a2- 2 + -— ^ — =0 : 
a:-2  - a 2 

a (a;2- a2)2- 2 (x2- a2)  +1  = 0;  i.e.  {(a2 -a2) - 1}2=0; 

/.  (x2  - a2)  - 1 = 0;  whence  x = ± ^/a2  + 1. 

54.  7(3x2-2xi/  + 4?/2)  = 36(4x2-2/2); 

123x2  + 14x?/ - 64y2=0;  i.e.  (3x  - 2y)  (41x  + 82?/)  = 0. 

If  Sx-2y  = 0,  4x2~(^x^j  = 7;  .'.  a;2 =4.  Thusx=±2,  andy=±3. 

If  41x  + 32y  = 0,  4a:2-  =?;  A 345a:2  =1024. 

mu  ^ 32  41 

Thus  "=±V3T5’and^=^5- 

55.  Let  x - 1,  x,  x + 1 be  the  three  numbers. 

Then  (x  + 1)3  + (x  - l)3  - 2x3=42 ; whence  6a;  = 42 ; ,\  x = 7. 

5,  Ikj 

. 2a: -1  a: -36  2a;  - 1 19 -2a; 

%'e’~6  15~  ~ 3 ^ 42  ’ 

multiply  by  210 ; .-.  35  (2a:  - 1)  - 14  (x  - 36)  = 70  (2x  - 1)  + 5 (19  - 2a;) ; 
whence  74a; =444;  .-.  a;  = 6. 

3 (x  - 3)  + 2 (x  - 2)  _ 2 (x  - 2)  + 3 (x  - 3)  . 5x-13_  5x-13 

6 (x  - 3)(x  - 2)  5 %'6‘  6 ~ x2-  5x  + 6 ’ 

13 

thus  either  5a;  — 13  = 0;  whence  x = — , or  x2-  5x  4-  6 = 6; 

5 

whence  x(x-5)  = 0,  &c. 

58.  Multiply  by  a,  b respectively,  and  add ; then 

a2x  + b2x  = a?  - a2b  + ah2 -bs;  i.e.  x (a2  ‘+  b2)  = (a  - b)  (a2  + b2) ; ::  x -d  - b. 
Then  a2- ab-by  = a2 -b2 -2ab;  whence  y—a  + 6, 

59.  We  have  x2  + xy  + y2= 9. 

Also  {xi  + x2y2  + yt)^-(x2+  xy  + y2)  = 243-^9,  i.e.  x2- xy  + y2  — 27. 

Hence  2 xy=  -18;  /.  xy  — -9. 

Hence  x2  + 2xy  +y2  = 0,  i.e.  (x  + y)2==  0. 

Also  x2 -2xy  +?/2  = 36;  ;.  x-y=± 6. 

Whence  a:=±3  and  «/=t3. 


11—2 
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60.  Suppose  he  bought  x articles  at  y shillings  each. 

mi  , x „ x 105  , ,,  x „ x 110  x 

Then  he  sold  - for  ^ x jqq  V ; he  sold  - for  - x ^ y ; and  x - - - 

that  is  % for  % x 21. 

6 6 

Also  the  total  receipts  were  x y. 

100 

_ 21  11  8 61 
Hence  iO*'-' +80*i' +8‘c  = 60*3,; 

63 y + 4 Ay  + 45  = 122 y ; whence  y = 3. 

61.  (a  + b)  x + (a  + b)  (a  - b)  + (a  - b)  x - (a  - b)  (a  + b)  + 2ax  - 4«c  = 0; 

4ax-4ac  = 0;  x=c. 

62.  3 (3a; -2)2- 3 (2x -3)  (2a;  - 5)  = 2 (2x  - 5)  (3a;  - 2) ; 

i.e.  27 x2  - 36a;  + 12  - 12a;2  + 48a;  - 45  = 12a;2  - 38a;  + 20 ; 

3a:2  + 50a;  -53  = 0;  i.e.  (3x  + 53)  (a;-  1)=0,  &c. 

63.  Put  x2  + 2x  + 14=?/2;  then  a;2  + 2a;  = y2-  14. 

Then  we  have  2 ( x 2 + 2a;)  - 49  - 3 J{x 2 + 2x  + 14)  = 0 ; 

. . 2 (y2  — 14)  — 49  — 3?/  = 0 ; whence  y=  - ^ > or  7. 

(i)  If  2/=-~;  x2  + 2x  + 14  = ^|-  ; whence  x=-l±N/^*. 

(ii)  If  y = 7,  x2  + 2x  + 14  = 49;  whence  (a; + 7)  (x-5)  = 0,  &c. 

64.  5 (2a:2  + 3 xy)  = 2 (y-~  2 xy) ; 

whence  10a;2  4-  19xy  - 2i/2=0 ; (10a;  - y)  (x  + 2y)  = 0 ; .\  x = ^,  or  x=  -2y. 

(i)  n x = iq  » l/2-|-  = 20,  whence  y=  ±5;  .\  x = |^=±|. 

(ii)  If  x—-2y,  ?/2  + 4i/2  = 20;  whence  j/=±2;  .*.  x = - 2t/=  =p4. 

65.  Suppose  he  bought  x sheep,  then  each  cost  £ ^ . He  sold  ^ (x  - 5) 

at  ^ of  £ — , and  received  £12|. 

100  x 

\ (x  - 5)  x x~  = ~;  /.  29  (x  - 5)  = 24x,  whence  a:  = 29. 

4 v 100  x 5 v / > 

1 x + 5 3 

5x  - 1 + (5x  - 1)  (5x  + 1)  ~ 5x  + 1 ’ 

(5x  + 1)  + (x  + 5)  = 3 (5x  - 1) ; whence  - 9x  = - 9,  &c. 


66. 


Oil  5* 
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67. 

Also 


68. 


whence 


whence 


(a  + b)  x + by  = ax  + (a  + b)  y whence  bx-ay  = 0. 

ax  + (a  + b)y  = a3  + b3;  ax  + (a  + b)  ^ *^  = a3  + 63; 

(a2  + ab  + b2)x=a  (a3  + b3),  &c. 
b 


J(x  - a) 


J(x  - a)  J(x  - b) 


■ J(x  - b) ; thus,  squaring, 


(x  - a)  - 2b  + — — = a j -2  a+(x-b) ; 

X — CL  X 0 


a-b  — - 


[ b*_  m 

x-b  x-a' 

(x  -a)  (x-b)  (a-b)  = x (a2  - b2)  - (a3  - b3) ; 

/.  (x-  b)  (x  - a)  = x (a  + b)  - (a2  + ab  + b2) ; 
*2-2*  (a  + b)  + (a  + b)2  = 0-,  i.e.  (x  - a -6)2=0,  &c. 


69.  Subtract;  then  2y2  = 8;  whence  y=±  2. 

Then  *2+4  = ±2*  + 7;  .\  *2tf2*-3  = 0; 

(x  3)  (x  ± 1)  = 0,  &c. 

70.  Let  x be  the  number  of  articles ; then  the  original  price  of  each  was 

shillings.  This  price  was  raised  to  ^ shillings,  at  which  price 

x - 10  articles  would  sell  for  ^ (x-  10)  shillings. 

Whence  (x  - 10)  = 100 ; 

2 (*  - 10)  = 100 ; • ■ (200  + x)(x-  10)  = 200* ; 

.-.  x2  — 10*  — 2000  — 0 ; i.e.  (*-50)  (*  + 40)  = 0; 

/.  * = 50  [the  negative  root  being  inapplicable]. 

71.  Multiply  by  30 ; then  6 (3*  + 1)  - 10  (2*  - 3)  = 3 (6*  - 1)  - 5 (7*  - 3) ; 

.-.  18*  + 6 - 20*  + 30  = 18*  - 3 - 35*  + 15 ; 15*= -24. 

x a c c 

72.  - + - = 

c c a x 

x + a c(x  + a)  , , . w oX  n j. 

.'.  — — = ax  i ax  (x  + a)  — c2  (x  + a) ; (x  + a)  (ax  - c2)  = 0,  <fcc. 


73.  (*  + l)  + 2 ij2x  ijx  + l + 2x  = 6x  + l]  whence  2 J2x  Jx  + 1 = 3*; 
/.  4 {2*  (*  + 1) } = 9*2 ; i.e.  8*2  + 8*  = 9*2 ; whence  * (* - 8)  = 0,  &c. 

74.  Add;  then  *2-  2xy  + y2 - 3*  + Sy  + 1 = 11 ; 

■.*.  (x-y)2- 3 (x-y)-  10  = 0;  i.e.  {(x-y)  — 5}  { (x-y)  + 2}  =0; 
whence  x-y  — 5 or  - 2. 
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(i)  If  x-y  = 5,  y=x-5;  and,  from  I, 

x (x-y)  +3y  = 11;  6as  + 3 («  - 5)  = llj  8a;  = 26; 

13  7 

whence  jc=-r,  and  y=x-o=  -T.  • 

4 J 4 

(ii)  If  a;  -?/  = - 2,  ?/  = a;  + 2,  and,  from  I, 

a;  (a;  - y)  + 3y  = 11 ; -2*  + 3 (a;  + 2)  = ll;  x=5 ; whence  y = x+  2 = 7. 

75.  Let  there  be  a;  half-crowns,  y shillings,  and  z sixpences.  Since 

there  are  altogether  150  coins,  x+y+z=  150 1. 

The  total  value  of  the  coins  is  216  shillings. 

Hence  \x  + y + | = 216 II. 

The  value  of  2 z sixpences,  | half-crowns,  and  3 y shillings  is  311  shillings. 

Hence  ^ + 3y  + * = 311 III. 

Multiply  the  second  equation  by  2 ; then  5a;  + 2y  + 2 = 432. 

Subtract  from  this  the  first,  and  also  the  third ; then 
4:X  + y = 282,  and  3f  x - y = 121. 

Hence  7§  a;  = 403,  &c. 

76.  Multiply  by  105;  then 

21  (3a;  + 1)  - 35  (1  - 5a;)  = 35  (a;  + 1)  - 15  (2  - 9a;) ; 

.-.  63a;  + 21  - 35  + 175a;  = 35a; + 35 -30  + 135a;;  /.  68a;  = 19,  &c. 


„„  a;2  + l ,,  1 29 

77-  Put  x + l=y’  thena+!,  = 10; 
whence  Hh/2-29r/  + 10  = 0;  i.e.  (2y  - 5)  (5y  - 2)  = 0; 


(i) 


a;2  + 1 
x + 1 


5 

2 ’ 


whence  2a;2  - 5a;  - 3 = 0 ; i.e.  (.r-3)  (2a;  + l)  = 0,  &c. 


(ii) 


a;2  + 1 _ 2 
x + 1 5 ’ 


whence  5.r2 -2a; + 3 = 0;  whence,  ,(§  144), 


78.  Multiply  the  first  equation  by  5;  then  (bx  - ab)  (y  - b)  = ab2 ; thus, 
from  II,  (ay  - ab)  (y  - b)  = ab2 ; .’.  a { (y  - b)2-  82}  =0 ; 

i.e.  ay(y-2b)~0,  .'.  y = 0,or2b. 

From  II,  if  ?/  = 0,  a;  = 0;  and  if  y = 2b,  x = 2 a. 
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79.  (I - II);  x2— y2=2  (y -as);  x2-y2  + 2 (x-y)  — 0; 

i.e.  (x-y)  { (a;  + ?/)  +2}  =0;  whence  x = y,  or  x—  -y-2. 

If  x=y,  y2  = 2y  + 24;  whence  (y  - 6)  (y  + 4)  = 0 ; 

/.  y = 6,  or  - 4;  and  x=y=6,  or  - 4. 

If  x=  - y - 2;  y2—  - 2y  - 4 + 24 ; 

y2  + 2y  -20  = 0 •,  whence,  (§  144), 

i,=  -|±x/(J  + “)=-i±v/(21);  •••  *=-»- 2=  -1tn/(21). 

80.  Let  the  length  be  x feet,  the  breadth  x - 8 feet,  and  the  height  y 
feet. 

Then  the  area  is  2xy  + 2 (x  - 8)  y ; .\  2xy  + 2 (x  - 8)  y = 1120.  I. 

If  the  height  were  y + 4,  the  area  of  two  ends  and  one  side  would  be 
x (y  + 4)  + 2 (x  - 8)  (y  + 4). 

Hence  x (y  + 4)  + 2 (x  - 8)  (y  + 4)  = 1120. 

These  equations  reduce  to  xy  -4y  — 280  and  3 xy  + 12a;  - 16v/  = 1184. 

From  the  first  ^ _ 4^+280 _ 


3 (4 y + 280)  + 12  - I0y  = 1184 ; 3-~  - 4 y = 296 ; 

y2  + 74y  - 840=0,  i.e.  (y  - 10)  (y  + 84)  = 0.  Hence  y = 10,  &c. 
81.  Multiply  by  18 ; then  9 (x  - 2)  - 2 (x  -5)  + 15  (x-l)  = 0,  &c. 


82.  (a-x)3  + (b-x)3=(a-x  + b-x)3 

= (d  - x)3  + (b  - cc)3  + 3 (a  - x )2  (b-x)  + 3 (a  -x)(b-  x)2. 
Hence  3 (a-x)2(b-x)  + S ( a-x ) (b-x)2  = 0, 

i.e.  3 (a  - x)  (b  - x)  (a  - x + 6 - x)  = 0,  &c. 


83.  Since  x=y  + 1,  we  have,  from  I, 

(y  - 4)2  + (y  - 6)2  = 2 { (y  + 1)  y - 40}  ; 
y2  - Sy  + 16  + y2  - 12 y + 36  = 2 y2  + 2y  - 80 ; 
whence  - 22y—  - 132;  .’.y  = 6;  then  x=y  + 1 = 7. 

84.  x2y2  + 4xy  — 96  = 0;  i.e.  (xy  + 12)  (xy  - 8)  = 0 ; 
thus  xy=  - 12,  or  xy  = 8. 

12  12 

If  xy  — - 12,  y = ; x = 6 ; x2  - 6a;  - 12  = 0 ; 

whence  a;=3=tv/21.  Then  y = 6 - a;  = 3 =p\/21. 

If  xy~8:  y = - ; x + - = 6 ; whence  x2  - 6a;  + 8 = 0 ; 

x x 

i.e.  (x  - 2)(x  - 4)  = 0 ; x = 2 or  4;  y — 6 - x =4  or  2. 
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85.  Suppose  he  bought  x tons  and  gained  £y  on  the  sale  of  them. 
Then  from  the  question,  y shillings  was  the  cost  price  of  a ton,  and  y pence 
the  retail  price  of  a cwt. 

Since  y shillings  was  the  cost  price  of  a ton,  for  x tons  he  gave  xy 
shillings,  i.e.  £ ^ , and  since  he  gained  £y  on  the  sale,  he  sold  the  x tons 

,orf  (!+»)• 

But,  he  sold  the  coal  at  the  rate  of  y pence  per  cwt.,  i.e.  £ ~ per  ton, 
thus  he  sold  the  x tons  for  £ . 

Whence  *q  + y=j|;  multiply  by  ; /.  3a;  + 60  = 5x;  whence  x = 30. 

(2a;  - 3)  (2x  - 5)  - (2x  - 4)2  _ (! 2x  - 6)  (2x  - 8)  - (2x  - 7)2 
8b-  (2a;  - 4)  (2x  - 5)  ~ (2x  -7)  (2x  -8)  5 

-1  _ -1 
l,e'  4a;2 - 18a:  + 20  — 4a;2 - 30a;  + 56 ’ 

/.  4a;2-  18a;  + 20= 4a;2-  30a;  + 56;  whence  12a;  = 36,  &c. 


87. 


whence 


2a;  (a  - b)  - (2a;)2  + (a  - 1)  (b  - 1)  = 0, 

.-.  (2a;)2 -2a;  {(a- 1)  - (6  - 1)}  - (a- 1)  (6-l)=0; 
i.e.  {2a;-(a-l)}{2a;  + (&-l)}=0; 

a - 1 1-6 

X = —zr~,  or  X=—ir—. 


88.  (6a;  + l)  + 2x/2(l-a;)(6a;H-l)  + 2(l-a;)  = 7a;  + 6; 

2 fj2(l-x)  (6a;  + l)  = 3a;  + 3 ; ,\  4 (2(l-a;)  (6a;  + l)}  = 9a;2  + 18a;  + 9; 
/.  - 48a;2  + 40a;  + 8 = 9a;2  + 18a;  + 9 ; whence  (19a;  - 1)  (3a;  - 1)  = 0,  &c. 


89.  Multiply  the  first  equation  by  3 and  add  the  second;  then 
x3  + y3  + 3xy  (x  + y)=  - 1,  i.e.  (x  + y)3=  - 1;  .-.  x + y=  - 1. 

Then  xy  (x  + y)  = 30  gives  xy  = - 30. 

30 

Hence  x - — = - 1 ; .*.  x2  + x -30  = 0,  i.e.  (x  + 6)  (x-  5)  = 0. 

Hence  x = 5 or  - 6,  and  y—-  6 or  5. 

90.  Let  x and  y yards  respectively  be  lengths  of  the  sides ; then 

xy  = 2420,  and  2a;  + 2y  = 198. 

Whence  x (99  - x)  = 2420 ; a;  = 44  or  55;  and  then  y = 55  or  44. 

91.  (a;  + 3)  (2a;  - 2)  (a;  - 2)  + (3a;  + 7)  (2a;  + 1)  (a;  - 2)  = (2a;  + 1)2  (2a;  - 2) ; 

.-.  2a;3  - 14x  + 12  + 6a;3  + 5a;2  - 27a;  - 14  = 8a;3  - 6a;  - 2 ; 
5a;2-35a;  = 0;  i.e.  3x(x-l)  = 0,  &c. 


whence 
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92.  (II -I),;  y + 2 -3z=4z  -4;  whence  y - 7z  = - 6. 

(I  — III) ; 2y  + z - 3 = 4 - 4y  ; whence  6y  + z = 7. 

;.  43y  = 43;  .'.  y = 1,  &c. 

93.  Take  the  cube  of  both  sides ; 

(a -a;) + 3 {,j/(a  - a;)}2  4/(#  ~ 6) + 3 {^/(«  - 6)}2  + {x  -b)  = a-b; 

3 {4/(a  - x)  }2  *](x  - b)  + 3 *J(a  - x)  { */(x  - b)  }2  = 0 ; 

3 f/(a  - - &)  {*y(a  -x)  + £/(x  - b) } = 0 ; 

whence  and  from  I,  ^J(a-x)  fy(x  - b)  {^/(a  - &)}  =0.  Hence  x = a or  b. 

94.  The  second  equation  is  (x  - 3)  (y  - 3)  = 15.  Puta;-3  = a,  y-3  = b ; 
then  we  have  a2  + b2=  34  and  a&  = 15. 

Hence  a2  + 2a6  + 62  = 64,  and  a2-2ab  + b2  = 4. 

a + b=  ±8  and  a-  b = ±2. 

Whence  a=  ±5  or  ±3  and  &=  ±3  or  ±5. 

That  is  x - 3 = ± 5 or  ± 3,  and  y - 3 = ± 3 or  ±5. 

Hence  a;  = 8,  -2,  6 or  0,  and  y = 6,  0,  8 or  -2. 

95.  Let  the  rates  of  the  trains  be  x and  y miles  per  hour. 

Then  (x  + y)  x 1£  = 100  ; also  — - =1£. 

x y 

Thus  x + y — 80  and  . 

y x y 15 


:.  x2  - 230x  + 6000,  i.  e.  (x  - 30)  (x  - 200)  = 0. 

Hence  x = 30  and  y — 50.  [The  values  x = 200,  y=-  120  being  inap- 
plicable.] 

96.  7 (ax-  by)  = 3 {{2a  + b)x  - (a + 26)  y}  ; whence  x (a  - 36)  =y  (b  - 3a). 
Hence,  from  ax  -by =3  (a2  - b2) , ax-bx  ^ ^ = 3 (a2  - b2) ; 

3x  (b2  — a2)  = 3 (a2  — b2)  (b  — 3a) ; x = 3a- b,  and  thus  y — 3b -a. 

97.  13a:2  - 80a:  + 12  = 0,  i.e.  (13a:  - 2)  (x  - 6)  = 0,  Ac. 

98.  (a:+l)  (x  + 5)=x2  + Qx  + 5,  and  (a:  + 2)  (a;  + 4)  = a;2 -f  6a;  + 8. 

Hence  (a;2  + 6a;  + 5)  (a;2  + 6a;  + 8)  = 4; 

.'.  (a:2  + 6a:)2+13  (a:2  + 6a:)  + 36  = 0,  i.e.  (x2  + 6a;  + 4)  (x2  + 6a:  4-  9)  — 0,  Ac. 

99.  We  have  a;2?/  + a;?/2  + a;2  + ?/2  = 109; 

xy  {x  + y)  + x2  + 2 xy  + y2  = 109  + 2 xy. 

Tint  xy  = 12;  hence  12  (a;  + ?/)  + (a;  + ?/)2=109-t-24; 

(x+y)2  + 12  (x  + y)  - 133  = 0,  whence  x + y = 7 or  x + y = -19. 
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From  x + y — 7 and  xy  = 12,  we  have  x,=3y  ?/  = 4,  or  a;  = 4,  y = 3. 
From  x + y = - 19  and  xy  = 12,  we  have 


19  . 1 


19  1 


2 \/313>  y=— 2 T 2n/313- 


100.  Let  the  distance  from  P to  Q be  d miles,  and  suppose  A and  B to 
walk  at  the  rates  of  x and  y miles  per  hour. 

Then  A walked  d + ^ in  6 hours ; | d— Qx,  or  x — ^ d. 


B walked  d+  ^ in  hours;  |d=7|y,  or  ?/  = ~d. 

Also  it  took  A 24  minutes  longer  to  walk  d - 6 miles  than  it  took  B to 

„ _ ..  „ d-6  6 24 

walk  6 miles.  Hence = - + — . 

x j bO 


Hence 


4d-  24  30  2 54  18  , 

; — -3 — = “r  + e)'  ~~r  — —p~  > d = 15. 

d do  do 


LIII.  Page  214. 


16.  (2a4)2  + 2 (2a4)  (3b3)  + (363)2  = &c. 

17.  (a5)2 + 2 (a5)  ( - 2b4)  + ( - 2b4)2=&c. 

18.  ( - ax4)2 + 2 ( - ax4)  (by3)  + (by3)2=&c. 

19.  ( - a2)2  + 2(  - a2)  (2ab)  + (2ab)2=&c. 

20.  (a2)3  + 3 (a2)2  b2  + 3a2  (b2)2  + (b2)3  = &c. 

21.  (a3)3  + 3 (a3)2  b3  + 3 a3  (b3)2  + (b3)3 ■=  &c. 

22.  (2a2)3  + 3 (2a2)2  ( - 3b2)  + 3 (2a2)  ( - 3b2)2  + ( - 3b2)3=  &c. 

23.  (3a2)3  + 3 (3a2)2  ( - 2b2)  + 3 (3a2)  ( - 2b2)2  + ( - 2b2)3= &c. 

24.  a4  + b4  + c4  + 2a2b2  + 2a2c2  + 2b2c2. 

25.  a6  + 466  + 9c6  + 2a3  ( - 2b3)  + 2a3  (3c3)  + 2 ( - 2b3)  (3c3)  = &c. 

26.  a4  + 16b4  + 9c4  + 2a2  ( - 4b2)  + 2a2  ( - 3c2)  + 2 ( - 4b2)  ( - 3c2)  ==  &c. 

27.  x4  + 9x2  + 36  + 2x2(-3x)  + 2x2(-6)  + 2(-3x)(-6)  = &c. 

28.  9x4  + x2  + 25  + 2 (3a;2)  (~x)  + 2 (3a;2)  ( - 5)  + 2 ( - a;)(  - 5)  = &c. 

29.  4a;4  + 25a;2  + 1 + 2 (2a;2)  (5a;)  + 2 (2a;2)  ( - 1)  + 2 (5a;)  ( - 1)  = &c. 

30.  9a;4  + 36a;2  + 36  + 2 (3a;2)  ( - 6®)  + 2 (3a;2)  ( - 6)  + 2 ( - 6ar)  ( - 6)  = &c. 

31.  1 + x2  + x4  + x6  + 2x  + 2x2  + 2xA  + 2x  .x2  + 2x.  x3+2x2 . a;3=&c. 

32.  x6  + x4  + x2  + 1 + 2a;3  ( - x2)  + 2a;3  . x + 2x3  ( - 1)  + 2 ( - x2)  x 

+ 2(-a;2)(-l)  + 2a;(-l)  = &c. 

33.  a;6  + a;4  + 4a;2  + 4 + 2a;3  . a;2  + 2a;3  ( - 2a;)  + 2a;3  ( - 2)  + 2a;3  ( - 2a1) 

+ 2a;2  ( - 2)  + 2 (-  2a;)  ( - 2)  = &c. 

34.  a2  + 4b2  + 9c2  + 1 6d2  + 2a . 26  + 2a . 3c  + 2a . 4d  + 2 . 2b  . 3c 

+ 2 . 26 . 4d  + 2 . 3c . 4d—  &c. 
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35.  4a2  + 62  + c2  + 4<Z2  + 2 . 2a  ( - 6)  + 2 . 2a  . c + 2 . 2a  ( - 2d) 

+ 2(-b)c  + 2(-b)(-2d)  + 2c(-2d)=&c. 

36.  (x2)s  + 3 ( x 2)2  (®  + 1)  + 3a:2  (x  + l)2  + (x  + 1)3  = &c. 

37.  (x2f  + 3 (a;2)2  ( - x + 2)  + 3a;2  ( - x + 2)2  + ( - x + 2)3 = &c. 

38.  (3.r2)3  + 3 (3a;2)2  ( - 5x  + 1)  + 3 (3a;2)  ( - Sac  + 1)*+  ( - 6*  + l)3  = &c. 


13.  *J{a2  + 2a  (2b  + 3c)  + (462  + 12bc  + 9c2)}  = a + 2b  4- 3c. 

14.  4a2  - 4a  (b  + 3c)  + (62  + 66c  + 9c2) } = 2a  - (6  + 3c). 

15.  *J{ 4a4  + 4a2  (62  - c2)  + (64  - 262c2  + c4) } = 2a2  + 62  - c2. 

16.  25 a4  + 2 . 5a2  ( - 362  + 2c2)  + (964  - 1262c2  + 4c4) } = 5a2  - 362+  2c2. 


LIV.  Page  219. 


LV.  Page  222. 


1. 


x4  + 2a:3  + 3a;2  + 2a;  + 1 ( a;2  + a;  + 1 


(x2)2  ~x4 


(x2  + x)2  =a;4  + 2a;3  + x2 

(x2  + x + l)2  = x4  + 2a;3  + 3a;2  + 2a;  + 1 


2. 


4a;4  - 8a;3  + 4a;  + 1 ( 2a;2  - 2a;  — 1 
(2a;2)2  =4a;4 


(2a;2 -2a;)2  = 4a;4  - 8a;3  + 4a;2 


(2a;2 -2a; -1)2= 4a;4 -8a;3  + 4a;  + l 


3. 


9.x4  - 36a;3  + 72a;  + 36  ( 3a;2  - 6a;  - 6 


(3a;2)2  = 9a;4 


(3a;2  - 6a;)2  = 9a;4  - 36a;3  + 36a;2 
(Sx2-Gx-6)2—9x4-36x3  + 72a;  + 36 


4. 


5. 


(2a.'2)2 

(2x2  + x)'2  = 4a;4  -f  4a;3  + xl 
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^-2^+I^AJ  16 


1 / , 1 

rer-s+i 


(a;2)2  = a4 

(a:2  -a)2  = a4  — 2a3  + x 2 

^a2-a+^  = a4-2a3  + |a2-  ^a 


7 x4  + 2a:3?/  + 3 x2y2  + 2a y3  + yi  ( x2  + xij  + y2 

(a:2)2  —a4 

(a2  + xy)2  = a4  + 2 x3y  + x2y2 

(a2  + xy  + y2)2 = a4  + 2x3y  + 3a2?/2  + 2xy3  + y 4 

8 16  - 96a  + 216a2  - 216a3  + 81a4  ( 4 - 12a  + 9a2 

42  =16 

(4  - 12a)2  = 16  - 96a  + 144a2 

(4  - 12a  + 9a2)2  =16  - 96a  + 216a2  - 216a3  + 81a4 
9.  l + 4a  + 10a2  + 12a3  + 9a4(  l + 2a  + 3a2 

l2  =1 

(1  + 2a)2  = 1 + 4a  + 4a2 

(1  + 2a  + 3a2)2 = 1 + 4a  + 10a2  + 12a3  + 9a4 


10. 


11. 


12. 


4a4-4a3  + 3a2-a  + ^ ^ 2a2-a  + ^ 

(2a2)2  =4a4 

(2a2  - a)2  =4a4-4a3  + a2 

/ 1\2  1 

l 2a2  - a + - \ = 4a4  - 4a3  + 3a2  - a + - 

The  expression  is  4a4  + 8a3  - 4a  + 1. 

4a4  + 8a3-4a  + l ( 2a2  + 2a- 1 
(2a2)2  =4a4 

(2a2  + 2a)2  =4a4  + 8a3  + 4a2 

(2a2  + 2a  - 1 )2 = 4a4  + 8a3  - 4aTl 

a6  - 4a5  + 6a4  - 8a3  + 9a2  - 4a  + 4 (a3  - 2a2  + a - 2 

(a3)2  =a® 

(a3  - 2a2)2  —x6-  4a5  + 4a4 

(a3-2a2  + a)2  = a6-4a5  + 6a4-4a3  + a2 

(a3  - 2a2  + a - 2) 2 = a6  - 4a5  + 6a4  - 8a3  + 9a2  - 4a  + 4 


We  may  also  use  the  method  of  Art.  177.  Thus 
13.  9a6  - 12a5  + 22a4  + a2  + 12a  + 4 ( 3a3- 2a2  + 3a + 2 

9a6 


6a3 -2a2)  -12a5 

- 12a5  + 4a4 
6a3  - 4a2  + 3a  ) 18a4 

18a4  - 12  a3  + 9a2 

6a3  - 4a2  + 6a  + 2 ) 12a3  - 8a2  + 12a  + 4 
12a3  - 8a2  + 12a  + 4 
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14.  xs  - 22a;4  + 34a;3  + 121a;2  - 374a;  + 289  ( a;3  - 11a;  + 17 

a;6 

2a;3- 11a;)  -22a:4 

- 22a;4  + 121a;2 

2a;3 -22a: + 17  ) 34a;3 

34a;3  -374a; + 289 


15.  a2-2a(-x-4)  + 


g-- 


4a;  + 16 


(a-i(ar-  4)}2. 


16.  a;8  + 2a;7  + x6  - 4a;5  - 12a;4- 8a;3  + 4a;2  + 16a;  + 16  ( x*  + x3  - 2a;  - 4 

xs 

2a;4  + x3  ) 2x7 

2x7  + xs 

2x 4 + 2a;3  - 2a; ) - 4a;5 

- 4a;5  - 4a;4  + 4a;2 

2a;4  + 2a;3  - 4a;  - 4 ) - 8a;4  — 8a;3 

- 8a;4  - 8a:3  + 16a;  + 16 


17. 


16a:2 -96a; + 216- 
16a:2 

8a;  - 12  ) - 96a; 

- 96a;  + 144 

8a; -24  + |^  72 
72- 


216 

x 


216 

x 


SO- 


c — 12  + — 
x 


81 

x 2 


18. 


x6  - 6a;4  + 15a;2  — 20  + ~ 
x 1 


2x3-3x)  -6a;4 

- 6a;4  + 9a;2 


2a;3  - 6a;  + 6a;2 


6ac2  - 18  + -„ 


2as»-6®+.-Bfe  )-  2+- 

2 + 4 


( xs  - 3a;  + - 
\ * 


1_ 

xs 


1 1 
xi+v* 
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19.  x4  + 2a;3  (y  + z)  + x2 ( y 2 + z2  + iyz)  + 2xyz  (y  + z)  + y2z2  ( a;2  + x (y  + z)  + 

xi 

2a;2  + x (y  + z)  ) 2 x3(y  + z) 

2x3  (y+z)+  x 2 ( y 2 + z2  + 2 yz) 

2ar2  + 2 x(y  + z)  +yz)  x2(2 yz) 

x2(2yz)  + 2xyz(y +z)  + y2z2 

20.  2 x2(y2  + 2 yz  + z2)  + 2y-{z2  + 2 xz  + a;2)  + 2z2  (x2  + 2 xy  + y 2)  + 4x^2  (x  + y + z) 

= x2  (4?/2  + 8?/2  +■  4a2)  + 2x  (4?/%  + &.yz2)  + ^y2z2 
= {x(2y  + 2 z) }2  + 2x  (2 y + 2 z)  (2 yz)  + (2 yz)2 ; 
whence  square  root  is  x (2y  + 2z)  + 2 yz. 


LVI.  Page  228. 


1.  {^8}2=22=4. 

3 IB1  -1 

* l64  v/16-4- 

4~f  _ 25^  _ (J25f  _ 53  _ 125 
5'  25-4“  4f  _ 

7 1 = 1 = 1 = 1 

27 3 j|§§)4  34  81 ’ 


2 — — — — 

4f“W4)3_2:i' 

4.  — - = 254= ^25  = 5. 

25~* 

27-4  _ 64^  _ (4/64)2  _ 42  _ 16 

64-4  ~ 274  “ CW  “ 32  “a-' 

o Hi  HflB  1 _i_ 

loot  (\/100)5  105  100000* 


9. - = 10000*  = (4/10000)3  = 103  = 1000. 

(10000)-? 


10. 

27-s  125^  (4/125)4  54 

125-4“  274  “ 4/(27)4  _34“ 

625 
~8l  * 

11. 

2 11 
a3”^  = a3. 

12. 

a4+4=a2# 

13. 

a-4+1  = a4. 

14. 

a1-4=af. 

15. 

a4-4  ft-4+4=ai  &»-. 

16. 

a4x2  &lX2  = aft2> 

17. 

afx2  fc-lx2 =fl86-i. 

18. 

a4xS  5-IX3  = a6-2 

19. 

a~4x4  64x|_a-i5l> 

20. 

a4xf  6_4xl  = a65-i> 

21. 

{a~2x2}*  = a-2x2xf = a~\ 

22. 

{a-4X2]-f  = a“lx2X, 

23. 

a~ 4x3x(-4)==a4. 

24. 

a4-f+T\=a°=l. 
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25. 

26. 

27. 

28. 


a!  x x a2x(~0  x a^x5  = af  x a~*  x a~%  x = a = a°  = l. 


,XP+<J  X X — = XP+<1  X XP-Q  X X~^P  = xP+^+P-^P  = ®°  =ll 

,'C2p 

a-la-r)!)  x a;.(r-i»)«  x a;(P-«)r_^(«-r)i»+(r-p)«+(p-g)r_a.o_  i. 

x __  xiy^x~^y~J-  x y^x~r>  = x^~^~ ® = a:°2/‘ar = yA 

,-r^y^ 


29.  xx+yy'x+vx~yirx  = xx+y~yyx+y~x — xxy 

30 


xx+://-t-2yX+-(/+2;2a:+i/+2x-(2/+2)y-(2+xi2-(a:+2/) 

— a.X+2/+2-(2/4-2)^a:+!/+2-(2+X)2X+2/+2-(X+J/)  _ xXyVzz 


31. 

32. 

33. 

34. 


a^fo3  afftT*?  _ a^63  x &T 
b^aJ  b?  b^aJ  afcb& 


■aHsb  ia~*  xtf  arh  t\ 


= -tV  = a-ifc-W- 


aly^x  — x ^—  = a^y^  x y2®  3 xxii/‘  = a-x  'T*’^yf"*"f+f  = al®  xVyif. 

y-1 

^.sp'-f-a  X a;P-4r  x x2(g-2 r)  x x8r-4p  _ x:!p+g+p-4r+2q-4r+8?--4p  _ 

{p—g)r  (g—r)p  (r—p)  q -j 

X Pi  x ir  X rP 


P-'l  , q—r  . r—p 


35. 

36. 

37. 

38. 

39. 

40. 


(p-q)r  (q-r)plr-p)q  p-g  q—r  _r—p 

= X PI  ir  rP  XX  r P 9 
(p—q)r  ( q—r)p  (r—p)q  p—q  q—r  r-p 
— X Pi  + ir  rP  r P i 


=x°—l. 

p—q  q—r  r—p  p—q  . q— r r—p  p—q  q—r  r—p  ^ p—q  g- 
X r P ' <1  XX  r P i~  — X T ' P i + T + t 

a f x a2  xa^~  = a1 ='a. 

( a?y )f  x (ay2)'3 =a?y^  x a?y%  = a%~+:*y%+%  = ay . 
(a2®5)^  x (asx)v==a%x%  xa%x2  = cfi+%x%+%=& c. 
a?  x a®  x a~2-  x a“  ” = 2 =a. 

a^  x af  x a-5  x a~^  = aA  1 5_i~^  = &c. 


r-p 

i = ®°=1. 
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41.  >Ja2£/{a6xa  = a2  */{a  ^}  = \/a2 x a a^=a^. 

42.  ah\  x =ah*c  x <rib-*c-1=a*-h*-2c1-1 

aJb2c 

43.  a^b-1  x — g-=a^6-1  x a3&“3=a^+3&-1_3:=&c. 

a~5b's 

44.  a2Pc3  x b~%  x c-^a~2=a2-2&^_^cir‘^  = b~4. 


1.  x*+y% 

x^  - yi 
x + xZy^ 

-X\y\-y 

x - y 

4.  x3  + ?/3 
x ^ -yi 
— i T 

X3  + X3!/3 

- x3?/3  - y% 

~n  i 

Xs  - y 3 

7.  a*  + ah%  + b% 

a3-&3 

a2  + a3&3  + a3i3 

- _ aH%  - b 2 

9.  x^  - x*  + a;l  - x-* 
x?  + x* 

X2  - X3  + X - x3 

X3  - X + X^  - 1 


LVII.  Pages  230 — 231. 

2. 

8 3 

X^-J/2 

X3  + X3?/3 

- x3?/3  - ?/3 

X3  — ?/3 

5.  x3  + x^  + l 
x3-l 

X + x3  + x3 

- X3  - X3  - 1 

X - 1 


l*. 


3.  x*  + 1 

x*-l 
— i I 

X3  +XT 

-x*-l 

X3  - 1 

_ 2 112 

6.  X3-X3?/3  + t/3 

1 1 
a;^  + 7/^ 

2 1 1 2 

X - X3?/3  + X3?/3 

2 1 12 

+ x3?/3  - x3?/3  + y 

X +y 


8.  a3  + a3&3  + &3 
a3  - a3&3  + 63 
a3  + as5^  + a3&3 

- a2P  - a3&3  - ah2 

ah*5  + ah2  + b% 

a3  + a3&3  + 63 

10.  x*-x3  + x^-x 

x*  + x3 

X3  - XT  + X2  — X* 

X * — X2  + x^  — x^ 

X3  -x^ 


-1 
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11.  xn  + x 2 +1 

1 + X 2 + x~n 
Xn+  X2  +1 

X2  + 1 + X 2 

1+  x 2+x~n 
xn  + 2x2  +S  + 2.T  2+x~n 


12.  x2n  + x11  yn  +y2n 
y~2n+  x-ny~n  + x~2n 
x2ny~2n+  xn  y~H+ 1 

xn  y-n+  i+  x~nyn 
1 + x~nyn 
x2ny~2n  + 2xn  y ~n+  3 + 2 x~nyn 


13. 


a3  — a^b3  - + b3  - b3c3  + c J: 

a3  + Jji+  ci 

a - a3b3  — a3c3  + a3b3  - a3b3c3  + a3c3 

a3b3  — a3b3  — a3b3c3 

2 1 1,11  12 
asc 3 - a3b3c3~a3c3 

a - 3ah3c3 


+ b-  b3c3  + b3c3 
+ b§c 3 - b3c3  + c 
+ b +c 


14. 


8^-0^  +T8ah~k  bi 

1 i 1 .i 

2aT+3  tT 

,1; «a  - 24 “i',i  + k 


16 


36 


54 


iiAi-M“b  +kahi-kht 


81 


15.  81a;5-27 x%y3  + dxhj3  -Sx^y-i  y 3 

3xi+  y3 

243a;  - 81a;%i  + 27 x3y3  - 9 x3y  + 3 x3y3 

+ 3\x3y3  - 27 xiy 3 + 9a;%  - 3 x3y3  + y3 
243a;  +y 3 


+ x-2ny2n 

+ x~2ny2n 


K.  S.  E.  A. 


12 
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16.  ai  -b?}  a-  b ( .ah  + b*  17.  x?-y?)x3-  y3  (x?  + y? 


a -ah? 


x 6 - X-IJ‘ 


a?b?  - b 
ah?  - b 


x?y?  - y3 
xiy?  - y3 


n n 3n  3n  n n 

18.  x2-y2)x2-  y 2 ( xn  + x2y2  +yn 


V 

3n  n 

X 2 - xny 2 


n 3n 

xny 2 - y 2 
xny2  - s?ijn 


19.  x?  + y?')x2+  y 2 ( x?-x?y3  +y^ 


x-yn  - y ^ 

n 3n 

x2yn _ y 2 


- xkyi;  + y2 

- x?y%  - x?y? 

? 4-  v2 


x?y ? + y 

x?y^  + y2 


20.  x?  - 3y?  ) x - 243  y?  (x?  + 3 x?y?  + 9 x%y?  + 27 x?y  + 81?/^ 
x - 3xsy? 

3x%?  - 243  y? 

3x%^  - 9 xiy? 


9 x%y?  - 243  y? 
9xsy's  - 27x°y 


27x*y  - 243  y? 

27 £%-  81a <^y? 

Qlx^y?  - 243 y? 
81  xhy?  - 243 y§ 

21.  y - b?y^  + P ) Vi  + &2  V2  + &4  ( y3  + b?y? -b?y? +b?y?+lP 

yi-bhyi  + byS 

b?y?  - by3  + b2y2  + b* 
b?y ^ - by3  + b?y? 


- b?y?  + b2y2+  b* 

- b?y ? + b2y2  - b?y? 

fc%£  + &4 

b?y?  - bhy  + b?y? 

b3y  - b^y?  + b* 
b3y  - b^y?  + ft4 
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22. 

xiy~*  - 1 + x~iyi  ) x%y~i  + 2 + x~iyi  ( xiy~i  + xiy~^  + x~iyi  + x~isji 

x^ij-i  - xiy~i  + xi  y~i 


xiy  *-xi  y i + 2 + x iyi 
x^y-^-x*  y~i+ 1 

1 + x~iyi 


1 - x i?y  t + x~iyv 


_1  1 11  3 3 

x iy-z-x  tyt  + x^y* 
x~iy?  - x~iyi  + x~*y% 


23. 


a?  + bi  ) cfi  + a%i  - ahi  -ab  + ah i + bi  ( a2  - abi  + b i 

a§  + a‘2b^ 

- ahi  -ab  + ahi  + &f 

- ahi  _ ab 


ahi  + bi 
ahi  + bi 


24. 


a*  - a * ) a,i  -2  + a i ( ai  - a~i 

gi-1 

-1  + a~i 

- 1 + a~i 


25.  Arrange  in  descending  powers  of  x.  Then 

xi  - x~s  ) x + 2x%  - 2x^  + 2x~~s  - 2x~i  - x_1  ( xi  + 2xi  + 1 + 2x~i  + x~i 
x-  xi 

2xi  + xi  - 2xi  + 2x~i  - 2x~i  - x_1 
2xi  - 2xi 

xi  +2x~i-2x~i-x~1 

xi  - x~i 

2 x~i  + x~i  - 2x~i  - x_1 

2x~i - 2x~i 

x~i  - x-1 

x~i  -x-1 

12—2 
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3» 


T 

Si 

T 

+ 


H H 

+ + 

i I 

Si  Si 

i»|» 

H « 


H Si 

+ I 


« H 

+ + 


Si  Si 

« H 


i'jn'5  rtj^5 
H H 
+ I 

T T 


H«0  r*\n 

H H 

I I 


f*  T* 

Si  Si 
+ + 
Ci|iO  (N|iO 

S>  Si 


Si  Si 
t-l»  uh 

Si  H 
+ I 

CO|io  ©h© 

Si  S-. 

Si  Si 

I I 


'si 'si 
+ + 
1=1  Si 

n|ro  uj|M 

‘h  'si 
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27. 


b~M'  x ah$c~z  x a~h^c^ = ==&c. 


28.  a +20?$+  4 6^ 

a -2ahi+  4 
a2  + 2a%$  + 4ab% 

- 2a?bi  - 4 a$  - 8a^b 

+ 4a&3  + 8a*ft  + 16&* 

a2  + 4 a$  +166^ 

a -4$ 

a3  + 4a2  ft^  + 16a&^ 

- 4a2  $ - 16a6^  - 6462 

a3  -64  ft2 


(a  -a-1)  (ft  - 5_1)  _ 06—  a&-1  - a_1&  + a_1&  a6-1  + a_16 

' ab  + a ~lb~l  a6  + a-1ft-1  ai  + ra-^-1 

_ (a6_1  + a_16)  (a&  - a-16-1)  _ «2  + i2  - 6-2  - a-2 

(a6  + a_16_1)  (a&  - a-16-1)  a262  - a~2b~2 

Y 

/g  J 1 

30.  The  first  expression  = — — 4 - 

a^-l  cc^-1  1+x^  l + ac^ 

_ «-l  , 2 j ! 

~ l , , l = (x3  +£C“  + 1)  + (1  -£C^)  = &C. 

as^-l  l+ass 


4a:2  - 5a;  - 4 - 7a:-1  + 6a;-2 
3a;  - 4 + 2a;-1 

12a;3  - 15a2  - 12a;  - 21  + 18a;-1 

- 16a;2  + 20a;  + 16  + 28a;-1  - 24a;-  2 

8a;  - 10  - 8a;-1  - 14a;"2  + 12a;-3 

3a;  - 10  + 10a:-1  - 4ar2 ) 12a;3  - 31a;2  + 16a;  - 15  + 38a;-1  - 38a;-2  + 12a;-3  ( 4a;2  + 3a;  + 2 - 3a-'1 
12.r3  - 40a;2  + 40a;  - 16 

9a;2  - 24a;  + 1 + 38a;-1 
9x2- 30a; + 30 -12a:-1 

6a;  - 29  + 5ol^  - 38a;-2 
6a;  - 20  + 20a;-1  - 8a;-2 

- 9 + 30a;-1 -30a;-2  + 12a;-3 

- O + SOaj-i-SOx^  + ^a;-3 
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32. 


then 

and 

33. 


1 1 _ 1 + a;*  + 1 - a;*  _ 2 

1-xi  1+xi  (1  -x*)  (1  + 0!*)  1 — x% 

2 2 2(l  + as*)  + 2(l-a;*)  _ 4 

l-a£  1 + a;^  (1-^)(1  + *^  1_a:’ 

4 _ __8 

1 - a;  1 + a;  1-a;2’ 


(a  + &)£  + (a  + &)^  (a-5)*  + (a-&# 

(0  + 6)i_(0-5)i 

(a  + 6)  + (a  + b)%  (a  - b)Z  + (a  + b)i  ( a - b)% 

~(a  + b)%  (a  - &)*  - (a  + b)i  ( a - 6)*  - (a  - fc) 

(a  + 6)  -(a-5)  = 26 


35.  4x2a~2  - 12a;a-1  + 25  - 24a;_1a.  + 16a;~2a2  ( 2xa~1  - 3 + 4 x~la 

(2aca-1)2 = 4a;2a~2 __ 

(2xa_1  - 3)2  = 4a;2a-2  — 12xa_1  + 9 
(2xa~]  - 3 + 4*-1a)2  4aj2a“2  - 12xcr'  + 25  - 24ar~1a  + 16x~2a2 


36.  25 x2y  2 -20 xy  * + 9 - 2x~1y  + ^a;-2?/2 ^5xy~1-2-3r^x~1y 

(5  xy~xY = 25x2y~2 
(Sxy-1  - 2)2  = 25 x2y~2  - 20xy~ 1 + 4 

^5xy_1  - 2 + iarh/^  = 25x%y~ 2 - 20a;?/-1  + 9 - 2a;-1?/  + j a;-2?/2 


37. 


a*  + 2a^x%  - 2aJx^  + x%  - 2a  ^x^  + a ix^^aJ  + x*  - a 
(aJ)2=ai 

(aJ  + x*)2 = a%  + 2a%  x%  + a;* 


(a5  +x's—a  ^xs)2=ai  + 2a^x^  - 2a^x&  + x%  - 2a  saf^'  + a ^a;*5* 

38.  a;*  - 4x^  + 4a;  + 2a;*  - 4a;*  + a;*  ( x&  - 2x^  + a:* 

(x*)2=xi 

(a;*  _ 2a;*)2 = a;*  - 4a;*  + 4a; 


(a;*  - 2a;*  + x%)2 = a;*  - 4a;*  + 4x  + 2a$  - 4a;*  + a;* 


39.  (i) 
(ii) 


(a*- 1)2=0;  xi=l;  /.  a?  = l; 

x=  1 or  - ~ ± - 1 . [Ex.  2,  Art.  155.] 

(a:**-  2)  (xi  - 6)  =0 ; x?  = 2,  or  x * = 6.  Hence 

a:=4  or  a; =36. 
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(iii)  (a£-27)(a£  + l)  = 0.  If  x%=27,  a:  = 27^  = 27  x 4/27,  and 


(iv)  a;^  - 4 + 3af~^ = 0 ; .*.  x%  - 4af$  + 3 = 0,  i.  e.  (af^-3) 


(a£  - 3)  (a^  - 1)  = 0. 


LVIII.  Pages  234—235. 


1.  ^9xx/3  + v/16xv/3  = 3^/3 + 4^/3  = 7^/3 

2.  J25xiJ2+iJMxJ2  = 5^2  + 7^2  = 12^2. 

3.  v/9x\/5  + 2x/25xv/5  = 3n/5  + 10v/5  = 13v/5. 

4.  2x/36xx/5-V81x\/5  = 12x/5-9V5  = 3x/5. 

5.  2n/4xx/7-n/9xv/7  = 4v/7-3x/7=x/7. 

6.  5 ^16  x ^13  - 3 J25  x .^13  = 20  ^13  - 15  J13  = 5 ^/13. 

7.  34/5  + 4/125x4/5  = 3^5  + 54/5=8^5. 

8.  34/8x4/9-24/27x4/9=64/9-64/9  = 0. 

9.  44/64x4/7-154/7  = 164/7-154/7  = 4/7. 

10.  V256  x ^2  - J25  x ^2  - ^49^/2  = 16  ^2  - 5 J2  - 7 V2  = 4 ^2. 

11.  3 ^4  x ^3  - V9  x ^3  + 2 V25X  ^3  = 6^3 -3^/3 + 10^3  = 13^/3. 

12.  n/49xv/3-2x/9xv/3-x/3  = 7x/3-6n/3-V3  = 0. 


14.  V15x  60  = ^/900  = 30. 


15.  V12  x 24  = 712  x 12  x 2 = ^122  x ^2  = 12  J2. 


17.  4/6x36  = ^62  = 6. 
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18.  ^12  x 27  x 75  = N/l2  x 3 x 9 x 25  x 3 = J‘dG  x 9 x 25  x 3 

= v/36  x ^/9  x ^25  x J3  = 6 x 3 x 5 ^3  = 90  ^3. 


19.  -C/16  x6x§  = 4/8x2x2x3x9=C/8x27x4  = 4/8x  4/27  x 4/4  = 64/4. 


28.  v/3  = 4/33  = 4/27,  and 

29.  J50  — 4/506  = 4/15625000000.  4/344=  ^3444=4/14003408896. 
4/2402=  jy24023=jyi3858588808 


32.  v/2+  v/3  + v/6 
2v/2  + 3v/3  + v/6 
2x2  + 2 J6  + 2x2JS 

3^/6  + 3x3  + 3x3^/2 

2y/3 3^2  + 6 

4+5^6+  6^3  + 9 ' + 12^2  + 6 

33.  1+  4/3  + v/5 
1+  4/3 -4/5 
1+  4/3 + 4/5 

+ 4/3  +^9+4/15 

-4/5  -4/15-4/25 

1 + 24/3  +4/9  -4/25 

34.  {(N/2  + \/3)+x/5}2  = 2 + 3 + 5 + 2x/2v/3  + 2N/2v/5  + 2v/3iV/5  = &c. 

35.  The  continued  product  is 

{ U/3  + ^5)  + x/2 } { (^3  + ^5)  - ^2) } W2  - U/3  - s/5) } { J2  + (^3  - -s/6)} 
= {(n/3  + V5)2 - 2} {2 - (4/3  - ^/5)2}  = {2^/15  + 6}{2V/15  - 6}  = 60  - 36. 


20.  C/12  x 75  x 30  = C/3  x22  x 3 x 52  x 2 x 3 x 5 = 4/->3 . 23 . 53= 3 x 2 x 5 = 30. 


21.  ->^6  x 12  x 18=  4/6  x 6 x 2 x 3 x 6=  4/6  x 6 x 6 x 6 = 6. 

22.  4/103x4/2002  = 4/(103x  2002)  = 4/(10«x40)  = 104/40. 

23.  4/42  x 4/83  = 4/(42  x 83)  = 4/(46  x 2)  = 4 4/2. 


27. 


147  x 735 
35 


= 4/(147  x 21)  = 4/(73  x 9)  = 7 4/9. 


30.  -s/6-  ^3 
v 6+  -y/3 


31.  2 ^5  + 3^3 

3 -s/5 -4  C/3 


6-3^2 


SJ2-S 


6 x 5 + 9^15 


6 -3  = 3 


-8^/15-12x3 


30+  ^15-36=^/15-6 
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LIX.  Pages  238—240. 


10. 


11. 


12. 


W7  _3  , 

s/7xs/7~7V 

3n/2xv/3_3x/6_1 


2Xv/5  _2 
2l  J5xJ5  5^5' 


v/6. 


4. 


^6x^5  _1 


^5x^/5  5 


= W»0- 


13. 


2 ^3  x J3  6 2 

2 (s/2-1)  2^2-2 

(\/2  + 1)  (\A2  - 1)  2-1 

(s/2-1)2  _'2-2x/2  + l_ 

(s/2  + 1)  (s/2-1) 

2J5U5-J3)  10 -2  s/15 

(\/®  + \/3)  (v/5  - \/3)  5 — 3 

(15  + 14  s/3)  (15  + 2 ^3) 

(15-2^3)  (15  + 2^3) 

_ 309  + 240  ^3  _ 103  + 80  s/3 
213 


= 2J2-2. 

■3-2  J2. 


225  + 30^/3  + 210  s/3  + 84 
225-12 


(v/5  + 3v/3)(2v/5  + v/3)r= 
(2N/5-v/3)(2x/5  + x/3) 
(n/6-3n/12)  (2V6-V/12) 
(2n/6  + x/12)(2^/6-x/12) 


71 

10  + ^15  + 6 J15  + 9 _ 19  + 7 ^/15 
20-3  '17 


12-6^2-36^2  + 36 
24-12 

_ 48  - 42  J2 
12 


= 4- 


;n/2. 


(l  + V2-x/3)  1 + J2-J3 

(l+V2  + -s/3)(l  + s/2-j3j  (l  + ^/2)2-3: 


1 + -s/2 -s/3 
1+2J2+2-3 


_1  + v/2-n/3_(1  + n/2-J3)n/2_1 


2^/2 


2 J2  x s/2 


(s/2 + 2 -s/6). 


3(2  + n/3-n/5)  6 + 3v/3-3v/5_6  + 3n/3-3V5 

(2  + ^/3  + s/5)  (2 + ^3-^5)“  (2  + s/3)2-5  4 + 4s/3  + 3-5 

_ 6 + 3 s/3  - 3 s/5  ^ (6  + 3 s/3  - 3 s/5)  (2^/3-l) 

2 (2 s/3  + 1)  2 (2  s/3  + 1)  (2 s/3-1) 

12  s/3  — 6 + 18-  3 s/3  - 6 s/15 + 3 s/5 
2 (12  - 1) 


:&C. 


OT2  + 4/2  + 1 


3{(4/2)2-4/2  + l} 


(4/2-1)  {(4/2)2 +4/2  + 1}  (4/2+1)  {(4/2)9 -4/2  + 1} 


4/4  + 4/2  + 1 t 314/4-4/2  + 1} 


(4/2)3  _ ! 


(4/2)8 + 1 


= (4/4  + 4/2  + 1)  + (4/4  - 4/2  + 1)  = 2 + 24/4. 
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-i  a 4 {(4/9)2+4/9  + l}  5 {(4/9)2- 4/9  + 1} 

(4/9-l){(4/9)2  + (4/9)  + l}  + (^9  + l){(4/9)2-4/9  + l} 

4(4/81  + 4/9  + 1}  5(4/81-4/9+1} 

(4/9)3-l  + (4/9)3 + 1 

4(4/81  + 4/9  + 1}  , 5(4/81-4/9  + 1}  „ 

9-1  + 9+1  ~&C‘ 

, (2  + x/3)2+(2-x/3)2^(4  + 4v/8  + 3)  + (4-4v/3  + 3) 

i0,  (2-  v/3)2(2  + v/3)2  ((2  - \/3)  (2  + \/3)}2  ~ 

1R  (2  + x/3)3  + (2-v/3)3  _(8  + 12x/3  + 18  + 3.v/3)  + (8-12^/3  + 18-3n/3) 
lb<  (2-v/3)3(2  + v/3)3"~  ((2  - fjS)  (2  + *y3)}3 


17  + ((3+v/2)  (5-^/2)}^ 

[(3-V'2)(3  + v/2)][(5  + v/2)(5-V2)]_  [9 -2]  [25 -2] 

_{13  + 2v/2}2  169  + 52^/2  + 8 

“ 7 x 23  " 161 


(2  ^15  - 3 v/5  + 2^/2)  (^15  - ^2)  _ 30  - 2 ^30  - 15  ^3  + 3 ^10  + 2 ^/30  - 4 
18,  (V15  + V2)  (x/15  - 15-2 

= &c. 

(5  + x/7)  {(7-2N/5)(31  + 13v/5)}_  (5  + ^/7)  {217  + 91^/5-62^/5-130} 
19*  {(6 -2^/7)  (11 + 4^/7)}  (3  + ^/5)  ' (66  + 24^/7-22^/7-56}  (3  + ^/5) 

(5  + s/7)  (87  + 29  J5}  _ 29  (5  + ^7)  (3  + ^5)  _ 29 
(10  + 2^7}  (3 +y5)  2 (5+^/7)  (3  + ^/5)  2 ‘ 


20. 


JS  + J2_  (v/3+^/2)2  _3  + 2v/6  + 2 

v/3-^/2  (^3-^/2)  (^3  + ^/2)“  3-2 


n/3-n/2_  (N/3-V2)2  _3-2v/6  + 2 

v/3  + x/2  U/3+*/2)  (V3-V/2)  3-2  V ' 


Thus  we  have 


(5  + 2 ^6)2  + (5  - 2 ^6)2  = 25  + 20  ^6  + 24  + 25  - 20  J6  + 24  = 98. 


1+AW6  _ (l  + y/3  + ^/6)  (1  + J2  + J3) 

Zi'  1 + V2-X/3  (1  + V2-  V3)  (1  + V2  + V3) 

= 2-^2  (4  + 4 V2  + 4 + 2 \/0}  = \/2  + 2 + V6  + v/3- 
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no  (-  1 + >/2  + 0/3)  + (1  + J2  + yj3)  * (1  + sJ2  - ij 3)  + (1  - s/V  + fJS) 

**'  ;r+x/2  + ^3)  (-l  + V2  + x/3)  + 

_2v/2  + 2n/3  2 J2  + J3  1 

4 + 2^6  +2x/6-4“'  V6  + 2 +v/6-2 


(v/6-2)(x/2  + n/3)+n/6  + 2 

U/6  + 2)(^6-2) 


— ^ (>/2  + \/6  + 2). 


90  S^^e-VS)  4^/3  (^6-^2)  J6U/3-J2) 

**  fe+V3)'®^|  (v/6  + v/2)(v/6-x/2)  + (v/3  + x/2)(v/3-x/2) 

_6v/3-3>/6  12^2-4^6  3J2-2J3 

6-3  6-2  + 3-2 

= (2n/3-x/6)-(3n/2-x/6)  + (3x/2-2x/3)=0. 

24.  (2-^-3)'}=(^)l=(4  + 2N/3)f; 

Hence  we  have  - (4  + 2 ^3)$  = { (^3  + 1)2} 2 

nc  {2 ^(0+6)  + 3^/(0 -5)}  {2N/(q  + &)+v/(g-&)} 

/0,  {2  J(a  + b)~  Jia-b)}  {2J(a  + b)+,J(a-b)} 

_4(a  + &)  + 8N/(a2-&2)  + 3(a-Z>) 

4 (a  + b)  - (a -b)  ~ C‘ 

26'  IS  3 21T2  = •’  + 2 V2  = 3 + 2 x 1 ‘41-42  = 5-828. . . 

! 07  fe^  + V3)  ..  (2~x/2)2  _2s/3  + 3 , 6-4J2 

! (2-V3)(2  + v/3K  (2+^2>(2-N/2^  4-3  + 4-2 

= (2N/3  + 3)  + (3-2x/2)  = 6 + 2N/3-2N/2 
= 6 + 2x1-7320...  - 2 x 1-4142...=: 6-636. 

28.  Let  J[6  + >J20)  = /Jx  + Ijy.  Then,  as  in  Art.  191,  x + y-i 
2s/xy  = s/20.  Thus  x + y = Q and  xy  = 5,  &c. 

29.  Let  + Q ,J7 =,Jx  + isJy.  Then  x + y = 16  and  2 Jxy  = 6 Jl. 

! x + y — l^>  and  xy  = Q3,  &c. 

30.  Let  sJl2-3lJ3=lJx- Jy.  Then  x + y = 12  and  2v/xj/  = 6^/3. 
x + y — 12  and  xy  = 27,  &c. 


and 

Thus 

Thus 
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31.  Let  ^28-5  /v/12  = v/.r-  Jy.  Then  x + y = 2S,  2 Jxy  = 5 N/12.  Thus 
x + y = 28,  xy  — 75,  &c. 

32.  Let  ^101  - 28  s/lS=s/x - s/y.  Then  x+.y  = 101,  2s/xy  = 2SJ13.  Thus 
x + y = 101,  xy  = 2548,  &c. 

33.  VU7  + 36  ^10  = 8 Jl3  + 4 ^/lO  = 3 (Jx  + Jy).  Then  x + y = 13  and 

2 Jxy  — 4J10 ; /.  xy  = 40,  &c. 

34.  x/280  + 5<V2l  = /v/28  V10  + V21.  Let  tJlO  + 2j21  = Jx  + Jy.  Then 
x + y = 10  and  xy  = 21.  Hence  x = 7 and  y = 3.  Thus 


36.  3J5-J2  + (J5  + J2)  = 4:J5. 

37.  6-4x/3  + 2v/(4-2v/3)  = 6-4v/3  + 2(n/8-1)  = 4-2x/3. 

38.  11  + 2(1  + v/5)(1  + n/7)  = 13  + 2v/5  + 2x/7  + 2v/35 

= 1 + 5 + 7 + 2x/5  + 2x/7  + 2v/5v/7=(1  + x/5  + v/7)2. 

39.  2.x  + 2 Jx*  - 1 = (a;  + 1)  + (x  - 1)  + 2 ^/a;  + 1 - 1 

= (Jx  4- 1 + Jx  - l)2. 

40.  2a  + 2 Ja?  - x2  — (a  + a!)  + (a  - x)  + 2 J(ci  + x)  J(a  - x) 

= {J(a  + x)+J(a~x)}K 

41 . 3x-l  + 2 J(2x*  + x - 6)  = (2x  - 3) + (x  + 2)  + 2 J(2x  - 3)  J(x  + 2) 

-{J(2x-3)  + J(x  + 2)}*. 

42  1 1 L =Wl 

J(16  + 6J7)  3 + ^/7  2 ‘ 

43'  ^(15  + 2 ^56)  = ^8  + v/7  = n/8  ” 

44.  (J5+J2)  + (J5-J2)  = 2J5. 


1 

2 


45. 


(1  + ^2)  -s/2=  1 1 

x/2  + (n/2-1)  2J2-i-  7 


^-(2^2  + 1). 


46.  First  V(2  + \/3)  =' 


v/(4  + 2v/3)_x/3  + l 
■BR’x/2  ’ 


= '/±ti>andV(2-V3)=^. 


y/3  2J2  + J6  2J2-J6_1 

v/3-1  3 + x/3  3-^/3  -3  s7 
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48.  If  x=2  + s/5,  tf-2=x/5;  x*-4x  + 4:  = 5-  x2-4x  + 5 = 6. 

Or,  x2 -4a:  + 5 = (2  + J5)2- 4 (2  + ^/5) + 5 = 94-4^5 - (8  + 4 V5)  + 5 = 6. 

49.  If  x2—x  + 1 ; then  a;=^  =*=  ^ \/5.  Hence 

a;3 = l ( 1 ± ^5)*: = l (1  ± 3 ^5  + 15  J 5 J5) 

O O 

= 2^5=2^±^5)  + l-2*+l. 

The  second  part  can  be  proved  in  a similar  manner. 

Or  thus.  We  have  ac2  = a;.  + l;  .\xs—x'2  + x — x + l + x=2x  + l; 

x 4 = 2a:2  + x = 2 (x  + 1)  + x = Sx  + 2 ; 

.*.  a;5  = 3a;2 + 2a;  = 3 (a;  + 1)  + 2a;=5a;  + 3. 

50.  We  have  x2—dx  + 5m, 

.•.  x 3 = 3a;2  + 5a;  = 3 (3a;  + 5)  + 5a;  ;=  14a;  + 15 ; 
a;4=14a;2  + 15a;  = 14  (3a;  + 5)  + 15a; = 57a;  + 70. 

LX.  Page  245. 

1.  5 : 6,  7 : 8,  41 : 48  and  31 : 36  are  equivalent  respectively  to  120  : 144, 
126  : 144,  123  ; 144  and  124  : 144. 

2.  If  3 + a;  : 4 + a;— 5 : 6,  6 (3  + a;)  = 5 (4  + a;),  whence  x — 2. 

3.  If  15  + a;  ; 17  + a;  = l : 2,  2 (15  + x)  = 17  + x,  whence  x=  - 13. 

4.  3 + a;  : 4 + a;  = 25  : 32.  Hence  32  (3  + x)  = 25  (4  + a;). 

5.  x:y  = 5:6;  .*.  6x=5y.  Also  x + y — 121,  &c. 

6.  x : y — 3 : 8;  .'.  8x=3y.  Also  x2+y2= 3577,  &c. 

7.  4x  + 5y=6x  - 2y;  2x=7  y;  :.x:y=  7:2. 

8.  4a;2- 4xy  + y2=0;  ;.2x-y  = 0)  :.x:y= 1:2. 

9.  x2-5xy  + 6y2=0t  i.e.  (x-Sy)(x-2y)=0‘, 

.*.  x : y= 3 : 1 or  x : y — 2 : 1. 

10.  Let  x : y be  the  ratio.  Then 

a; + 2 : y + 2 = 2 : 3,  and  x-  1 : y-  1 = 1 : 2. 

Hence  3 (a;  + 2)  = 2 (y  + 2)  and  2 (x  - l)=y  - 1,  &c. 

11.  If  x and  y be  the  numbers  we  have  ~~  — - = X :,.v. 

7 1 7o 

Froma;  + 'j/  = 7 ( x — y ),*  3a)  = 4 ?/.  Hence  75  (a;  + y)  = 7 (x2  + tj2)  becomes 

7s(|!/+!/)  = 7(^!,s+s,2); 

y = 0 or  «/  = 9.  Then  x—12. 
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12.  !^>n’  if  u (9+*)  > 7(23+*); 

that  is,  if  4*  >62  or  *>15J. 

15.  * + 1 : x + 4 = 32  : 52,  &c. 


16.  Let  3x  and  4x  be  their  present  ages.  Their  ages  30  years  ago  were 
3x  - 30  and  4x  - 30.  Hence 

3x  - 30  : 4x  - 30=  1 : 3;  .-.  3 (3a?  - 30)  = 4x  - 30,  Ac. 

17.  Let  x : y be  the  original  ratio.  Then 


V x 


x : y. 


18. 


a2  -x2  a - x _ ( a 2 - x2)  (a  + x)-  [ a 2 + x2)  (a  - x) 

a2  + x2  a + x (a2  + x2)  (a  + x) 

2 a2x  — 2 ax2  2ax  ( a — a?) 

(a2  + x2)  (a  + x)  (a2 + x2)  (a  + x)' 

thus,  if  a and  x be  positive,  and  a greater  than  x,  then 


positive  quantity ; and  .\  ^ *s  greater  than  - — X 

cl  ~f*  x*  a x 


LXI.  Pages  251—253. 

1.  (i)  ac  : bd  ::  c2  : d2;  if  acxd2=bdxc2,  if  ad=bc. 

(ii)  ab  : cd  ::  a2  : c2;  if  ab  xc2—cdxa2,  if  bc=ad. 

(iii)  a2  : c2—a2 -b2  : c2  - d2;  if  a2  x (c2 - d2)  — c2  x (a2 -b2); 

if  a2c2  - a2d2—a2c2 -b2c2-,  if  a?d2—b2c2. 

2.  Put^  — x,  then^=*;  a — bx,  c — dx\ 

b d 

2 a + 3c  26*  + 3 dx  2b  + 3d 
' ‘ 3a  + 2c  = 3bx  + 2dx  = 36  + 2d  ’ C' 

3.  If  a : b — a + c : b + d,  then  a ( 6 + d)  = 6 (a  + c); 

ad— be,  c : d=a  : 6=a  + c : b + d. 


4.  Put  ~=x,  then  %—x\  a—bx , c—dx. 

b d 

Hence  ^ a ^ — ^>x  + _ lx  + m _ Idx  + md  _lc  + md 

pa  + qb  pbx  + qb  px  + q pdx+qd  pc  + qd' 

5.  (3a-  5b)  (5c  + 3d)  = (3c  - 5d)  (5 a + 36) ; 

.'.  15oc  - 256c  + 9ad  - 156d=  15ac  - 25ad  + 96c  - 156d ; 
34ad  = 346c;  .'.  ad  = 6c;  .*.  a:  6 ::  c : d. 
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6.  The  mean  proportional  is  J a3b  x ab3  = a2b2. 

7.  The  mean  proportional  is  *J(a  + b)2  x (a  - b)2—  (a  + b)  (a  - b)  — a2  - b2. 

y /j2 

8.  If  a : a2  ::  a2  : x\  then  x= = a3. 


If  (a  - b)2  : (a2  - b2)  ::  (a2  -b2)  : x;  then  x = (a2  - b2)2  + (a  - b)2  = (a  + b)2. 


9.  If  a : b=c  : d;  then  ad  — be. 

Also  a2  + c2  : ab  + cd  ::  ab  + cd  : b2  + d2;  if  (a2  + c2)  (b2  + d^2)  — (ab  + cd)2; 
i.e.,  if  a2b2  + a2d2  + b2c2  + c2d? — a2b2  + c2d2  + 2abcd ; 
i.e.,  if  (ad-bc)2= 0. 

10.  Put  y —X]  then^-  = a;;  .-.  a=bx,  c = dx. 

b d 


Thus  (i) 


bx 


also 


a + c bx  + dx  b + d' 
a + b bx  + b 


a + b + c + d bx  + b + dx  + d 


b(x  + l) 

( b + d)  (x  + 1) 


a a + b 

a+c  a+b+c+d 


Jb_  _ 
b + d ’ 


also 


also 


(ii) 


a2  + ab  + b2  _ b2x2  + b2x  + b2  _x2  + x + 1 
a 1 - ab  + b2  b2x2  - b2x  + b2  x2  - x + 1 ’ 
c2  + cd  + d2  _ d2x 2 + d2x  + d2  _ x2  + x + 1 
c2-cd  + d2  ~ d2x2  - d2x  + d 2 ~ x2-x  + l ’ 
a2  + ab  + b2  _c2  + cd  + d2 
" a2 -ab  + b2  c2  - cd  + d2  ’ 


....  a + b bx+b  b 
'm'  c + d = dx  + cl  = d’ 


Ja2  + b 2 / a2  + b2  /b2x2  + b2  /b2  b 

J^+d;2~  V e»  + *HV  d2x2  + d2~  V d2~d’ 

a + b _ J a2 + b2 
c + d J c2  + d2 

’ . . .....  Jtf  + b2  b 

ZJa3  + b3  3 / a3  + b3_  s/b3x3  + b3  _ 3/&_b. 
z/c3  + d3  ~ y»  e»+^-  v d3x3  + d3~  \/  d3  d ' 

" Jjt  + d2  l/ct  + d2' 

a2c  + ac2  _b2dx3  + bd2x3  _ 3_  (a  + c)3  _ (bx  + dxf  _ 3 
V b2d  + bd2~~  b2d  + bd 2 X’  (b  + d)3  (b  + d)3 
a2c  + ac2  _ (a  + c)3 
" b2d  + bd2~  (b  + d)3‘ 
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(vi) 


!^Ja)l  + bn  _ ” / an  + bn  _ u / bnxn+bn  __  */ 

ljcn  + dn  > cn  + dn  v + dn  \/ 


6”  _Z> 
dn  ~ d '■ 


Z/ar  - br  _ r /ar-br  ' /brxr  - br  r / 

~ V cr  - d>'  “ V dV  - dr  “ V 


^ _6  . 
dr~  d ’ 


cr  - dr 

. *ya**  + 6*  _ rJ a?  - br 
\Jcn  + dn  \J cr  - dr 

11  Put-  = X;  then^^X,  and-=X:  thus  x = a\,  y = b\;  z = c\. 
a b c J 

mi  a:  + w aX  + &X  A .z  + a;  7/  + z . . 

Then  (l)  , -X-  = similarly. 

a + 6 a + 6 c + ci  b + c 

(ii)  (az  + b2  + c2)  (a;2  + t/2  + z2)  = (a2  + b2  + c2)  (a2X2  + b-\2  + c2X2) 

= (a2  + 62  + c2)2  X2 ; 

also  (ax  + by  + cz)‘A=(a2\  + b2X  + c2\)2—(a2  + b2  + c2)2 X2,  &c. 


12.  By  Theorem  I,  Art.  137,  each  fraction 

a ( bz  - cy ) + b ( cx  -az)  + c (ay  - bx) 
~ a2  + 62  + c2 

Hence  bz  - cy  — 0 = cx  - az  = ay -bx;  - =f  = -. 

^ J c b a 


= 0. 


13. 


(S)"-S*(S)“-»  -■ (H)- 


14.  Since  lx  (ny  - mz)  — my  ( Iz  -nx)  = nz  (mx  - ly) ; 
x (ny  - mz)  y (Iz  - nx)  z (mx  - ly) 

T 1 l"^"" 

Z m n 

x (ny  - mz)  + y (Iz-  nx)  + z (mx  - ly) 

~ 111 

l m n 

Hence  r + — + — = 0;  /.  mn  + nl+lm— 0. 

I m n 

. . Z (ny  - mz)  m (Iz  - nx)  n (mx  - ly) 

Again  * 1 i-— — l — ; 


Hence 


Z (m/  - TJi.3 ) + m(lz-  nx)  + n (mx  - ly)  0 

I 111  “111 

— I 1 — — I 1 — 

x y z x y z 

- + - + - = 0 : .*.  yz  + zx  + xy  = 0. 
x y z 
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15.  Put 

Then  x = \(b  + c-a),  y = \(c  + a-b),  z=\(a  + b-c ); 

/.  (b  - c)  x + (c  - a)  y + (a  - b)  z 

= \ {(b  - c)  (b  + c - a)  + (c  - a)  (c  + a - b)  + (a  - b)  (a  + b - c)}  = 0. 


16.  Put  \ = ^ = ^ = ^ ; tliena=6X,  c = d\  e=/X; 
o a j 

a3  + a2c+  ace  _ b3\3  + b2d\3  + bdf\3_  s 
" b3  + b2d  + bdf  ~ b3  + b2d  + bdf  ~ 

ace  + ac 2 + c3  _ bdf  X3  + bd2\3  + d3\3  _ 
bdf+bd2+d3  ~ bdf+bd2  + d3  “ X ’ " 


17.  PutX=-  = - = -.  Then  a = \x,  b = \y,  c = \z. 
x y z 

a4  + a2b2  + b4  _ X4®4  + \4x2y2  + Xh/4  _ 
x£+x?y2  + y4  ~ x4  + x2y2  + y4  ~~ 
ft4  + b2c 2 + c4  _ \4y4  + \4y2z 2 + X4z4  _ ^4 
y4  + y'2z2  + z4  y4+y2z2+z4  ~ ’ " 


18.  We  have  a (pb  - qd)  = b (pa  - qc) ; .’.  apb  - qad  = apb  - qbc ; 

qad = qbc-,  .’.  apb  + qad=pab  + qbc ; 
i.e.  a (pb  + qd)  = b (pa  + qc);  &c. 

19.  Put-  = X,  then  ^ = X;  a=cX,  b = d\. 

c d 

a3  b3  c3\3  d3\3  fc 3 d3\ 

b + a ~ d\  + cX  \ d + c ) ’ 

sj3  7)3  /»3  /73 

^ + — = X2  : 1 = X2cd  : cd  = ab  : cd. 
bade 

20.  2 (4a  - 6)  = 4a  + 6 ; ,\4a  = 36. 

Hence  7a  + 36  : 7a  - 36  = 7a  + 4a  : 7 a - 4a  = 11a  : 3a  = 11 : 3. 

21.  (a*/  + 3)  (?/z  + 1)  - (®s  + 1)  (</2  + 3)  = 0 ; 

xy2z  + 3yz  + xy  + 3 - (xy2z  + y2  + 3xz  + 3)  = 0 ; 

3yz  - 3xz  + xy  ~y2  = 0-,  i.e.  (3z -y)  (x -y)  = 0,  &c. 

22.  We  have  (a  + 6-c)  2d=(c  + d + a)  (a-c); 

2ad  + 2bd-2cd=a2  + ad-c2-cd; 

2bd= a2  - ad  - c2  + cd  = (a  - c)  (a  + c - d)\ 

:.  6 : a-c  ::  a + c- d : 2d. 


K.  S.  E.  A. 


13 
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23.  We  have  (x-z)y2—(y-z)x2\ 

z(x2-y2)=x2y-xy2;  .-.  z (x  + y)  = xy. 

Hence  X + 2 — X + ^ + 2/)  — x + ?/)  + ^2/  _®8+2®y 

y + 2 ~~  2/  («  + y ) + * («  + y)  ~ y (*  + y)  + xy  ~ y2  + 2xy  ■ 

24.  y-z:b-c  = z-x:c-a,  if  (b  - c)  (z  - x)  - (c  - a)  (y  - z)  = 0, 

that  is,  if  a (y  - z)  + b (z  - x)  - c {z-x  + y -z}  = 0, 

that  is,  if  a (y  - z)  + b (z  - x)  + c (x  - y)  = 0, 

which  is  given.  Similarly  for  the  other  relation. 

25.  Put  ~ = X,  then  ~ = X:  .\  a = b\,  c = d\. 

o a 

a2  + b2  + c2  + d 2 62X2  + 52  + d2X2  + d2  _(X2+l)(ft2  + d2)  x2  + l 

( a + bf  + (c  + d)2  \ (X6  + 6)2  + (\d  + d )a  “ (X  + 1)2  ( 6 2 + d2)  ~ (X  + l)2 
(a  + c)2  + (b  + d)2  _ (b\  + d\)2  + (b  + d)2  _ (X2  + 1)  (b  + d)2  X2  + l 

S°  ~(a  + b + c + d)2  ~ (b\  + b + d\  + d)2  ~ (X  + 1)2  (b  + d)2  — (X  + 1)2  ’ 


LXII.  Pages  257,  258. 

5 25 

1.  A = mB ; .-.  5=mx3;  .-.  A = - B—  — , when  B is  5. 


2.  W=m.r,  ,.4=jg. 


W=  y = when  Pis  12. 


3.  x = my  and  y = nz,  where  m and  n are  constants;  xz  = — y 2. 

4.  x2=my  and  z2=ny;  xz=  Jmn.y. 

5 m , n m 

. x=—  and  ?/  = --;  x=  — z. 

y * z n 

6.  A = mBC;  4=mx2x6;  .-.  m = g.  ThenA  = gx2x9;  .'.  1 = 6. 


1 18 

A = mx  B x — . 2 = m x 3 x 7 ; ,\  m = -, 
C 4 d 

6=|xPx|;  .-.  P = 


Then 


27 

= 4 ' 


8.  A=m.r2\  314T59  = mx  100;  m= 3-14159.  A = 3-14159  x 122=&c. 

9.  V=m  .rs;  4-188=m.l3 4 * 6 * 8 9 10 11;  F=4-188  x 33=&c. 

10.  V=m.  T\  64  = m x 2 ; . . m=32.  Then  F=32  x 5 = 160. 

11.  2>  = m.T2;  144  = mx9;  .-.  m = 16.  Then  JD  = 16  x 22  = 64. 


KEY  TO  ELEMENTARY  ALGEBRA. 


195 


12.  A — m.r 2.  Hence  the  area  of  a circle  of  5 feet  radius 
=m . 52=wt(32  + 42) 

= area  of  circle  of  3 feet  radius  + area  of  circle  of  4 feet  radius. 


13. 


Tr  1 . 280 

V=  mx  Tx-pj  l = m . 


15  * 


Hence  V- 


JL5 

280’ 


300  _ 45 
20  - 56  ' 


14.  a2-62=mc2;  52-32=tox22;  m — 4.  Thus 

a2-b2=4c2;  .’.  b2  = a3-4c2;  b=A/(a  + 2c)(a-2cj. 

99 

15.  F=m.lT.E2;  66  = rox7x32;  m=~. 

22 

Then  F=  — x 9 x 142=  1848. 

16.  V = m . r3—vi . 63+  m . 83  + m . 103  = m (216  + 512  + 1000) 

=m  . 1728  = m . 123.  Hence  r = 12  inches. 


17.  Let  h be  the  height  of  the  eye  above  the  sea-level,  d the  distance  of 
the  offing. 

Then  d o c ^/h;  d=m*Jh,  but  <2  = 3 miles  when  7t  = 6 ft.; 


Thus 

V2 


3 = mv/6;  m = 


_3_  _ \/3 

x/6  \/2 " 


.-.  when  h is  150  ft.,  J|Bvi50=\/225  = 15  miles- 
v2 


N.B.  We  may  express  d and  7i  in  terms  of  different  units,  but  the  unit 
for  each  must  be  the  same  throughout. 


MISCELLANEOUS  EXAMPLES.  V. 


A.  1.  y = 1;  a=|;  similarly  b=|, c=  2. 


:&C. 


2.  4a3  - 2a  b2  + 3b3  ) 4a5  - 12a4b  + 2a3b2  + 9a2b3  - llab4  + 3b5  ( a2  - 3ab  + b2 
4a5  -2a3b2  + 3a2b3 

- 12a4b  + 4a3b2  + 6a2b3  - llab4  + 3b5 

- 12a4b  + 6a2b3  - 9ab4 


4a3b2 

4a3b2 


- 2ab4  + 3b5 

- 2ab4  + 3b5 
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3.  l-x-x3  + x5)  1 -xi-x6-x7  (1  + x + x2 
1 - X - X3  + Xs 

X,  + X3- X4-Xa-  X6-  X7 
X -X2-Xi  + X6 

x*  + x3  - x5  - 2x 6 - x7 
x2-x3-x5  + X7 

2x3  ) 2x3  - 2x6  - 2x7 

1 - Xs-  X*  ) 1 - X - X3  + X5  ( 1 - x 

1 - x3-xi 

-x  + xi  + x3 

-x  + x4  + x5 


4.  Multiply  numerator  and  denominator  by  52;  thus 

«2&2  _ a2  _ &2+  ! __  (a2  _ !)  (J2  _ 1)  (a  _ 1)  (ft  _ i) 

ab'2  + ab  + b2  + b — (a  + 1)  (6  + 1)  5 ~ b 


5.  Let  a duck  cost  x shillings,  and  a goose  y shillings. 
Then  15*  + 12?/ = 105 ; 5* + 4?/ = 35. 

18 

Also  for  18s.  we  can  buy  — ducks ; 


and  for  20s. 


Hence 


— - 2 = — . 
x y 


90  20 

5*  v ’ 


90  20 

"35-4  y ~ y 5 


.-.  90 y - 2 y (35  - 4 y)  = 20  (35  - 4 y) ; 

.-.  2 y2  + 25 y - 175  = 0,  i.  e.  (2 y + 35)  (y  - 5)  = 0 


Hence  y = 5,  and  then  x = 3. 


6.  Let  a1?  ^ be  the  roots  of  the  first  equation ; ct2,  /32  of  the  second. 

Then  (§  150)  a-i  + P i=2b 

(“i  “ Pi)2= (ai  + Pi)2  ~ 4aA  =1P2  - 47- 

Similarly  a2  + j82=3p,  a^2=2p2  + q ; 

(a2  - /32)2  = (a2  + ^2) 2 - 4a2/32  = 9p2  - 4 (2p2  + 5)  =p2  - 4g. 

7.  Let  * be  such  that  3 + * : 4 + *>19  : 21;  then  21  (3 -f  x)  > 19  (4  + *), 

whence  2x  >13;  x>6^.  Thus  the  least  integer  required  is  7. 

8.  We  have  a + b :b  + c = b + c : c + a; 

(a  + b)  (c  + a)  — (b  + c)2 ; i.e.  a2  + ab  + ac  + bc  = b2  + 2bc  + c2-, 

. . ab  + ac-b2-bc  = c2-a 2;  i.e.  (b  + c)  (a  - b)  = (c  + a)  (c  - a) ; 

/.  b + c : c + a=c-  a : a-b. 
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b.  i.  V1-!-  \/S4 

1 |/i=l| 

(^2/  + \/l^42  x/l -2/3)  (*  v/l3r  - 2/  \A~- - •r2) 

_/12  12V/16__9\  24'^Y  24 

“ \25  + “25 ) : \25  25/  ~ 25  ' 25  7 ' 

2.  a;2  + (a  - 1)  a:  + (a  + 1) 

(a  - 1)  x-  (a2  + a + l) 

(a  - 1)  x3  + (n2  - 2a  + 1)  x2  + (a2  - 1)  a: 

-(a2  + a + l)a;2- (a3-  1)  a;  - (a3  + 2tt2  + 2a  + 1) 

(a  - 1)  x*  - 3 ax1  + (a2  - a3)  x - (a3  + 2a2  + 2a  + 1) 

3.  (i)  x (x2-  I3xy + 42y2)  = x (x  - 6y)  (x  - ly). 

(ii)  {(a  + 26  + 3c)  - 2 ( a + b-c )}  {(a + 26  + 3c)  + 2 (a + 6 - c)}  =&c. 

(iii)  (*  - 2y)2  - 9 = {(*  - 2 y)  + 3}  {(x  - 2 y)  - 3}  = &c. 

x 3x  -4 xy  _x(x  + 2y)  + 3x(x-2y)-ixy 

x - 2y  x + 2y  ^ a:2  - 4^2  ~ (x-2y)(x  + 2y) 

4a:2  - 8 xy  _ 4x(x-  2 y)  _ 

~(x-  2 y)  (a:  + 2 y)  ~ {x  - 2y)  (x  + 2 y)  ~ 


5.  (i)  Multiply  by  x (a;  + 2)  (x  + 1) ; then 

10  (x  + 2)  (x  + 1)  - 3a;  (x  + 1)  = 10a:  (x  + 2) ; 
whence  - 3a;2+7a:  + 20  = 0;  i.e.  - (3a;  + 5)  (x  - 4)  =0,  &c. 

(ii)  x + y+  Jx  + y-  12  = 0,  i.e.  (Jx  + y + i)  {Jx  + y - 3)  = 0; 

Jx  + y=  -4  or  3;  x + y = lQ  or  9. 

Then,  from  a:  + y = 16  and  x2-y2= 21,  or  (x  + y)  {x -y)  = 21;  we  have 
21  21  21 

x-y  = —.  Hence  x = 8 + — , y = 8 - ^ . And,  from  x + y = 9 and  x 2 - y2  = 21, 

lo  04  04 


we  have  x - y — - , &c. 

O 

6.  From  a;  + -=l,  we  have  - = 1 -x.  Hence  y + --- 
V V * 

1 1 , 

, — • — 1 — — 1 ; 

1 -a:  z 


• 1 becomes 


z + 1 


+ Z=1. 


■ (1  -x) ; /.  l + a:z  = a;; 

di 

Again,  since  z = l xyz  = xy  ^1  - ^ —y  (x- l)  = y ^ 


r from  x + - = 1~1  M 

L y J 
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7.  9a;6  - 12a;4?/2  + 30a <?y3  + 4aj 2?/4  - 20 xy5  + 25 y6  ( 3a;3  - 2 xy2  + 5 y3 
(3a;3)2  = 9a;6 

(3a;3  - 2 xy2)2 = 9a;6  - 12a;4?/2  + 4 a;'2?/4 
(3a;3  - 2a;?/2  + 5?/3)2 — 9a;6  - 12a;4?/2  + 30a;3?/3  + 4a;2?/4  - 20xy3  + 25 ?/6 

8.  Let  a;  and  y be  the  numbers ; then 

a;  + ?/  : x-y  : x2  + y2  ::  3 : 1 : 15. 

From  x + y : x-y  — 3 : 1,  x + y — 3 (x-y);  x—2 y. 

Then,  from  x-y  : x2  + y2  — 1 : 15,  15  (x-y)  — x2+y~. 

Hence  15y  = 4?/2  + y- ; (rejecting  i/  = 0 = a;)  we  have  ?/  = 3,  and  then 

a;  = 6. 


9.  Let  % — x,  then - = x ; 
b a 

la  + mb 


- bx,  c — dx. 


Ic  + vid 


Ibx  + mb 
Idx  + md 


(lx 

(lx 


- vi)  b 

- m)  d 


Also 


y a3  + b2d  / a3  + b2d  / b'3x3  + 6 2 

~Jac2  + d3~  * ac2  + d3~  V bd2x3  + c 
/ b 2 (bx3  + d)  _ /b2 

~ V d2  (bx3  + d)~  V d2~ 


*d 

‘■x3  + d3 

6 

d] 


& c. 


C.  1. 


d2(bx3  + d)' 

3 {6  + 2 (a  - c)  - 5 (a  - 5)}  - {a  - 2 (b  - c)}  = 3 {-3a  + 66-2c} 


- {a  - 26  + 2c}  = - 9a + 186  - 6c  - a + 26-  2c  = - 10a + 206  - 8c. 

IK)  8 " * 


, a- 
i+b 


^K)} 


=KH‘ 


6 + ^ = a2  + 262  + 


62  + 2a2  + 


62 


= 62  - a2  + 


a4 

P ‘ 


3. 


(i) 


«2  + 62  27^a-_6)(a2+_62)_3(a2  + 62) 

9(a2-62j  ; 9 (a - 6) (a  + 6)  ~ a + 6 * 


...  9a2-  1662.  3a-46_(3a-46)(3a  + 46)  (a-6)(a  + 6) 

(U)  _ a + 6 ^ a2-b2  ~ a + 6 X 3a -46 


= (3a  + 46)  (a  - 6)  = &c. 


4.  Substitute  for  a,  6,  c on  the  left.  Or  thus  : 
a- b = (y  + z)  - (z  + x)=y -x;  and  similarly  6 -c—z - y,  andc-a^a:-^. 
Then  2 ( a 2 + b2  + c2  - be  - ca-  ah)  — (6  - c)2  + (c  - a)2  + (a  - 6)2 

= (z  - y)2  + (a;  - ^)2  + (y  - .r)2= 2 (x2  + y2  + # - yz  - zx  - xy). 


KEY  TO  ELEMENTARY  ALGEBRA. 


199 


5.  aJ  + 4 ay^  + 10a%^  + 12 a^y°  + 9 ( <3  + 2aJy°  + 3 

(aJ)2  =aJ 

(aJ  + 2a3yi)2  =a^  + 4aj/»+  4 aAyi 

{• a + 2 aiyi  + 3 y^)2  = aJ  + 4 ay%  + 10a%^  + 12  aJyi  + 9 y* 

6.  (x-1)(x-2)  = {1  + J2)J2  = J2  + 2=x. 

7.  Let  A and  B travel  at  x and  x + 2 miles  per  hour  respectively,  and 
let  d be  the  distance  in  miles. 

Then  in  7 hours  they  between  them  travel  the  whole  distance ; 

.-.  7a;  + 7(a;  + 2)=d. 

Also  in  9 hours  they  would  travel  the  whole  distance  between  them  at 
~ and  x + 3 miles  per  hour  respectively ; 

.-.  |x9  + 9(a;  + 3)  = d. 

Hence  14a;  = cZ  - 14  and  27a;  = 2d  - 54 ; 

27  (cl-  14)  = 14  (2d -54),  whence  d = 378. 


o ™ t i,  y+z  z+x 

8.  We  have  — j-— = — j— 
a b 


c 


.-.  [Art.  137]  each^-J— -j  = i — | 
c b a c 


x - y 

11 

b a 


abc  (y  - z) 
a(b-  c) 


abc  ( z - x ) _ abc  ( x-y ) 
b(c-a)  c(a-b ) 


Hence 


y-z  _ n-x  _ x-y 
a(b-c)  b(c-a)  c{a-  b) ' 


= {( a2  + ab  + b 2)  - (a2  - ab  + b2)}  {(a2  + ab  + b2)  + (a2  - ab  + b2)} 

= {2ab}{2  (a2+&2)}=&c. 

2. 

a;2  - (a  + b)  x + ab  ) x*~  2bx3+  ( - a2  + b2)  a;2  + 2a2&a:  - a2b2  ( x2  + (a-b)  x - ab 
a;4  - (a  + b)  x3  + abx2 

(a-b)x3  + (~a2-ab  + b2)  x2  + 2a2bx  - a2b2 
(n  - b)  x3  - ( a2  - b2)  x2  + ( a2b  - ab2)  x 

- abx2  + (a-b  + ab2)  x - a2b2 

- abx2  + (a2b  + ab2)  x - a2b2 
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3.  x2  - 7x  + 12  = (x  - 3)  (a;  - 4) , 3a;2 -6a; -9  = 3 (a; -3)  («  + l), 
and  2a;3  - 6a;2- 8a;  = 2a;  (a;  - 4)  (a;  + l). 

Thus  n.  c.  m.  is  6a;  (a; -3)  (a; -4)  (a;  + l). 


k • k 1 
1*  y+z\ 

[ *2  (?/  + 2) 

i1  + 1 1 

\ xz\y  + z) 

1*2  2(?y  + z)J 

2 yz  + y2  + z2  - x2 

Wz 


_yz(y  + z)-xyz  (y  + z)2-x2 
~ (y  + z)  + x 2 yz 

= h(y+z~x)2- 


t(y  + z-x)  ^ (y+z  + x)  ( y + z-x ) 
y + z + x 


2yz 


5.  (i)  Multiply  by  6 ; then  (15a;  + 21)  - (4a;  - 14)  = 18a;  + 84 ; 
whence  x~  - 7. 

(ii)  14  (y2-xy)=15  (x2  + xy);  whence  14?/2  — 29a;?/ - 15a;2=0; 
i.e.  (2y-5a;).(7y  + |jj=0;  :.y=^~,  or  -y. 

Then,  if  y — ~ ; x2  + y-  — 14 ; whence  x2—  4 ; 


. ■,  3a; 

And,  if  y--  — \ 


a;=±2;  and  ?/=y=± 5. 

, 3a;2  „ 49 

x 1 — — = 14 ; whence  x2— — ; 


, 7 , 7 /0  , 3a; 

±v/2=  ^ 2n/2;  and  :-y=~T 


6.  Let  the  wheels  make  a;  and  x - 64  revolutions  respectively  in  a mile. 

Then  10a;  + 10  (x  - 64)  = 7040,  whence  x = 384. 

Hence  circumference  of  fore- wheel  in  yards  x 384=  1760,  and  circum- 
ference of  hind-wheel  in  yards  x 320  = 1760. 

Hence  the  circumferences  are  4^  yds.  and  54  yds.  respectively. 

7.  2xi  - 1 5yi  ) 2a;?  - 17 xyi  + 17 xiy  - 1 5?/?  ( x - x^yi  + y 

2a;?  - 15a;?/? 

- 2 xyi  + 17a;??/  - 15?/? 

- 2a;?/?  + 15a;??/ 

2a;??/  — 15?/? 

2a;??/  - 15?/? 


8.  We  have  - =-  = - = X (say);  a = \a,  b = \(3,  c = Xy. 

a (3  y 

.*.  a + b + c = \a  + \8  + \y  = \(a  + 8 + y) ; ^ ^ — X ; &c. 
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( 2 2 11 

].  1.  2 \x-2a- -x+-a+a  V - - {x  - a- a + 6 + y - 6} 


= 2 


2 2 12  111 

^ix-ia-zx+ia~iy=r~iy- 


2.  ax  + 2 (6  - c)  y ) 2 a2x2  + abxy  - 2 (36  - 4c)  (6  -c)y2  ( 2ax  - (36  - 4c)  ?/ 
2a2x2  + 4a  (6  - c)  xy 


( - 3a6  + 4ac)  xy  - 2 (36  - 4c)  (6  - c)  y2 
( - 3a6  + 4ac)  xy  - 2 (36  - 4c)  (6  - c)  y2 


3.  (i)  4a262  (62  - 4a2)  — &e. 

4. 


1 1 1 

4 + I 

y — z z — x x — y j 

111 

■>  + , r«  + >n  + 


2 


(y-z)2  (z-x)2  (. x-y )2  ( y-z)(z-x ) (y-z){x-y)  {z-x){x-y) 

_ 1 1 J- , 2 (x  - y)  + 2 (z  - x)  + 2 (y  - z) 

{y-z)*  {z-x)2  + (x-y)2  + {y-z){z-x)(x-y) 

1 1 1 

~{y  - *)*  + \z  - x)2  + (x  - y )2  ‘ 

21 

5.  Let  x be  the  number  of  articles;  then  each  article  cost  £ — . If  he 

21 


had  bought  (x  + 6)  for  £21,  each  would  have  cost  £ 


X + 6* 


21  21  1 

Thus,  from  the  question,  £ ^ is  less  than  £ — by  £ -k  ; 

x + 6 x 16 

21  21  1 

= /.  x2  + 6x- 2016  = 0;  i.e.  (x  + 48)  (x  - 42)  = 0. 

•C  T 0 %0  J.O 

Hence  x = 42,  the  negative  value  being  inadmissible. 

6.  {^/(x-aJ  + ^a-^/x^^x-a)-  (y/a- v/x)}  = {(x-a)  - (\A*  - v^)2} 

= (x  - a)  - (a  - 2 ax  + x)  = 2 J ax -2a. 


7. 


The  mean  proportional  is 

= a / ~ 2 + =xy  - — . 
V V xYJ  9 xy 


B.  Put  x = — = %.  ; <\  a = 6x,  c — dx. 


Also 


6 d 

• a2  + 62  _ 62x2  + 62  _ 62  (x2  + 1)  _ 62 
" c2+d2  d2x2  + d2~  d2  (x2  + l)  ~ d2' 

(a  + b)2  _ (6x  + 6)2  _ 62  (x  + 1)2  _ 62 

(c  + d)2  ~ {dx  + d)2  ~ d2(x  + 1)2  “ d2  5 &C‘ 
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F.  1.  {a-  (b  - c + d)}  {a  + (b  - c + d)}  =a2  - (b  - c + d)2 

— a2  - {b2+c2  + d2  + 2b(-c)  + 2bd  + 2(-c)d\ 

— a2  - {b2  + c2  + d2 -2bc  + 2bd-2cd}  — &c. 

2.  We  proceed  to  arrange  in  descending  powers  of  a [Art.  87].  Thus 
a3  + 53  + c3  + 3 (b  + c)  {a2  + a (b+c)  + bc} 

— a3  + 3d-  (b  + c)  + 3(t  (b  + c)2  + b3  + c3  + 3 be  (b  + c). 

The  division  could  now  be  performed  in  the  ordinary  manner;  but 
noticing  that  b3  + c3  + 3 be  ( b + c)  = (b  + c)3,  we  have 

a3  + 3a2  (b  + c)  + 3a  (b  + c)2  + (b  + c)3  which  is  (a  + b + c)3. 

And  (a  + b + c)3+(a  + b + c)  = (a  + b + c)2. 

3.  x3  - 19.r  + 30  ) 5a;3  - 19a;2  +36(5 

5a:3 -95a;  +150 
- 19  ) - 19a:2  + 95a;  -114 

x2-  5x  + 6 ) x3-  19a;  +30  ( x + o 

x 3-  5a;2  + 6a; 

' "f>"  ,5a;2-  25a;  + 30 

Thus  h.  c.  f.  is  x2  - 5.x  + 6.  5a;2 -25a; + 30 

Since  x2  - 5x  + 6 is  a factor  of  both  expressions,  they  will  both  vanish  if 
a-2-5x  + 6 = 0,  i.e.  if  (a;-2)(a;-3)  = 0;  i.e.  if  a;=2  or  if  a;=3. 

(a  + bf  _ (a  - b)2  _ (a  + 5>4  - (a  - b)4 
(a^lf  (a  + b)2  ~ (a  -b)2  (a  + bf 

__  {(a  + b)2  - (a-b)2}  {(a  + b)2+(a-b)2} 

~ {(a-b)  (a  + b)}2 

\(a2  + 2ab  + b2)  - (a2 -2ab  + b2)}  {(a2 + 2ab  + b2)  + (a2 -2ab  + b2)} 

{a2  - b2}2 

{±ab}{2(a2  + b2)}_ 

(a2  — b2)2  ~ 

5-  « 8 .■.4(6x-7)-15(*-1)  = 6(3.+2,,&c 

(ii)  4a;  = 3-6 y;  x=3 

Hence  4 + 92/  (^"^)  +92/2-H ; 

18(/2-9?/-35  = 0,  i.e.  (3y-5)  (6y  + 7)  = 0. 

tt  » 7 3 - 6?/  7 5 

Hence  y = - or  - - . Then  x = — - = - - or  - . 
y 3 6 4 4 2 
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6.  (i)  Multiply  both  numerator  and  denominator  by  6 s/6. 

, 12J2  + 18J3  (12^2  + 18^/3)  (3^2 + 2 s/3) 

Thus  we  have  3 J2-2J3  (3fj2-2j3)(3s/2  + 2J3) 

72 + 24  s/6 + 54  s/6 + 108 
m 18^12  -30  + 13  s/b. 


(ii)  xiyi  x (x  h~l)+-r-x 
x^yt 

= xkyi  x aT&yr1  x x*y% = x^^+\y¥l+k  = xo y-^  = y-xV. 

7 x12  - 6a;10  + 13a;8  - 14a;6  + 10a:4  - 4a;2  + 1 ( x6  - 3a;4  + 2a;2  - 1 

(a;6)2  ==  a;12 

(x6  - 3a;4)2  = ad2  - 6a;10  + 9a;8 

(x6  - 3a;4  + 2a;2)2  = x12  - 6a;10  + 13a;8  - 12a;6  + 4a;4 

(a;6  - 3a;4  + 2a;2  - l)2 1 a;12  - 6a;10  + 13a;8  - 14a;6  + 10a;4  - 4a;2  + 1 


8. 


Put^  = ^ = a;;  .*.  a — bx,  c — dx. 

0 a 

asc 2 b3d2x5  _ a5  + c5  b5x5  + d5x5  . 

— ~Tryr  = x > and  7. — ^ — —x5\  Ac. 

b3d 2 b3d~  b5  + d5  b5  + d 5 


LXIII.  Pages  266 — 268. 

1.  The  30th  term  is  a+29d,  where  (i)  a= 3,  d= 2;  (ii)  a = l,  d= 4; 

1 2 

(ill)  a=12,  d=-3;  (iv)  a = -,  d — -]  (v)  a = a + b,  5 = -b. 
i y 

2.  (i)  a + 23d,  where  a = 3,  d = 3.  (ii)  a + 29d,  where  a = 5,  d = 4. 

(iii)  a + 9d,  where  a — 6,  d=  - 1.  (iv)  a + lld,  where  a = 14,  d = 32. 

1 5 

(v)  a + 13d,  where  a = 6,  d = 2§.  (vi)  a + 24d,  where  a — - , d=- ~ . 

o 0 

3.  a + 9d=6,  a + 5d  = 10.  Hence  a = 15. 

4.  a + lid =15,  a + 19d=25.  Hence  d=~. 

4 

5.  a + 6d=5,  a + lid  = 30.  Hence  d= 5. 

6.  a + 2d  = 40,  a + 12d  = 25.  Hence  a = 43. 

7.  a = 7,  a + 2d  = 13;  d = 3.  Hence  a + 9d  = 7 + 27  = 34. 

8.  a=20  and  a + 5d=  10;  d=-2.  Then  a + lld  = 20-22= -2. 

9.  a + 2d  = 10,  a + 13d=54;  hence  a = 2,  d= 4.  Then 

« + 19d  = 2 + 19  x 4 = 78. 

10.  a + 6d=5,  a+4d  = 7;  d—  - 1.  Hence  a + lld  = 0. 
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11.  The  n-th  term  is  5+(n-l)  3.  This  is  equal  to  65  if  3ti  + 2 = 65; 

ra  = 21. 

12.  g + (to  - 1)  = 18 ; whence  n=  102. 

13.  9 + (re-  1) 4 = 229;  whence  77  = 56. 

14.  16a-86  + (n- 1)  ( -a  + 6)  = 8a;  whence  77  = 9. 

16.  8 is  the  first  term  and  29  is  the  eighth  term  of  an  a.  p.  Hence 
d is  given  by  8 + 7(2  = 29.  Thus  (2=3,  and  the  means  are  11,  14,  &c. 

17.  50  is  the  first  and  80  is  the  tenth  term  of  an  a.  p.  Hence  d is 
given  by  50  + 9(2=80.  Thus  d= 3£,  and  the  means  are  53^,  56|,  &c. 

18.  269  + 8d  = 295;  .\  (2  = 3£.  Hence  means  are  272J,  275|,  &c. 

19.  67  + 16(2=43;  .•.  d—  - 1J.  Hence  means  are  65^,  64,  &c. 

20.  84  + 26(2  = 40f ; d—  - L§.  Hence  the  means  are  82£,  80|,  &c. 

21.  5d- 66  + 11(2  = 56 - 6a;  /.  (2=6 -a.  Hence  the  means  are  4a -56, 
3a  - 46,  &c. 

23.  By  definition,  6 - a=d  - c;  b + c — a + d . 

24.  We  have  a + (a  + 3(2)  = 19,  and  (a + 2(2)  + (a + 5(2)  = 31,  &c. 

25.  We  have  (a  + d)  + (a  + 4(2)  = 32,  and  (a  + 2(2)  + (a  + 7(2)  = 48,  <fcc. 

26.  We  have  (a  + 2(2)  + (a  + 3(2)  = 187,  and  (a  + 6(2)  + (a  + 7(2)  = 147. 

Hence  a = 106  and  d = - 5 ; .*.  the  second  term  = 106  - 5 = 101. 

27.  We  have  (a  + (2)  + (a + 19(2)  = 2,  and  (a  + 8(2)  + (a  + 14(2)  = 8. 

Hence  a=-29,  (2  = 3;  .\  (a  + 5(2)  + (a  + 6(2)  = - 25. 

28.  Let  a,  a + (2,  a + 2(2,  a + 3(2, ...  be  any  series  of  quantities  in  a.  p. 

Then  a + a;,  a + (2  + (c,  a + 2(2  + or,  a + 3(2  + #, ... 

are  also  in  a.  p.,  the  common  difference  being  the  same  as  before. 

29.  Multiplying  by  x each  term  of  the  series  a,  a + d,  a + 2(2,  a + 3(2, ..., 
we  obtain  the  series 

ax,  ax  + dx,  ax  + 2dx,  ax  + 3dx,  ..., 
which  is  obviously  an  a.  p.  whose  common  difference  is  dx. 

30.  Taking  away  the  alternate  terms  of  the  series 

a,  a + d,  a + 2d,  a + 3(2,... 
we  obtain  the  series  a,  a + 2d,  a + 4(2,  . . . , 

which  is  obviously  an  a.  p.  whose  common  difference  is  2d. 
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31.  If  between  every  two  terms  of  the  a.  r. 

a,  a-{-d,  a -{-2d,  a + 3 d,  ... 

their  arithmetic  mean  is  inserted,  we  obtain  the  series 

1 3 

a,  a + -d,  ci-hd,  a + — d,  a -{-2d,  .... 

J & 

which  is  an  a.p.  whose  common  difference  is  ^d. 

32.  Let  the  four  quantities  be  a , a + d,  a + 2d,  a + 3d. 

Then  a (a  + 3d)  < (a  + d)  (a  + 2d),  if  a2  + 3ad<a2  + 3ad  + 2d2, 

which  is  obvious. 

LXIV.  Pages  271—273. 

1.  to  13.  Use  the  formula  S = | {2a  + {n-  1)  d}. 

14.  The  series  is  (^2-1)  + J2  + (v/2  + l)  + ....  Thus  a=j2  - 1,  d=l, 
n= 7.  Hence  S=7-  {2  (J2  - 1)  + 6 x 1}  = 7 ^2  + 14. 

15.  « = — -1 -,d=--.  H^cefif==5 -[2  — + (n-l)(--)t=«fcc. 

n n 2 ( n ' ' \ n)\ 

16.  a = n+l,  d=n  + 2.  Hence  {2  (n  + l)  + (n-  1)  («  + 2)}  = &c. 

17.  The  first  term  is  (a  + b)2,  the  common  difference  is  - 2 ab.  Hence 

S=|{2(a  + 6)2+(ra-l)(-2ab)}=&c. 

18.  a + 2d  = 15  and  a + 19d=23£;  whence  a = 14,  d = | ; 

.-.  S=|°  |2x  14  + 19x^j-  =&c. 

19.  a + 4d  = 37  and  a + 12d  = 81;  whence  a=15,  d = ~ . Hence 

24  f 111 

S=  - <2  x 15  + 23  x — V =&c. 

20 

20.  The  series  is  25 , 27 , 29,  &c.  Hence  S = — {2x  25  + 19  x 2 } = &c. 

21.  The  series  is  99,  97,  95,  &c.  Hence 
40 
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22.  In  the  series  whose  1st  term  is  5 and  whose  31st  term  is  50, 
5 + 30d  = 50;  /.  d=  1|. 

Hence  the  means  are  6J,  8,  9J,  &c.  Hence 


23.  In  the  series  whose  1st  term  is  10  and  whose  42nd  term  is  100, 


24.  S=~  (3  + 107)  = 1485. 

The  middle  term  is  the  14th  = a + 13d,  where  a = 3,  a + 26d=107. 

25.  S=j  (7  + 1015)  = 36281. 

The  middle  term  is  the  36th  = a + 35d,  where  a = 7 and  a + 70d  = 1015. 


27.  The  7th  term  is  3 + 6 x 2 = 15.  Hence 

20 

S=^{2xl5  + 19x2}=&c. 

28.  The  5th  term  is  6 + 4 x 3 = 18.  Hence 

S = ~ {2x18  + 34  x 3}  = &c. 

29.  155  = ^{2x2  + 9d},  whence  d = 3. 

25  5 

30.  25=  y {2x  6 + 24d},  whence  d=  - 

31.  100  = ^°(2a  + 9rf),  and  a + 5d  = ll. 

2t 

28 

32.  133  = — (2a  + 27d),  and  a + 4d  = 0. 

33.  /S=|{2a  + (ra-l)d}.  But  £>  = 705,  « = 10,  d = 5; 

705  = 5 (2a + 45);  /.  a = 48. 

34.  1025  = ^ (2a + 24x3);  a= 5. 


10  + 41d=  100 

XT  o 40 

Hence  S — — 


27 


n 10 

26.  S = |(a  + 0 = -|(8-4)  = 38. 
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35.  a = ~,d-. 


, S = 0.  Hence 


®=1  H+f!-1)  (-i)}*’- --gB 


36.  S = 45,  a = 15,  d=  -3.  Hence  45  = - {2  x 15  + («  - 1)  ( - 3)} 


37. 


6a==5  {2 


m2-  ll?i  + 30,  whence  n=  5 or  6. 


1 „ +<-  - 


whence  n1  - an- 6a2=0,  whence  «=3a  or  ft  = - 2a,  of  which  solutions  neither 
has  any  meaning  unless  it  is  both  positive  and  integral. 


38.  42  = - { - 8 x 2 + (ft  - 1)  1 } ; 

.-.  m2  - 17n  - 84  = 0,  i.  e.  (n  - 21)  (n  + 4)  = 0. 
Hence  ?i=21,  the  solution  n=  -4  being  meaningless. 


39.  S=^(a  + l);  /.  450  = 2 (!  + 99);  ” w='9* 


20 

40.  670=-2-(a  + 62) 


Then 


a = 5. 

62  = a + 19d=5  + 19c£;  d=3. 

19 


41.  a + 8d  = 136.  Also  2527  = -^  {2a + 18d} 


a + 9 d— 133. 


Hence 

Hence 


d=-  3,  a = 160. 


40 


S=—  {2x160  + 39  (-3)}  = &c. 


15 


42.  £=—  {2a  + 14d} ; and  a + 7d  = 6.  Hence  S = 15  x 6 = 90. 


35 

43.  S=2-{2a  + 34d};  and  a + 17d  = 15.  Hence  8= 35  x 15  = 525. 


44.  The  (ra  + l)th  term  is  a + nd=100.  The  sum  of  (2n  + l)  terms  is 
2n + 1 


2 


{2a  + 2nd}  = (2n  + 1)  (a  + nd)  — (2 n + 1)  x 100. 


45.  Let  there  he  2ft + 1 terms  of  which  the  first  is  a,  and  the  common 
difference  d.  Then  the  first,  the  middle  and  the  last  terms  are  respectively 
a,  a + nd  and  a + 2nd,  which  are  in  a.p. 


46.  The  sum  of  n terms  = - {2  x 8 + (ft  - 1)  8}  = 4w2  + 4 ft. 

(4ft2  + 4ft)  + 1 = (2ft  + 1)2. 


And 
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47.  The  numbers  are  101 , 103,  . . . , 199.  Since  199  = 101  + (re  - 1)  2,  re  — 50. 

Cf) 

Then  S=y  (101 + 199)  = 7500. 

48.  The  numbers  are  102,  104,  998.  Since 

998  = 102  + (n  - 1)  2,  re  = 449. 

449 

Then  S=-^  (102 + 998)  = 246950. 

49.  The  numbers  are  102-,  105,  498. 

Since  498  = 102  + (re- 1)3,  re  = 133. 

1 99 

Then  S = (102  + 498)  = 39900. 

50.  1700  = 20  + 30+  ...  to  re  terms  =^  {40+  (re-  1)  10}.  Hence 

re2 + 3re- 340  = 0,  i.e.  (re- 17)  (re + 20)  = 0. 

Thus  re  = 17,  the  negative  value  being  meaningless. 

51.  145  = ^ (2a  + 9d) ; also  (a  + 3d)  + (a  + 8d)  = 5 (a  + 2d). 

Hence  2a  + 9d  = 29  and  3 a = d;  whence  a = 1,  d = 3. 

52.  Let  the  series  be  a,  a + d,  a + 2d,  , a + 2red. 

The  sum  of  the  re  + 1 odd  terms,  namely  a,  a + 2d,  ...,  is 

{2a  + rex2d}  = (re  + l)  (a  + red). 

The  sum  of  the  re  even  terms,  namely  a + d,  a + 3d,  ...,  is 
| {2  (a  + d)  + (re  - 1)  2d}  =re  (a  + nd). 

53.  (a  + 20d)  + (a  + 19d)  + (a  + 18d)  = 117 ; 

and  ( a + lid)  + (a  + lOd)  + (a  + 9d)  = 90. 

Whence  d = l and  a = 20. 

54.  |{2x87  + (re-l)(-2)}  = |{2x3  + (re-l)2}; 

176-2re  = 4 + 2re;  /.  re  = 43. 

55.  |{43x2  + (re-l)2}  = |?{45x2  + (2re-l)(-2)); 

/.  84  + 2re  = 184-8re;  .*.  re  = 10. 

56.  Let  the  parts  be  a + 3d,  a + d,  a - d and  a - 3d. 

Then  (a  + 3d)  + (a  + d)  + (a-d)  + (a-  3d)  = 80, 

(a  + 3d)  (a  - 3d)  = | (a  + d)  (a  - d). 


and 
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Hence  a = 20  and  3 (a2  - 9ds)  = 2 (a2  - d2) ; 

.-.  25d2  = a2=400;  d = ±4. 

Thus  the  parts  are  32,  24,  16  and  8. 

57.  Let  the  numbers  be  a + 3d,  a + d,  a - d,  a - 3d.  Then 

(a  + 3d)2  + (a  + d)2  + (a  - d)2  + (a  - 3d)2=  120, 
and  (a  + 3d)  (a  - 3d)  = (a  + d)  (a  - d)-  8. 

Hence  a'2  + 5d2  = 30  ; and  d2  = 1.  Whence  a2=  25. 

Thus  the  numbers  are  ±5 ±3,  ±5±1,  ±5=pl,  ±5=p3;  that  is  ±8,  ±6, 
±4,  ±2,  or  the  same  numbers  in  reverse  order. 

58.  (s  - a)2,  (s  - b)2,  (s  - c)2  are  in  A.  p.  if 

(s  - b)2-  ( s - a)2=(s  - c)2-  (s  - b)2; 

or  if  {(«  -b)  + (s-a)}  {(*  -b)  - (s  - a)}  = {(s  - c)  + (s  - b)}{(s-c)  - (s  - 6)}; 

, ,,  n \ ..a-bb-c 

or  if  c (a  - o)  =a  (b  - c) ; or,  if  - - ; 


1 1 1 1 x,  A . .,  1 1 1 

or,  if  — — = — - ; that  is,  if  - , - , - are  in  A.  p. 

b a c b a b c 


59.  «2  (b  + c),  b2  (c  + <x),  c2  (a  + b)  are  in  a.  p.  if 

c2  ( a+b ) - b2  (c  + a)  = b2  (c  + a)  - a 2 (b  + c) ; 
or,  if  a (c2  - b 2)  + bc  (c  - b)  = c ( b 2 - a2)  + ab(b-a); 

or,  if  (c  - b)  (be  + ca  + ab)  = (b  — a)  (be  + ca  + ab) ; 

or,  if  c-b  = b - a,  that  is,  if  a,  b,  c are  in  a.  p. 


LXV.  Pages  277,  278. 

L (i)  9 x (g)5 . (ii)  2 * (-  ?)" . (iii)  a*  X (j)5 . 

2.  a = 3,  ar2  = 4.  Hence  ar4  = ^. 

3.  ar2=l,  ar5=-g.  Hence  ar9  = - ^ . 

4.  ar3  = *016,  ar6  = -000128;  a=  (-016)2-^ -000128  = 2. 

5.  03^  = 156,  aj-7= 7644;  ar6  = Jl50  x 7644  = ± 1092. 

6.  ar2=2-25  and  ai-6=  11-390625; 

.-.  ari=J( 2-25x11-390625)=  ±5-0625. 

7.  ar2=4  and  ar5  = - 1 ; .-.  r=  - 1 . Then  or9=  - ^ . 

8.  «»=A  and  <»«=.- A;  r=-|.  Then  <„»=A 


K.  S.  E.  A. 


14 
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9.  \/4x9,  */7  x 252,  JdAbxab3. 

10.  (i)  a = l,  ar3=-8;  :.r=-  2.  Hence  the  means  are  -2,  4. 

3 1 1 

(ii)  a =12,  ar4  = ~;  ^4  = ig>  or  ,'=±2"  Hence  tlie  meaus  are 

±6,  3,  ±|. 

2 81  243  3 

(iii)  a = - , ar^  — ; Is  »'=-.  Hence  the  means  are  1, 

3 9 27  ° 16  1 

2’  4’  8 ’ 

11.  Here  a = 3,  <ir6  = -000192;  r=±- 2.  Thus  the  means  are  ±*6, 

T2,  ±-024,  -0048,  ±-00096. 

12.  a~2b*  = a3b~*  x r5 ; r=a~1b2.  Hence  the  means  are  a25-4,  a&-2, 

1,  a~A>2. 

13.  ar2  + ar3= 40  and  ar5  + ar6  = 2560.  By  division,  r®  = 64;  /.  r = 4. 
Hence  a = 40-±  (16  + 64)  = ^ . 

14.  a + ar=72  and  ar2  + ar3  = 8;  ,\  r2  = - ; r=±^.  Hence 

a = 72±^l±^  = 54  or  108. 

15.  By  definition  - = - ; bc  = ad. 

a c 

16.  Let  the  original  series  be  a,  ar,  ar2, Then  the  series  ax,  axr, 

axr2,...  is  also  a g.  p.  with  the  same  common  ratio. 

17.  Let  the  g.p.  be  a,  ar,  ar2, Then  the  reciprocals  of  the  terms 

form  the  series  - , — , , ...  which  is  a g.p.  whose  common  ratio  is  - . 

a ar  ar 2 r 

18.  Let  the  original  series  be  a,  ar,  ar2,  ar3, Then  after  taking 

away  the  alternate  terms  we  have  a,  ar2,  ar*,...,  which  is  a g.p.  whose 
common  ratio  is  r2. 

19.  Let  the  original  g.p.  be  a,  ar,  ar2,  ar3,....  Then,  after  inserting 
the  geometric  means,  we  have  the  series 

1 3 

a,  ar2,  ar,  ar ar2,..., 
which  is  a g.  p.  whose  common  ratio  is  r2. 

20.  L et  the  series  be  a,  ar,  ar2,...,  arn.  Then  the  y>th  term  from  the 
beginning  is  arp~l,  and  the  pth  term  from  the  end  is  arn~(p-v;  the  product 
is  therefore  arp~x  x arn~{p~r)  = a2rn—a  x arn. 
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1-  8^-p24  {(s)*-f  2-  1S7T 


48  11-  -7 


3.  « 


JI. 

1 rn_1  (r  - 1) " 


(rn~  1) 


l-l^8 


3\6 


2 \2 


-1 


9.  «2 


2 

4 40 

-fo  = T' 


3\6 


,9/  27  l./BV) 

2 * ~8”  ~ 2 t1  W f ‘ 

9 


1-; 


12 

( 

3\ 

V 

4J 

1= 

5. 

an  - bn 


10. 


^ b an~3  (a-b)’ 
a 


-HP' 


u. 


12.  S = — L_=-^-=v/2(v/2  + 1)  = 2 + n/2  = 2 + 1-4142  ... 

i _JL  v ^ ~ i 

n/2 


13.  The  geometric  mean  = ^1  (4a;2-  12a:  + 9)  x (9a;2  + 12a;  + 4) } 

- ±(2a;-3)  (3a; + 2). 

14.  Let  the  2m  + 1 terms  be  a,  ar,  ar'2,  ... , ar2m. 

The  continued  product  =* a x ar  x ar2  x ...  x arCm  = a2m+1r1+2+",+2m 

— a2m+lj.»n(2m-H)  _ ^armyim+lm 

But  arm  is  the  middle  term  of  the  2m + 1 terms,  and  2m  + l = n.  Hence 
the  product  is  equal  to  the  ?tth  power  of  the  middle  term. 

15.  4 = and  ar  = |.  Hence  4 (1  - r)  r—ar  = ^ ; 

I6r2  - 16r  + 3 = 0,  i.  e.  (4 r - 3)  (4r  - 1)  = 0. 


14—2 
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1 3 

Hence  r — or  ^ ; and  then  a — 3 or  1. 

rri  ,i  . . _ 3 3 ,39 

Ihus  the  series  is  3,  - , —a,  ...  or  1,  - , , ... 

4 16  4 lb 


16.  9=  andar=-4.  Hence  9 (1  - r)  r—ar  — - 4 ; 

1 - r v 

1 4 

9r--9i'-4  = 0;  .’.  --  or  r=-. 

[The  latter  value  is  not,  however,  applicable  to  the  question,  since  it  is 
greater  than  1.] 

1 4 

From  r—  - s , we  find  a=  12.  Hence  the  series  is  12,  -4,  - , Ac. 

3 o 


1 _ ,-10  1 _ ,.5 

17.  a-, — a - x33;  .\  l+r5  = 33:  whence  r—  2. 

1 - r 1 - r 

10  a ,1  ,1 

18.  , — —na;  1 -?•=-,  or  r—  1 --  . 

1 - r n n 

19.  Iiet  a be  any  term  of  a o.  p.,  and  let  r be  the  common  ratio.  Then 
■ar  + ar”  + ...  to  infinity,  if  a>  j— or  if  1 ~T>r,  or  r . 

20.  ar5  = 8ar~,  and  a + ar— 24;  ..  r3—8,  and  then  a = 8. 

a 

a + b a 1 


21. 


24. 


1- 


a b 
d-\-b 


1 _ 7.211+1 


22. 


1-1- 


23.  S'-a— - , So  — a 

1 -r 


1_(_,.)2»+1  l + ,.2n+l 

1 _ 7.411+2 

N.S  o — a 2 — — — a?  + d2r2  + . . . + a®/4”. 

1 - 1 - r2 


Hence 


_ _2_  “ v/2  (3  v/3  - 2)  “ 46  + 2 v/2)‘ 

3^/3 


25-  ar5=3Mi4and  ar=n- 


1 
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26.  a + ar  + ar2= 14,  a2  + a2r2  + a2?-4  = 84.  By  division  a-ar  + ar8  = 6. 
Hence  a = 2 or  8,  r= 2 or  - . Thus  the  numbers  are  2,  4,  8. 

27.  a + ar  + a?’2 =42  and  ar3-a  = 126.  By  division  r-l  = 3;  .-.  r = 4 
and  then  a = 2. 

28.  a + ar  + ar 2 : ar2  + ar3  + a?,5=l  : 4;  r=±2. 

Also  aj4=8;  a = ^. 

29.  If  a,  c,  d are  in  g.  p.,  b = ar,  c = ar 2,  d = ar3.  Hence  a + 6,  b + c, 
c + d will  be  a (1  + r),  ar  (1  + r),  ar 2 (1  + r),  which  are  clearly  in  g.  p. 

Also  a2  + b2,  b2  + c2,  c2  + d2  will  be  a2  (1  + r2),  a2r2  (1  + r2),  a2/4  (1  + r2),  which 
are  clearly  in  g.  p. 

30.  Let  the  g.  p.  be  a,  am,  am2,  &c.  Then  aq~rbr-'pcp~q 

= (amp~1)q~Z  x (amq-1)r-p  x (amr-1)*>-« 

= a<?-r+}--p-t-p-<3  x m(p-l)(3-r)+(g-i)(r-p)+(r-lXp-g) 

= a°m°=l. 

31 . If  (a2  + b2)  ( & 2 + c2)  = (ab  + be)2,  then  a2c2  - 2 ab2c  + b4  = 0 ; 

& c 

ac-b2  = 0.  Hence - = - . 

a ft 


LXVII.  Pages  284,  285. 

X.  This  is  an  a.  p.  since  2 7 - 8 = 2-4  - 2 7. 

HH2x3+2o(~nOHo- 

2.  This  is  a g.  p.  since  = ^ . S = 2^ — ~ = i (97 - 1). 

& io  y — 1 4 

3.  This  is  a g.  p.  jSt=  = -^  = 1*. 

1 — * J O 


er 


4.  This  is  a g.  p.  £ = a ' = <fec. 


5.  S=. 


11 


Jl  3* 

10 


S^~  -!2a  + 18 x 


. N = — {2  x 3 + 10  (1*3)}  = &c. 


a + 6, 


7. 


= &c. 
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8.  S = 


r(JL 

(-i)- 


— U IV  _ it 
28  tvs;  \ 


9.  5 = 


3|  125 

1 2 “ 24 
5 


(D'-i 

10.  S = 2i±-L = &c. 


11.  (i)  S = ~ |2  x 2J  + 5 x -4°|  = &c.  (ii)  Sf  =|{2x9  + 5(-4)}. 

(iii)  S=4 


(iv)  S : 


(V)  N: 


3^ 

4y 

6 

) 

V 

3N 

) 

V) 

- 1 

_ 2 

3 3 

- 1 

“3 

2 

iH 

:iy 

_3 

Sum  to  infinity  ~ . 


2 f /3\« 


1-  • 


Sum  to  infinity  - . 


12.  Let  the  series  be  a,  ar,  ar 2 Then,  if  there  are  2n  + l terms,  the 

middle  term  will  be  the  (n  + l)th  term.  Hence  the  first,  the  middle  and  the 
last  terms  will  be  a,  arn,  ar-n,  which  are  obviously  in  a.  p. 

13.  We  have  ^ { 2a  + 6d}  = 49 ; also  ~ {2o  + 14d}=49  + 176,  &c. 

14.  Let  the  series  be  a,  ar,  ar2,  &c.  Then  l(a  + ar2)  = 5ar,  whence 

r2-  10r+l  = 0;  r= 5±x/24. 

15.  Let  the  series  be  a,  a + d,  a + 2d,  &c.  Then 

a + 3d=*J  | (a  + d)  (a  + 6d)} ; 

.*.  a=3d  [or  d = 0,  which  make  all  the  terms  alike].  Since 
a = 3d,  (a  + 5d)2=(a  + d)  (a  + 13d). 

16.  Let  r be  the  common  ratio ; then  P=  a.  ar . ar2 . ar3 a?,n_1; 

also  P=Z.-.4-4 V— r , Hence  P-  = (al)n. 

r r-  r rn  1 ' ' 
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17.  We  have  a . ar . ar2= 216,  and  a . ar  + a . ar2  + a'r . ar2  = 156. 
From  the  first  «¥>= 216;  .-.«»•=  6. 

Hence  — + 36  + 36r  = 156,  whence  r = 3 or  ^ 
r 3 


18.  Let  the  parts  be  a - 2d,  a-d,  a,  a + d,  a + 2d; 
then  (a-2d)  + {a-d)  + a + (a  + d)  + (a  + 2d)  = 25;  a = 5. 

Also  ( a - 2d)2  + (a  + 2d)2  = (a  - d)2  + a2  + (a  + d)2  - 1 ; 

6d2=a2  - 1 = 25  - 1 ; d=  ± 2. 

Thus  the  numbers  are  9,  7,  5,  3,  1. 


19.  If  6,  x,  y are  in  a.  p.,  2x=6  + y.  If  x,  y,  16  are  in  g.  p.,  y2—16x. 

Hence  ?/2  = 48  + 8?/,  whence  y — 12  or  -4.  Then  x = 9 or  1.  Thus  the 
numbers  are  6,  9,  12,  16,  or  6,  1,  - 4,  16. 

20.  If  5,  c be  in  g.p.;  then  b^  — ac.  Also  2 x = a + b and  2 ?/  = 5 + c. 

.Hence  b2=ac=  (2x  - b)  (2y  - b) ; 0 = 4#?/  - 2by  - 2bx ; + 

Again  ac  = &?  ==  (2x a)  (2y  - c) ; 4xy -2ay -2cx  — 0 ; 2=^  + ^. 


LXVIII.  Pages  289—291. 

1.  For,  if  a — 8 i b - c ::  a : c,  then  ma - mb  : mb  -me  : : via  : me. 

2.  Insert  5 arithmetic  means  between  1 and  ^ , and  then  invert. 

3 2 

3.  Insert  4 arithmetic  means  between  - and  - , and  then  invert. 

4.  For  AH=  G2  [Art.  228].  Hence,  if  A = 1,  IT=  G2. 

5.  b + c,  c + a,  a + b are  in  h.p., 

if  (5  + c)  - (c  + a)  : (c  + a)  - [a  + b)  = b + c : a + b, 

i.e.,  if  b-a  : c-b  = b + c : a + b,  i.e.,  if  ( b-a ) (a  + b)  = (c  - b)  (b  + c), 

i.e.,  if  b2 - a2=c2 - b2,  i.e.,  if  a2,  b2,  c2  are  in  a.p. 


6.  (y  + 2-*)2,  (z  + x-y)2,  (x+y-z)2  are  in  a.p., 
if  (x  + y -z)2-(z+x-y)2=(z  + x-  y)2  -(y  + z-  x)2, 

i.e.,  if  2x  (2 y - 2z)  = 2z  (2x-2y),  i.e.,  if  x (y  - z)  = z (x  - y), 

i.e.,  if  x-y  : y-z=x  : z,  i.e.,  if  x,  y,  z,  are  in  h.p. 
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_ 1 1 1 . x + y+z  x+y+z  x + y + z 

7.  are  in  A.  p. ; , - , are  in  a.  p. 

x y z x y z 

x+y+z  , x+y+z  x+y+z  , 

1, 1, ' - 1 are  m a.p., 

x y z 

y+z  z+x  x+y 

-i.e.,  - , , - are  in  a.p.:  &c. 

x y z 

Q As  in  7 x + y + z X + V + Z x + y + z 
x ' y ' z 


are  in  a.  p.  ; 


+.'  - 2,  I + - 2,  - 2 are  in  a.e., 

x y ’ z 

y+z-x  z+x -y  x+y -z 

i.  e.  - , , are  in  a.  p..  .*.  &c. 

x y z 

. . _ a+b+c+d  ci  + b + c + d a+b+c+d  a+b+c+d 

As  in  7, , -r , , 3 


b+c+d  c+d+a  d+a+b  a+b+c 


are  in  a.p.;  .*.  &c. 


10.  2 a -b,  b,  2c  -b  are  in  g.  p.,  if  (2 a - b)  (2c  - b)  — b 2, 

.211 

or  if  4ac = 2 be  + 2 ab,  or  if  - = - + that  is,  if  a,  b,  c are  in  h.  p. 

b a c 

11.  a,  a~c,  a-  b are  in  h.p., 

if  a - (a- c)  : (a- c)  - (a-b)  — a : a -b,  [Def. 

i.e.,  if  c : b-c  = a : a- b,  i.e.,  if  a- b : b - c = a : c, 

i.e.,  if  a,  b,  c are  in  h.p. 

12.  a2  - ab  + b2,  a2  + b2,  a2  + ab  + b2  are  obviously  in  a.  p., 

a2 -ab  + b2>  a2  + b2'  a2  + ab  + b 2 are  m H-P- 

Multiply  each  of  these  terms  by  (a2  - ab  + b2)  (a2  + b2)  (a2  + ab  + b2) ; then 
the  products  will  be  in  h.p.,  and  these  products  are 

(a2  + b2)  (a2  + ab  + b2),  ai  + a2b2  + bi,  (a2  + b2)  [a2-ab  + b2). 

13.  By  Def.  ax  - x — y - a2;  a1  + a2—x  + y. 

By  Def.  * = f i 0i9,=xy. 

x y2 

Also  - , i - are  in  a.  p.  , thus 
x /ij  h2  y 

" I _ !_!_ I . .1  i i. 

h1  x y h2'  \ h2  x y ’ 

/ij  + h2  _ x + y a1  + a2  g1g2  _al  + a2 
h ' h^h.}  ~ xy  ~ glg2  ’ " ]i1h2  ~ h2  + h,2  ' 


by  Def. 
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14. 

i.e.,  if 
i.e.  if 


|±2  + ^±f=2,i£^±-‘!-l=l+5±|. 

b-a  b-c  b-c  a-b 


2c 


2 a 


b-c  a-b 


, i.e.  if  (a  - b)  c={b  - c)  a, 


a-b  : b-c=a  : c,  i.  e.  if  a,  b,  c are  in  h.p. 


12  2 

15.  These  are  in  a.p.,  if  7 = ; 

b a+b  b+c 


i.e.  if 
i.e.  if 

16. 


i.  e.  if  (a  -b)  {b  + c)  = {a  + b)  (b  - c), 


a-b  _ b-c 
b(a  + b)  b(b+c) 

ac  = b2,  i.e.  if  a,  b,  c are  in  g.  p. 

a,  b,  c are  in  a.p.;  ,\  b-a  = c-b ; whence  a — 2b  - c. 
1 i 1 
b ’ c ’ d 


are  in  a.p.: 


1111,  J be 

— - = - — ; whence  d=— , 

c b a c 2b  -c 


17.  -- 


1 1 

a b-c 
thus,  either 


ad=(2b~c)  a : b = c : d. 

b-(c  + a)  b-(c  + a) 


; whence 

b - a c a(b-  c)  c {a-b) 

b-(c  + a)  = 0;  i.e.  b — c + a; 

1 1 


a(b  -c)  c (a-b)’ 


a (b  - c)  = c(a  - b): 


a-b  : b-c=a  : c ; a,  b,  c are  in  h.  p. 


18.  - 


1111 


a’  b’  c ’ d 
d 


are  in  a.p.; 


1_ 11  lil 

dec  b b a 


a- d ~a-b 
i.e.  — -=8— 
ad  ab 


Also 

Hence 


111 

c b~~d 


1 . b-c  _c-d 

c ’ ' ‘ be  cd 


a- d b - c a-b 
ad  be  ~ ab 


cd 


{a  -d)(b-  c)  = 3 (a  -b)(c-  d). 


19. 


j ■ i ->  r~ 
b-  a b-c  b- 


1 1 1 A 
b + b-c  b~°} 


i.e.  if 
i.e.  if 


= 0,  i.e.  if  a{b  - c)  = c {a  - b), 


b {b  - a)  b(b-c) 
a-b  : b - c = a : c,  i.e.  ii  a,  b,  c are  in  h.  p. 
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20.  Let  the  numbers  be  a,  a + d,  a + 2d. 

Thsn  a (a  + 2d)  = 5 (a  + d) ; and  (a  + d)  + (a  + 2d)  = 3a. 

4 

From  the  second  equation  a = 3d ; and  then  15d2  = 20d;  d = -.  Thus 
the  numbers  are  4,  5-},  6|. 


21. 


„r  , , a + b b + c 

We  have  b - , = ■=  - — b ; 

1-ab  1 - be 


g(62  + l)  = c(52  + l) . 
1-ab  1 - be  ’ 


ab  - 1 l -be 


2 abc  — a + c. 


2 & = - + - 
a c 


which  shews  that  a,  - and  c are  in  h.p. 
b 


22.  Since  a,  b,  c are  in  a.  p.,  and  a2,  b 2,  c2  in  h.  p.  we  have, 


2 1 

2 b = a + c and  , 

62  a 2 


1. 

c2’ 


8a2e2  = (a  + c)2  (a2  + c2)  = (a  + c)2  { (a  + c)2  - 2ac}  ; 


.'.  (a  + c)4- 2ac  (a  + c)2-8a2c2=0. 

Hence  (a  + c)2  - 4ac  = 0 or  (a  + c)2  + 2ac  = 0. 

If  (a  + c)2-4ac  = 0,  (a-c)2  = 0;  /.  a = c,  and  then  each  = 6. 

If  (a  + c)2  + 2ac  = 0,  (2&)2  + 2ac=0;  ,\  - 1 , b,  c are  in  g.  p. 


23.  Let  the  numbers  be  a,  a + d,  a + 2d. 

Then  a,  a + d,  a + 2d  + 1 are  in  g.p. 

.'.  a (a  + 2d  + l)  — (a  + d)2,  whence  a = d2. 


24.  By  Art.  215  and  Art.  229 

2x  + y , x + 2y  , 3 xy  3xy 

i=— ’ alB0 

/.  av  = ^ =#?/;  similarly  bu  = xy. 


25. 


1111 

— — are  m a.  p. ; 

a4  a2  a3  a4 

• 1 _ 1 _ 1 1 

a2  a4  a3  a2 


1 

a4 


1^ 


= (say)  x. 


Thus 


Then  xa+i*  = a4  - a2 ; ara2a3 = a2  - a3 ; xa3a4  = a3  - a4.  Also  3xa1a4 = a4  - a, 
a;  (a4a2  + a2a3  + a3a4)  = 3xa1a4. 
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~ _ . . a b c . 

26.  a > c are  in  a.p.,  — , — , — are  in  a.p. 

ab  ab  ab 

But  ab  = e 2,  since  a,  c,  b are  in  g.  p. 

a b c . .111 

, — r,  — , are  in  a.p.,  i.e.  - are  in  a.p. 

ab  ab  c-  b a c 

.'.  b,  a,  c are  in  h.p. 

LXIX.  Page  295. 

X.  Let  2 = 2.4.  6 + 4. 6. 8 + 6.8. 10  + &c. . . . + 2 m (2  n + 2)  (2  m + 4), 

thus  2=  2.4.6  + 4.6.8  + Ac....  + (2»  - 2)  2m  (2m  + 2) 

+ 2 n (2 n + 2)  (2n  + 4) . 

subtracting, 

0 = 2. 4. 6 + 6. 4. 6 + 6. 6 . 8 + &c....  + 6 . 2n  (2n  + 2)  - 2n  (2n  + 2)  (2w  + 4). 

i.e.  0 = 6 {2. 4 + 4.6  + &c.  + 2n(2n  + 2)}-2n(2n  + 2)  (2n  + 4). 

= g M (7l  + 1)  (w  + ^)‘ 

2.  Let  2 = 3. 5. 7 + 5. 7. 9 + 7. 9. 11  + &c....  + (2n  + l)(2n+  3)(2n  + 5), 

then  2=  8 . 5 . 7 + 5 . 7 . 9 + &c. ...  +{2n-  l)(2n  + l)(2?i  + 3) 

+ (2  n + 1)  (2  n + 3)  (2  n + 5). 

.*.  0 = 3.5. 7 + 6.5.7  + 6.7.9  + &C..,,  + 6 (2n  + 1) (2n  + 3) 

- (2n  + 1)(2«  + 3)  (2n  + 5), 

i.e.  0 = 6 {3 .6  + 5 . 7 + &c....  + (2n  + l) (2n  + 3)}  + 3 . 5 - (2n  + l)(2n  + 3)(2n  + 5), 
Sn  = g { (2n  + 1)  (2m  + 3)  (2m  + 5)  - 15} . 

3.  Let  2 = 1 . 4.7  + 4. 7.  10  + 7 . 10 . 13  + &c....  + (3m- 2)  (3n  + l)(3n  + 4), 

thus  2=  1.4.7  +4.7. 10  + &C....  +(3m-5)(3m-2)(3m  + 1) 

+ (3m  - 2)  (3m + 1)  (3m + 4). 

.-.  0 = 1. 4. 7 + 9. 4. 7 + 9. 7. 10  + &C....  +9  (3m  - 2)  (3m+ 1) 

- (3m  - 2)  (3m + 1)  (3m + 4). 

i.e.  0 = 9 {1 . 4 + 4 . 7 + &c....  + (3m  - 2)  (3m  + 1)}  - 8 - (3m - 2)  (3m  + 1)  (3m + 4); 
S»  = §{(3m-2)  (8m + 1)  (3m + 4) + 8}. 

4.  2 = 2.5.  8 + 5.8.11  + 8. 11. 14  + &C....  + (3m- 1)(3m  + 2)(3m  + 5), 

and  2=  2.5.8  +5 . 8 . 11  + &C....  + (3m  - 4)  (3m  - 1)  (3m  + 2) 

+ (3m  - 1)  (3m + 2)  (3m  + 5). 
subtracting,  0 = 2 . 5 . 8 + 9 . 5 . 8 + 9 . 8 . 11  + &C....  + 9 (3n-  1)  (3m  + 2) 

- (3m  - 1)  (3m + 2)  (3m + 5). 

i.e.  0=9  {2 . 5 + 5 . 8 + &c....  + (3m  - 1)  (3m + 2)}  - 10  - (3m-  1)  (3m  + 2)  (3m  + 5). 
A Sn  = | { (3m  - 1)  (3m  + 2)  (3m  + 5)  + 10} . 
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5.  2=1. 3. 6. 7 + 3. 5. 7.  9+&c...,+(2n-l)  (2»  + l)  (2n  + 3)  (2?i  + 5), 

and  2=  1 . 3 . 5 . 7 + &c....  + (2ft  - 3)(2ft- l)(2ft  + l)(2n  + 3) 

+ (2 n - 1)  (2ft  + 1)  (2 n + 3)  (2 n + 5). 

.-.  0 = 1. 3. 5. 7 + 8. 3. 5. 7 + &c.... + 8 (2ft- 1)  (2n  + l)  (2n  + 3) 

- (2 n - 1)  (2 n + 1)  (2 n + 3)  (2 n + 5). 
i.e.  0 = 8{1 .3 .5  + 3.  6 . 7 + &c....  + (2n-l)(2n  + l)(2n  + 8)} 

- 15  - (2ft  - 1)  (2 n + 1)  (2 n + 3)  (2 n + 5). 

Sn=l  {(2 n - 1)  (2 n + 1)  (2 n + 3)  (2 n + 5)  + 15} . 

o 

6.  2=2.7. 12. 17  + 7. 12. 17. 22  + &c.... 

+ (5?t  - 3)  (5 n + 2)  (5 n + 7)  (on  + 12), 

and  2=  2 . 7 . 12 . 17  + &C....  + (5n- 8)  (5n- 3)  (5n  + 2)(5n  + 7) 

+ (5 n - 3)  (5 n + 2)  (5 n + 7)  (5 n + 12). 

.-.  0 = 2.7.  12.17  + 20.7.12.  17  + &C.... +20  (5?i-3)  (5n  + 2)  (5ft  + 7) 

- (5 n - 3)  (5 n + 2)  (5 n + 7)  (5 n + 12). 
i.e.  0 = 20  {2  . 7 . 12  + 7. 12.  17  + &c....  + (5ft- 3)  (5n+  2)  (5n  + 7)} 

- 504  - (5n  - 3)  (5 n + 2)  (5 n + 7)  (5 n + 12). 

Sn  = 4 \^n “ 3) (5n + 2H5n + 7) (5ri  + 12)  + 504 } • 


7.  2 — l + »+  p + &c.  . . . + — r + - — — r , 

3 5 2ft  - 1 2n  + 1 

and  2=  1 + 1 +&c. . . . + + — +1  + . 

. o = l -A + 2 2 1_ 

1.3  3.5  (2ft  - 3)  (2ft  - 1)  (2/t-  1)  (2ft +1)  2a  + 1 

z.e.,  0 = - 2 j j- g + §75  + &c> • • • + (2n”l)  (2« +T)|  + 1 “ 27“+! ' 


••  2 r 2ft + 1)  • 


If  « is  infinite,  „ is  zero  ; sum  to  infinity  = ~ . 

2ft + 1 2 


0 „ 1 1 1 „ 1 1 

8.  ^ — q + r + q + ^C*  ■ • • + O — V + q T'o  > 

2 5 8 3ft - 1 3ft +2 


and 


1 4.  1 y 1 1 1 

2 + 5+  C',"+3ft-4  + 3ft-l  + 3ft  + 2 


• 0 = --  — - ■ 

2 2.5  5.8 


(3ft  - 4)  (3«  - 1)  (3«  - 1)  (3«  + 2)  3ft  + 2 ' 
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i.e.  0=  - 3 


2^5  + 5^8  + &C--+^ 


1 ) 1 1 

(Bn  ~l)(3zi+'2)J  + 2 3n  + 2‘ 


. o .I'"}1  1 ) 

,l“3  (2  3n  + 2)  ' 

If  n is  infinite,  „ ^ „ is  zero ; .\  sum  to  infinity  is  ^ . 

Bn  + 2 6 


, _1  ) 

1.3.5  4 [1 . 3 3 . of  ’ 


3.5.7  4 13.  5 5.  7)  * 


1 1 f i 1 ) 

(2 n - 3)  (2 n - 1)  (2 n + 1)  4 \(2n  - 3)  (2 n - 1)  (2n  - 1)  (2n  + l)f 


Hence 


and 


(2n  - 1)  (2/i  + 1)  (2/i  + 3)  4 ((2ra- l)(2/i  + l)  (2a  + 1)  (2/1  + 3) 

8 = MI  1 ) 

n 4(1.3  (2n+.l)(2»  + 3)Jf 

8 _1  J__  1 

&0°  4 1.3  “12  - 


10. 


1 _1  ( 1 1 
2.5.8“  6 [275  “ 5 . 8f  ’ 

i i ( i LI 

5.8.11  6 (5.8  8.11}  ’ 


(3/i 


_ 1 . 1 
- 4)  (3 n - 1)  (Bn  + 2)  6 \(3n  - 4)  (Bn  - 1) 


i l 

(Bn~  1)  (3n  + 2)J 


1 


(3/i  - 1)  (Bn  + 2)  (Bn  + 5)  6 ((3/i  - 1)  (3n  + 2)  (Bn  + 2)  (Bn  + 5)f  * 


Hence 


11.  Sn 


fc-i 


n 6 (2.5  (3n + 2)  (3«  + 5) J ’ 

1 1 


6.2.5  60' 


(- 


+ .... 


\as+l  x + 2J  \a:  + 2 x + Bj 

(-1 L-UfA  - 1 LA- 

\x  + n-l  x + nj  \x  + n x + n + lj  x + 1 £ + /i+l 


*+l  ’ 


222 


KEY  TO  ELEMENTARY  ALGEBRA. 


12.  *^«  = (lTS-I^i)  + y 


+ 2x 

1 1 J 

1 + (n  - 1)  x 1 + nx ) 


ITS 


1 ) 

1 + nx  l + (n  + l)a;) 


\ + x l + (ra  + l)a;’ 

X.So0  = 


1 

1 + x ' 


13.  Since  1 + 2 + 3 + ...  + r=  ~ r (r  + 1). 

S”=l— 2 + 213  + 3J4+-  = 2(1-iTi)  [BX-6’  Al‘-  2321' 

14.  l2  + 32  + 52  + ...  to  n terms 

= 12  + 22  + 32  + 42  + 52  + 62  + &c. ...  to  2 n terms 
- 22  -42  -62-&c....to  n terms 

= l2  + 22  + 32  + &c....  to  2 n terms  - 22(l  + 22  + 32  + &c....  to  n terms) 

= * ^ 2 n (2 n + 1)  (4 n + 1)  - 1 n (n  + 1)  (2n  + 1) 

= | n (2n+ 1)  {(4?i  + 1)  - 2 (n  + 1)}  =&c. 

15.  13  + 33  + 53  + &c....  to  n terms 

= l3  + 23  + 33  + 43  + 53  + 63  + &c....  to  2 n terms 
_23  -43  -63-&c....  to  n terms 

= l3  + 23  + 33  + &c....  to  2n  terms 

- 23  (l3  + 23  + 33  + &c. ...  to  n terms) 

= tn2  (2 n + 1)2  - 23  1 1 ns  [n  + 1)2| 

= n2  {{2n  + 1)2  - 2 (re  + 1)2}  =«2  (2n2  - 1). 

16.  a (a +.6)  = ^ {a  (a  + 6)  (a  + 26)  -(a  -6)  a (a  + 6)} 

{a  + 6)  (a  + 26)  = ^ {(a  + 6)  (a + 26)  (a + 36)  - a (a + 6)  (a + 26)} 

(a  + 26)  (ci  + 36)  = rr  {(a  + 26)  (a  + 36)  (a.  + 46) 

db  - (a +6)  (a + 26)  (a + 36)} 


(a  + n - 1 6)  (a  + nb)  = ^ { (a  + n - 1 6)  (a  + nb)  (a  + n + 1 6) 


- (a  + n-26)  (a  + 7i-16)(a  + n6)}. 


Hence  Sn  — {(a  + n-  16)  (a  + n6)  (a  + n + 16)  - (a-  6)  a (a  + 6)}. 


* § 232,  Ex.  3.  f § 232,  Ex.  4. 
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MISCELLANEOUS  EXAMPLES.  VI.  Pages  296— 300. 

A.  1.  (y  + 3)  (v/2  - 1)  - (2/  - 3)  (?/2  - 1)  + 3 (</  - 1)  (2/2  - 9)  - 3 (2/  + 1)  (y>  - 9) 

= (2/2-l){(2/  + 3)-(2/-3)}  + 3(^-9){(2/-l)-(y  + l)} 

= 6 (y2- 1)  - 6 (y2-  9) =48. 

{ (2 y -x)-{2 x-  y)}{ (2 y - x )2  + (2y  - a)  (2a;  - ?/)  + (2a;  - ?/)2} 

S(y-x) 

| { (2y  - a)  + (2a;  -?/)}{ (2y  - xf  - (2y  - a;)  (2x  - y)  + (2a:  - y)2} 

{x  + y) 

= {(%  - x)2+{2  y - x)  (2x  - y)  + ( 2x  - yf] 

+ { (2  y-  X?  - (2  y - x)  (2x  - y)  + {2x  - yf) 

= 2 (2 y - a;)2-f  2 (2a;-y)2=&c. 

3. 

3a;3 - 13a;2  + 23a; - 21  ) 6a;3  + x2-Ux  + 21  ( 2 
6a;3  - 26a:2  + 46a:  - 42 
9 ) 27a;2  - 90a:  + 63 

3a:2  - 10a;  + 7 ) 3a:3  - 13a:2  + 23a;  - 21  ( x - 1 
3a;3- 10a;2  + lx 

- 3a:2  + 16a: -21 

- 3a;2  + 10a:  - 7 

2 ) 6a;- 14' 

3a:-  7 ) 3a:2 - 10a:  + 7 ( x - 
3a:2-  lx 
- 3x  + 7 

3a:  - 7 is  the  h.  c.  f.  ; thus  both  expressions  vanish  if  3a:  - 7 = 0.  - 3a:  + 7 

4.  (i)  3a:  + - - 1 = 12a:  + - + 14 ; whence  3a;  + -=- 5. 

y y y 

Also  3a:  + - - 1 = - - 2a:  - 14 ; .•.  5a:  + -=  - 13. 

y y y 

Whence  2a;=-8;  ,\  a;=-4;  and  then -=  7. 

y 

(ii)  {a;- (a-f  & + c)}  (a;-c)  = 0;  .\  &c. 

5.  Let  £x  be  the  price  he  paid  for  each  ox,  and  £y  for  each  sheep. 

Then  9a;  + 20  y = 230. 

Also  * X 9 + m V X 20  = 265,  &c. 

6.  The  equation  with  the  given  roots  is 

(x~air)(x~^)=0’ or  (ax~a+ P) ~ a+P) = °» 

i.e.  a/8x2-  (a  + /3)2a;  + (a  + /S)2=0,  i.e.  3a;2  - 16a;  + 16  = 0, 
since  a/3  = 3 and  a + f 3=  -4. 
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7.  (fib-1  - 2 ah~^  + 4 - Sa~h)i  + 1 6a~?  b 
aJ  + 2b? 


ab-1  -2a?b~?  + 4ei?~Sb?  + lQa~?b 


+ 2a?b~%  -Agi  + Sb? -lGa~h  + 32g—ib? 

+ 32  a~?b% 


q /-\  (5 + 4 ^/3)  (5 + 4 ^/3)  _ 25 + 40  ^3  + 48  _ 

™ (5  - 4 *J3)  (5  + 4 *J3)  ~ 25-48  ~<KC' 

(ii)  Put  *j25  + 4:lJ34:=s/x  + s/y.  Square;  then  x+y— 25, 
and  2 sjxy  = 4^/34,  whence  a;?/ = 136.  Hence  x = 8,  ?/  = 17. 


10.  Find  the  A.r.  of  which  100  is  the  first  term,  and  300  the  22nd. 
a = 100,  a + 21d  = 300;  whence  21d=200,  .'. 

Thus  the  A.r.  is  100,  109J1,  1WT»  &G~~  290J£,  300. 

The  sum  of  the  20  inserted  terms  is 

8 = s (a  + 1)  = ??  (109**  + 290**)  = 4000. 

2 -j 

B.  1.  3{x-2?/  + 22}-[4?/  + 2{x-7/  + 2}]  = 3x-6?/+62-[27/  + 2x  + 22] 
= 3x  - 67/  + 62  — 2x  - 2t/  - 22  = &c. 

2 . (i)  (tH*  + 717/)  (TiX  + 777-7/) . 

(ii)  x2  (x  - y)  + 7/2  (x  - y)  = (x2  + y 2)  (x  - y) . 

3.  For,  if  x + y = 4,  x-?y  = (x-y)f|jp  = ^ (x2-t/2). 

4.  (i)  a (x  + 6)  + 5 (x  + a)  = (x  + a)  (x  + 5),  whence  0 = x2- ab  ; .*.  &g. 

(ii)  N/l2x-3  + Jx  + 2=  - Jlx  - 13  ; 

+ squaring,  (12x  -3) + 2 J\2x  - 3 */x  + 2 + (x  + 2)  = 7x  - 13 ; 
whence  J\2x~3  */x  + 2 = -3x-6;  .*.  (12x-3)  (x+2)  = (3x  + 6)2, 
whence  x2  - 5x  - 14  = 0,  &c. 


Thus 


4 
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5.  x2-8x  + 22~(x-  4)2  + 6,  and  (x  - 4)2  cannot  be  a negative  quantity; 
&c. 

6.  a6  + 2a362  - 2a3c  + b4  - 2 b2c  + c2  = a6  + 2a3 (62  - c)  + (b2  - c)2=  (a3  + b2  - c)2. 


7.  S = s=(^X; 


Also 


a = b\,  c = d\. 

a2  + b2  b2\2  + b'2  b 2 

*'*  c2  + d2  ~d2\2  + d2~d2' 

(a  + 6)2  (&\  + 6)2  Z>2 

(c  + d)2  (d\  + d)2  d2’  " °‘ 


8.  (i)  This  is  an  a.p.  since  - 1 - 5=  - 7 - ( - 1). 

20 

S = -~{ 2x5  + 19(-6)}=*c. 


(ii)  This  is  a g.  p.  since 


24  1 


sum  to  infinity 


25 


1 - r 


*-r6‘ 


9.  Sum  7,  14,  21...,  994.  a = 7,  d = 7,  Z = 994;  also,  if  « be  the  number 
of  terms,  994  = 7 + (ra- 1)  7;  whence  «=142. 


8 = ~ (a  + 1)  = 71  (7  + 994)  = 71071. 


10.  Let  the  train  be  x feet  long  and  let  the  men  walk  at  the  rate  of  y 
feet  per  second.  The  train  goes  at  the  rate  of  374  miles  per  hour  which  is 
equivalent  to  55  feet  per  second.  Now  in  6 seconds  the  train  must  go  its 
own  length  plus  the  distance  walked  by  the  man  in  6 seconds. 

Hence  55x6  = a; + 6 y. 

Also  in  4 seconds  the  train  must  go  its  own  length  minus  the  distance 
walked  by  the  man  in  4 seconds. 

Hence  55  x 4= a;  - 4 y.  Whence  y = 11  and  x = 264. 


C.  1. 


V(24) 

n/(24) 


14 -o_ 
0-14 


1 — ( — 1)  = 2. 


2.  2a;2  + 3 xy  - 2 y2  ) 4x4  - 9a;2?/2  -fc  12 xy3  - 4 y4  ( 2a;2  - 3 xy  + 2y2 

4 x4  + Gx3y  - 4 x2y2 

- 6 x3y  - 5 x2y2  + 12 xy3  - 4 y4 
-6xsy  - Qx2y2+  6 xy3 

4 x2y2  + 6 xy3  - 4 y4 
4a;2?/2  + 6 xy3  - 4 y* 


K.  S.  E.  A. 


15 
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3.  Let  x,-  x + 1 be  the  numbers.  Then  we  have  to  prove  that 

(x  + (x+  l)}2=4x  (x  + 1)  + 1. 

4.  x2  - 6ax  + 9a2  = (x  - 3a)2,  x2  - ax  - 6a2  = (x  - 3a)(x  + 2a), 

3x2  - 12a2  = 3 (x  + 2a)  (x  - 2a).  .\  l.c.  m.  = 3(x  - 3a)2  (x  + 2a)  (x  - 2a). 

/ 2 2 \ / 1 1 \_  8 -2  6a2 

5-  \a  - 2 a + 2/  + \a  + l a - 1/  “ a2  - 4 + a2  - 1 “ (a2  - 1)  (a2- 4) ' 

6.  Let  the  train  travel  at  x miles  an  hour,  and  let  the  time  occupied  be 
y hours.  Then  the  journey  would  be  accomplished  in  ^ y hours  at  the 

rate  of  x + 5 miles  per  hour,  and  in  ( y + 1)  hours  at  the  rate  of  x - 5 miles 
per  hour. 

Hence  xxy  = (x  + 5)  ^t/-|^  = (x-  5)  (?/  + l). 

2 10 

Whence  5 y-~x=  — , -5  y+x=5\  ,\  x = 25  and  ?/  = 4. 


7.  V(19  + 6 ^2)  =^(19  + 2 ^18)  =^18  + 1 = 3^2  + 1. 

Thus  we  have  2 + 2<v/2  + x/2-^|3-2N/3  + SV3-  (3^/2  + l)  = l. 

8.  (i)  Cf.  §196. 


(ii)  Let  then  ad>bc, 

' ’ b d 

. a ma  + nc  n(ad-bc)  ...  , 

then  — = _ = a positive  quantity,  since  ad  > be. 

b mb  + nd  b(mb  + nd ) F H 


a ma  + nc 
b mb  + nd  ’ 


ma  + nc 
mb  + nd 


c m (ad  - be) 
d~  d (mb  + nd) 
ma  + nc  c # 
mh+nd  d ’ 


= a positive  quantity, 
whence  &c. 


9.  (i)  This  is  an  a.  p.,  since  15  - 21  = 9 - 16 ; 

.-.  N=^{2a  + (n-l)d}  = |{2x21  + 7(-6)}=0. 


2 *8 

(ii)  This  is  a g.p.,  since  ^ = — ; 

„ a 5 25 

'llF  = ” = T‘ 

5 

10.  If  x and  y be  the  numbers,  - (x  + y)  = 17,  and  Jxy  =15 ; 
x + y = 34  and  xy  = 225,  whence  x=9  or  25,  and  25  or  9. 
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D.  1.  {a2  + a2}  {a2- a2}  = a4- a4. 

2.  (i)  (n  + 1)4 - n4=  {(w  + 1)2-«2}  {(«  + l)2  + n2}  = {2«  + l}  {2n2  + 2n  + 1}. 
(ii)  This  is  true  if  (a  + 6)4  - 4 ah  (a  + 6)2=  a4  + ft4  - 2a2fc2, 
if  (a  + 6)2  { (a  + 6)2  - 4a6}  = (a2  - ft2)2, 
i.e.,  if  ( a + b)2  {(a  - 5)2}  = (a2  - ft2)2  ; which  is  obvious. 

a2 -9a + 20  x 3 -13a + 42  (a;  - 4)  ( x - 5)  (a -6)  (a -7). 

' HHSj  ' a2 -5a  a (a -6)  ’ a (a -5) 

4.  (i)  (1x5-11x3);  - 46  = 138 ; 2/ = ; 

3 1 

ence  - + 15  = 21;  .\  a = -. 

a 2 

(ii)  16  (3a2  - 4 xiy  + 2 y2)  — 33  (a2  - y2) ; 


5.  Let  a be  the  digit  in  the  units  place,  y in  the  tens  place. 

Then  the  value  of  the  number  is  10 y + x.  Hence  we  have  x2-y2=  10 y + a. 
If  the  digits  are  inverted  the  value  of  the  number  is  10 x + y;  thus 
10x  + y = 7 (x  + y),  whence  x=2y. 

Then  'ky2-y2=zl0y  + 2y  ; .-.?/  = 4.  And  then  x=2y  = 8. 

6.  If  a,  p are  the  roots  of  the  given  equation,  a + /3=4,  a/3  =2. 

The  required  equation  is  (a  - a3)  (a  - /3s)  = 0,  i.  e.  a2  - (a3  + /33)  a + a3/33  = 0. 
Now  a3  + /33  = (a  + /3)3-3a/5(a  + /3)  = 43-3.2. 4 = 40,  and  a3/33  = (a/ 3)3  = 8. 
Thus  the  required  equation  is  a2-40a  + 8 = 0. 

7.  a6  - 2a2  + 8 + a-2  - 8a-4  + 16a-6  ( a3  - a-1  + 4a-3 
(a3)2 = a6 

(a3  - a_1)2=  a6  - 2a2  + a-2 

(a3  - a-1  + 4a-3)2  = a6  - 2a2  + 8 + a-2  - 8a~4  + 16a-6 

8.  Let^=X,  then^=X;  a=b\,  c — d\. 


15a2-64a?/  + 65i/2  = 0,  whence  a = -^,  or 


13y 


5 


/ a2  + b2  _b2\2+b2  _b2 
c2  + d2~  d2  X2  + d2  — d2  ' 


Also 


15 — 2 
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1 3 

2 4 

9.  (i)  This  is  a g.  p,,  since  ■—  = -tj-. 

8 ~ 2 


Hence 


- 6 4 

(ii)  This  is  a g.  p.,  since  — = — - . 

Hence  sum  to  infinity  =— 

1 - 

10.  In  n groups  there  will  be  1 + 2 + 3 + ...+n,  that  is  |n(n  + 1),  of 
these  odd  numbers.  Hence  the  last  of  them  will  be 


2 j|n(n+l)j  - l = n (n  + 1) 

up  will  be  the  sum  of  n odi 
The  sum  is  therefore 

= ||2(n2  + n-l)  + (n-l)(-2)j-=n3. 


Hence  the  nth  group  will  be  the  sum  of  n odd  numbers  of  which  the 
greatest  is  n2  + n - 1.  The  sum  is  therefore 


E.  1.  (x'1-2xy  + y2)-(x2  + xy+y2)-  {x2  - 2xy  + y2}  = - (x2  + xy  + y2)- 


2.  2a2  - 3ab  + 4b2  ) 6a4  - a3b  + 2 a2b2  + 13ab3  + 4b4  ( 3a2  + 4 ab  + b2 
6a4-9a3b  + 12a2b2 

8a3b  - 10a2b2  + 13a63  + 464 
8a3b-12a2b2  + 16ab3 

2a2b2  - 3ab3  + 4b4  / 

2a2b2  - 3ab3  + 4ft4 


3.  3a3  - 3a2b  + ab2  - bs = 3a2  (a  - b)  + b2  (a  - b)  = (3a2  + b2)  (a  - b) 

and  4a2  - 5ab  + b2—  (a-  b) (4a  - b). 

H.c.F.  = a-b;  and  l.o.m.  = (3a2  + b2)(a  - b)(4a-  b). 


4. 


+ 

H' 

i *(*-i) 

1 

X (x  - 1) 

4x+{x-iy 

x-(x-~l) 


= (x+lf 


5.  a + /3=-m;  a^  = n;  .%  a2/3  + /32a  = a/3(a+/3)=w  ( - m). 
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6.  3x2+5x  + 3 = 3^x2  + ^x  + lSj-S  ^x2  + ^x  + (^j  + l-|jjj 


HK)! 


The  least  possible^value  of  ^ + is  0 ; thus  the  least  possible  value  of 

the  given  expression  is  3 x ~ ^ , and  the  expression  has  its  least  value 

when  x + ~ = 0,  i.e.  when  x = - ~ . 
b 6 

_ a b c , , , 

7.  ^ = - = £—x  (say) ; a— ox,  b — cx , c = dx. 

Thus 

\b-c ) V &-c  ) d b c d 


8.  4x^  - 12xyi  - 7x°sy  + 24 xky%  + 16 y2  ( 2x*  - 3xhyi  - 4 y 
4x% 

4x%  - 3x^yi  ) - 12xyi 

- 12 xyi + 9 x%y 
4x%-  6 xiyi  -4 y ) - 16a;% 

- 16a;%  + 24x^y^  + 16  y2 

9.  (i)  This  is  an  a.  p.,  since  - 2 - ( - 3)=  - 1 - ( - 2). 

• S = l{2a+  (»-  1)  d}  = l { - 6 + (n  - 1)  1}  = ~ n (n  - 7). 

1 1 
2 4 

(ii)  This  is  a g.  p.  , since  = — ■ . 

2 

sum  to  infinity  — - = 

1 — r 


10.  Let  the  trains  go  at  the  rates  of  x and  y yards  per  second.  Then  in 
4 seconds  they  must  between  them  travel  (72  + 60)  yards.  Hence 
4a:  + 4y  = 72  + 60. 

They  would  have  travelled  (72  + 60)  yards  in  3 seconds  at  the  rates  of  2a; 
and  y yards  per  second  respectively.  Hence 

3 x 2a: + 3?/ = 72 + 60.  Whence  x = 11,  y = 22.  ■ 

And  11  yards  a second  = miles  per  hour. 
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F.  1.  {(x  + y + z)-(-x  + y + z)}{(x  + y + z)  + (-x  + y + z)} 

+ {(x  - y + z)  - (x  + y - z)}  {(x  - y + z)  + (x  + y - z)} 
— 2xx2(y  + z)  + 2(-y  + z)  x2x  = 8xz. 

2.  (a-  b)3  - c3^-(a-  b)  - c — (a  - b)2  + (a  - b)c  + c2. 

3.  For,  y-z  — b-c,  z - x = c - a,  x-y  = a-%b\ 

(y -z)2-t(z-x)2+(x-ij)2=(b~c)2+(c-a)2+(a-b)2; 
i.  e.  2 [x2  + y2  + z2  -yz  - zx  - xy)  = 2 (a2  + b2  + c2-bc-  ca  - ab). 


4. 


(a  + 2x)  -2a -(a-  2x) 


2 (a  -2x) 


(a-2x)(a  + 2x)  (a  -2x)  (a  + 2x)  a + 2x' 


5.  (i)  Eliminate  y from  I and  II,  and  from  II  and  III;  then 

10# + 7z  = 58,  and  14a;  + z = 46. 

Whence  88a;  = 264;  a? =3.  Then  z*=4,  and  then  y = 7. 

(ii)  Simplifying  each  side,  - - ~ = (j  _ e~  _ ?) ; 

.-.  (a; -2)  (a;  - 3)  = (a;  - 6)  (a; -7),  whence  8a;  = 36. 

2 ( x 2 + y2)  5 

(iii)  The  first  equation  is  equivalent  to  ~ = - ; 

whence  x2=9y2.  Then,  from  x2  - 9y2=0,  and  x2  + y2=  90,  we  have 
x=  ±9  and  y=  ±3. 

6.  Extract  the  square  root  by  the  usual  method;  thus  we  shall  find 
that  the  given  expression  = (x3  - 2x2  + 5x-  6)2. 

Thus,  if  any  integer  be  put  for  x in  the  given  expression,  the  result  will 
be  the  square  of  the  number  obtained  by  substituting  the  same  value  of  x 
in  the  expression  x3  - 2x2+5x  - 6. 


7. 


8. 


^(12-^/140)  ^(12-2^/35)  J7-J5 


= | (x/7  + v/5)  = \ (2-64575. . . + 2-23607 . . . ). 


a - x ^_a2  - x2 


a + x < a2  + x2  ’ 

according  as  (a  -x)  (a2  + x2)  < (a  + x)  (a2  - x2), 

i.e a3-  a2x  + ax2  - x3  < a3  + a2x  - ax2 - x3, 

2 aa;2<  2a2a;, 

nr.  ^ a. 
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2. 


1 

x 


10. 

then 

Then 


1 in  % + y ift 

y~  x + y'  ' ‘ xy  ~ x + y' 

x2  + 2 xy  + y2=mxy\  x2  + y2=(in-  2)  xy,  x2  + y2  ac  xy. 

Let  the  first  term  of  the  g.p.  be  a,  and  the  common  ratio  r; 
__  cu(l  - rn)  _ a (1  - r2n)  _ a (1  - rm) 

~ 1 -r  ’ ~ 1-r  ’ ~ 1 - r ' ' 

^+62=(r^{(1-rn)2+(1“^ 

••  ~2-)3  (l-r“){l-r“  + (l- rn)  (1  + r")2} 

= (l^r)2  (1  -^i1-  r2n  + 1 - rS"} 

= a(b  + c ). 


LXX.  Pages  308—310. 


1.  15.14.13.  2.  10.9.8.7.  3.  |8 . 4.  ?P5=  [5. 

5.  + 6^5  + 6^4  + 6P3  + 6-^2  + 6^1 

= 6 . 5 . 4 . 3 . 2 . 1 + 6 . 5 . 4 . 3 . 2 + 6 . 5 . 4 . 3 + 6 . 5 . 4 + 6 . 5 + 6 = &c. 


6.  The  10  boys  could  be  put  in  a row  without  any  restriction  on  the 
two  particular  boys  in  1 10  ways.  If  the  two  boys  are  together  in  either 
order,  the  whole  can  be  arranged  in  j9  ways;  hence  the  total  number  of 
arrangements  in  which  the  two  particular  boys  are  together  is  1 9 x 2. 
Hence  the  number  of  arrangements  in  which  the  two  boys  are  not  together 
is  [10-2  19  = 8 [9. 


7.  \n  =720.  Now  |1,  [2,  |3,...  are  in  order  1,  2,  6,  24,  120,  720,  &c. 

Thus  n=6. 


11  l1  i9 

|3[j2  ’ 4 1 4 ijMfj 


9. 


11 

[ill  IT 


10. 


11 

min' 


11.  rgg-  • With  e first  and  s last,  there  are  the  6 letters  e,  e,  s,  s,  n,  c 


free,  and  the  number  of  permutations  of  these  is 


m 

llll' 


12.  If  nP5= nP4  x 2 ; n (n  - 1)  (n  - 2)  ( n - 3)  (n  - 4) 

— n(n-  1)  ( n - 2)  (n  - 3)  x 2.  Hence  n-  4 = 2. 
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13.  nPe  = nP4  (n-  4)  (n  - 5).  Hence  (n- 4)  (n-5)  = 12;  n—S  [the  value 
n—  1 being  inapplicable]. 


14. 


*CA  = 


16. 15.14.13 


1 fit's  


15 . 14 . 13 


1 . 2 . 3 . 4 ’ 16^12-15^3  ~ x 2 . 3 


vC'.l 


20.19 

TlTT' 


15.  rfir~ifin-r 5 a^s0  tf  rfir=n@s\  then  either  s — r or  s — n-r.  Hence, 
in  the  present  case*L0  = ?i  - 5. 

Thus  n=  15,  and  MC2=^L4. 

91  of)  iq 

16.  Asin  15,  ll  = n-10;  .7  n=21.  Then  nGs  = ^ . 

17.  The  total  number  of  permutations  is  5P3;  but  we  must  reject  all 
those  in  which  0 stand  first,  and  these  are  4P2  in  number.  Hence  the 
required  number  = 6P3  - 4P2  = 60  - 12  = 48. 


18. 


2 n (2 n - 1)  (2 n - 2)  _ 1 0 n . n - 1 
17273  -1  x T72  ; 


applicable  solutions  n (n  - 1)  = 0]. 


2n  - 1 = 9,  [rejecting  the  in- 


,A  2n  (2n  - 1)  (2n  - 2) _ 0 ^ %#  n (n  - 1)  (n-  2)  (n-  3)  _ 

i9-  r7273  1. 2.3.4  ’ 

.-.  2 (2w  - 1)  = 3 (n  - 2)  (to  - 3) ; 

4 

whence  n= 5 [rejecting  the  value  n = which  is  inapplicable]. 

20.  From  the  total  number  of  permutations,  namely  5P5,  we  must 
subtract  all  the  permutations  beginning  with  1 (in  number  4P4)  and  also  all 
those  beginning  with  21  (in  number  3P3).  Hence  of  the  numbers  greater 
than  23000  there  are  5P5  - 4P4  - 3P3 . 

21.  Each  letter  can  be  put  in  any  one  of  the  five  boxes,  and  therefore 
the  whole  number  of  ways  is  5 x 5 x 5. 

22.  We  may  use  0,  1 or  2 pennies;  thus  there  are  3 ways  of  choosing 
from  the  pennies.  There  are  four  ways  of  choosing  from  the  shillings,  and 
5 ways  of  choosing  from  the  pounds.  Hence  the  total  number  of  ways  of 
choosing  (and  each  different  choice  will  clearly  give  a different  sum  of 
money)  is  3x4x5.  We  have,  however,  in  the  above  included  the  case  in 
which  no  coin  at  all  is  taken.  Thus  the  total  number  of  different  sums  of 
money  is  3 x 4 x 5 - 1 = 59. 

23.  As  in  22,  the  number  of  sums  is  (4  + 1)  (6  + 1)  (5  + 1)  - 1. 

24.  Suppose  there  are  a,  h together  with  n other  things.  Then  the 
total  number  of  combinations  of  these  r + 1 together  consists  of  (1)  the 
combinations  in  which  a and  h both  occur,  JlC'T,_1  in  number;  (2)  the  com- 
binations in  which  a alone  occurs,  and  in  which  h alone  occurs,  nCr  x 2 
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in  number;  (3)  the  combinations  in  which  neither  a nor  b occurs,  nCr+1  in 
number.  Hence 

n+*Cr+l  = nCr+l  + 2nCr  + nCr-i: 

[The  general  theorem  of  which  the  above  is  a particular  case  is  proved  in 
Treatise  on  Algebra , Art.  248.] 

25.  All  the  things  occur  equally  often,  and  4 of  the  8 things  are  taken 
in  every  combination.  Hence  each  thing  occurs  4 times  out  of  every  8. 


26,  27.  All  the  things  occur  equally  often,  and  n of  the  3n  things  are 
taken  in  every  combination.  Hence  each  thing  occurs  on  the  whole  once  in 
every  three  times.  28.  jo^6  • 

29.  An  elector  can  vote  for  one  candidate  in  5C1  ways,  for  two  candi- 
dates in  5C2  ways,  and  for  three  candidates  in  5C3  ways.  Hence  the  whole 
number  of  ways  of  voting  is  5G1  + 5C2  + 5C3. 


30.  There  are  S0C3  different  sets  of  3 men  and  3Cl  different  sets  of 
1 officer ; also  either  of  the  first  can  be  taken  with  either  of  the  second. 
Hence  the  number  required  = 80C3  x 3C1. 


31.  (i)  30^11  • 

choosing  another, 
elevens  are  chosen. 


(ii)  Having  chosen  one  eleven,  there  are  19Cn  ways  of 
But  the  match  is  the  same  in  whatever  order  the  two 
1 130 

30*“ ' ” " - 


Hence  we  have  *nC- 


X 2 2 [11  [11  [8* 


32.  5G2  sets  of  2 boys  can  be  taken,  and  4C2  sets  of  2 girls;  also  each 

set  of  boys  can  be  taken  with  each  set  of  girls,  giving  5C2  x 4(72=  10  x 6. 


33.  4^2  se*s  °f  2 ladies,  and  6C2  sets  of  two  men  can  be  taken ; thus 
there  are  4C'2  x 6C2  sets  of  players. 

34.  Any  particular  child  can  be  supposed  fixed ; then  the  others  can  be 
arranged  in  1 7 different  ways. 


35.  There  are  as  many  straight  lines  as  there  are  pairs  of  points,  that  is 
»&*=  \ n(n-l). 


Every  three  straight  lines  make  a triangle.  Hence  the  number  of  tri- 
angles is 

|| n ( n - 1)  j j| » in  - 1)  - 1 j ||  n[n-l)-2^+ 13. 

36.  There  must  be  tickets  for  a journey  from  each  of  the  30  stations  to 
each  of  the  29  other  stations;  ,\  number  = 30  x 29  = 870. 

37.  No  two  different  sets  of  four  coins  will  be  worth  the  same  sum  of 
money.  Hence  the  number  of  different  sums  of  money  is  7C’4  = ^ ' ^ -^  ‘ ^=35. 
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When  two  additional  sovereigns  are  added,  the  number  of  different  sums 
of  money  is  the  above  35,  together  with  the  number  when  tiuo  sovereigns  are 
taken  which  is  6(72,  and  the  number  when  three  sovereigns  are  taken  which 
is  6 C1.  Thus  the  whole  number  of  different  sums  in  this  case  is 


38.  There  are  n ( n - 1)  terms  of  the  type  aab,  for  two  of  each  of  the 
n letters  can  be  taken  with  any  one  of  the  remaining  n - 1 letters. 

Also,  there  are  nC3  terms  of  the  type  abc.  Hence  the  whole  number  of 
different  products  of  three  dimensions 


39.  Each  of  the  6 flags  can  be  put  at  the  top,  and  then  each  of  the 
6 flags  can  be  put  next,  and  so  on.  Hence  the  whole  number 

= 6x6x6x6  = 1296. 

40.  The  total  number  of  arrangements  of  the  n men  without  restrictions 
is  |ra. 

There  are  |«~1  arrangements  with  a at  the  top  and  the  same  number 
with  a at  the  bottom.  Similarly  for  b.  But  there  are  2 jn  - 2 arrangements 
with  a at  one  end  and  b at  the  other.  Hence  there  are  4 [a  — 1 — 2 J — 2 
arrangements  with  either  a or  b at  one  end. 

Thus  the  number  required 


35  + 15  + 6 = 56. 


= jn  - 4 jn  - 1 + 2 jn  - 2 
= jn-  2 [n  (n  - 1)  - 4 (n  - 1)  + 2} 
= (n-2)(n-3)jn-2. 


LXXI.  Pages  317,  318. 


1 . X6  + 6axb  + . a2x*  + 0/3x3  + 


6. 5. 4. 3. 2 

+1.2.3.4.5 


a5x  + aG—&  c. 
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2.  {i+(-^n5=i+M'-^)+^2(-^)2+|4:l(“^ 

+ frfcirl ( " x'r + ( _ *2)5= &c- 

3.  {(3®)  + ( - 2 y)  }4=  (3a;)4  + 4 (3*)»  ( - 2 y)  + (3®)*  ( - 2y)* 

+ (3*)  ( - 2v)3 + ( - 2?y)4 = 

4.  {(2a)  + (3a2)}4=  (2a)4  + 4 (2a)3  (3a2)  + . (2a)2  (3a2)2 

+ #$  M &**)*  + (3a2)4=&c. 

5.  { (2a;2)  + ( - 1)6}  = (2a;2)6  + 6 (2a;2)5  ( - 1)  + ^| . (2a;2)4  ( - l)2  + &c.  = &c. 

6.  {y+ (-x)}7=y7  + 7y6(-x)  + 7^.y5(-x)2  + &G.  = &G. 

For  7—12,  cf.  § 243. 

7.  -\°:-29.a8(- 36)2=&c.  8.  ^L21;31Q49(2a;)«(-a;2)4=&c. 


9.  f7^.8,.4.l5(2a)8(~l)a  =&C-  10‘  ioGf6(-«)6=ioc'4*6=&c. 

11.  »G^=MCfc®W  =?&<>.  6 12.  22G20(-®)20  = 22C'2a;2()=&c. 

13.  | a4  + 4a3  U/6)  + ~ a2  (v/&)2  + a (Jb)*  + (V&)4 1 

+ |a4-4a3(V6)  + ^«2(N/6)2-^|^a(x/&)3  + (N/&)4j 

= 2 |a4+^|a2(v/6)2  + (v/6)4|  =&c. 

14.  ja6  + 6a5  (Jb)  + a4  (^/fc)2  + &c.  + (*y&)6| 

+ |«6  - 6a5  (x/6)  - p-|  a4  (^ft)2  + &c.  + (v/6)6| 

=2  ja6+ r4- a4  uw+ 1 u/&)4+ = <&>. 


15.  As  in  13  and  14,  we  have 

2 f8 + i':l a6  ^6)s + r ! 2 ! 3. 4 a4  ^b)i 


8. 7. 6. 5. 4. 3 
+ 1.2. 3747576 


a2(^)6+U/&)8} 


— &c. 
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16.  The  middle  term  = 5th  term  = f ■ \ ' ^ \ xi = Ac . 


17.  The  middle  term  = 6th  term; 


1.2. 3. 4 

10 . 9 . 8 . 7 . 6 


1.2. 3. 4. 5 


x5  = &c. 


18.  Middle  term  = 5th  term = ~ (2x)4  ( - 3 y)4= Ac. 


19.  The  coefficients  are  m+nGm,  and  m+nCn  respectively,  which  are  equal 
by  § 238. 

1 V , 8 . 7 . 6 . 5 . 4 


20. 


8 . 7 . 6 . 5 , „ , 

+ TTTTr-7  YY 


1 .2.3.4 


1.2. 3. 4. 5 


21. 

22. 


♦Gy-* 

(i  \ 10  45.7.5 

~2Jx)  =15(752^5  = 15<75  = &C- 

/ 3.  \ 16  jr8 

^16  ( X Y ^ _ ~ J ~ 20 ^4  ^i6  = *C- 

(-^)r  = 2^(-«3)r^-3r- 


23.  General  term  is  2nCr  (x2)‘2n 
The  index  of  x is  n,  if  r = n ; thus  the  coefficient  required  is 

2nCn(-a3)n  = &C. 

24.  There  are  2 n + 2 terms ; thus  middle  terms  are 


(n  + l)th  term = 2n+i^n  %n+1  = Ac. 

A\n+1 

(n  + 2)th  term = 2n+1Cn+1  xn 


Ac. 


25.  Greatest  value  ot‘aGr  is  when  r— 4;  [§  240]  but  8C4  is  the  coefficient 
of  the  fifth  term. 

26.  By  § 240,  9Cr- 9Cr_1  if  r=^(9  + l)  = S;  but  9C4  and  9C5  are  the  co- 
efficients of  the  5th  and  6th  terms. 

27.  By  § 248,  if  the  ?-th  term  is  the  greatest, 

42  42 

r>  — , and  < - + 1 ; .‘.r=9. 


114 


114 


28.  As  in  27,  r >•  jj- , and  < + 1 


: 11. 
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/ 4#\12 

29.  Required  the  greatest  term  in  the  expansion  of  312  ^1  + — J , when 


26 


— , and  r = 6. 


As  in  27, 

30.  The  (r  + l)th  coefficient  = rth  coefficient  x 


-r  + 1 7 

r X 5 


Hence  the  rth  and  (r  + l)th  coefficients  will  be  equal,  if  (23  -r  + 1)  7 = 5r, 
or  r=14. 

31.  nCn_r(axr(-b)"-r=& c. 

32.  Term  in  a;”  in  first  expansion  is  2nCnxn; 

and  in  second  expansion  is  2n_1Cn  ( - x)n ; 

12  n 2n\2n-l  j2n-l 

and  2nCn = t — — = - — , = 2 - = 2in_,Cn . 

. n |n  [n  \n  \n-  1 . n |n  \n-  1 in  1 ” 

12  n 

33.  The  (n  + l)th  term  is  2nCn  xn  — - - xn 


1.  3.  5...(2»-l)  2 . 4 . 6...S 


jn  1 . 2 . 3...n 

34.  994  = (100  - l)4 = 1004  - 4 . 1003  + 6 . 1002  - 4.  100  + l = &c. 
9993=  (1000  - 1)3  = 10003  - 3 . 10002  + 3 . 1000  - 1 = &c. 


xn  = &c. 


LXXII.  Pages  323,  324. 

1.  Cj  — 2c2  + ...  + ( — l)”-^ 

■ :«-*•  + ( _ ir% . i 

= . =n(l-ir-.=0. 

2.  From  §249,  II,  c0 - + c2 -...  + (- 1)”  cn  = 0; 
from  the  last  example  - cx  + 2c2  - . . . + ( - l)n  ncn = 0. 

Add  these  two  equations. 

3.  ^ + |c,+  |«,+  ...+sL.c„ 

|.4i 
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= «4.o»(?iZ_1)  1 . n(w-l)<n-2)  1.2 

1 1.2  ' n+  1.2.3  -n(n-l) 

— n+  (n-  1)  + (71  - 2)  + &c.  +1  = (to  + 1). 

5.  Add  the  equation  in  Ex.  3,  to  that  in  § 249,  Ex.  2. 


6 . c0  + cxx  + 2 c2x2  + 3 c3x3  + . . . + rcrxr. . . + ncnxn 

n{n-l)  n n(n-\)  (n- 2)  \n 

= l + na;  + --Y^ — 1 x2  + — — -xi+  ...  +- = xr...  +nxn 

1 1.2  \n-r  \r- 1 

L , ,,  (n - 1)  (n - 2)  \n-l 

= 1 +nx  ^ 1 -f  («  - 1)  a:  + ^~r 7 x2  + : . . + - — ! — xr~x. . , + xn~ 

( 1.2  jn-  r |r- 1 

= 1 + nx  (1  + x)n _1. 


7.  (l  + a;)”  = c0  + Cja;  + c2^2+  ...cn--lxn~l  + cnxn\ 

also  ( 1 + x)n=cn+  cn-xx  + cn_.2x2  + . . . c1x"“1  + c()xn. 

The  coefficient  of  xn~ 1 in  the  product  of  the  two  series  on  the  right  is 

C0CI  + clc2  +•■••+  cn-lcn  • 

Hence  (§272),  + cxc2  + &c.  is  the  coefficient  of  .r’1-1  in  the  expansion 

12  n 

of  (1  + x)n  x (1  + x)n,  i.  e.  of  (1  + x)2n ; which  coefficient  is  , . f'  • H 

v ’ x ' \n  — 1 \ir  4- 1 


8.  Similarly,  coefficient  of  xn~ 2 in  the  product  of  the  same  two  series 
is  c0c„  + c1c3  + . . . + cn_2cn ; which  is  thus  equal  to  the  coefficient  of  xn~2  in 

|2/i 

the  expansion  of  (1  + ®)2”,  i-e.  to  

r ' ■ \n-2\n  + 2 

9.  (1  + x)n  = cn+ncn_1  + + c0xn; 

(1  - x)n  = C0  -CyX+ + ( - 1 )ncnxn. 

The  coefficient  of  xn  in  the  product  of  these  series  is 
co2_ci2+ + (-  l)"cn2; 


which  is  therefore  equal  to  the  coefficient  of  xn  in  (1  - x2)n.  In  this  expansion 
there  are  no  odd  powers  of  x ; .-.  if  n is  odd,  coefficient  of  xn  is  0.  If  n is 
even,  the  coefficient  of  xn  is 
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10.  and  11.  c0  + 2 cxx  + 3 c.2x2  + 4 c3xs  + ...  + (n  + 1)  cnxn 
— c0  + cxx  + c2x2  + c3x3  + . . . + cnxn 
+ cxx  + 2c2x~  + 3 c3x3  + . . . + ncnxn 

■ , _ n(n- 1)  „ „ rc(»-l).(«-2) 

= (l  + x)n  + nx  + 2.  - Y2  ■ + 3 . — ■■  — - tf3 + . . . + nx7 


— (1  +x)n  + iix  (1  + x)n  1. 

Hence  c0  + 2c2a;  + 3c2.r2  + ...  + («  + 1)  cnxn  — (1  + x)n  + nx  (1  + a:)”-1 
c1  + 2c2a;  + ...  + n.  cnxn-'=n  (l  + a;)”-1. 

Also  cn  + cn_xx  + cn_2a j2  + . . . + CyXn~x  + c0xn  = (l  + x)n. 

Hence  c02  + 2cx2  + 3c22  + . . . + (n  + 1)  cn2 — coefficient  of  xn  in 

12  n \2n-l 

{(1  + »)*«(l  + .)->|  x • 

Also  Cy2  + 2 c22  + 3c32  + . . . + ncn 2 = coefficient  of  x 71-1  in 

12  n - 1 

n (1  + aj)w~1  x (l  + a;)n=n  - — : =-  • 

v ' K . \n  l”~ 1 


12.  We  have  to  prove  that 

1 n ( n - 1)  1 n (n  - 1)  (n  - 2) 
'l~2  ' |[  72  ^ 3 ' 1.2.3 

The  theorem  is.  true  when  n= 2,  for 


, i|  i i i 

— ...+(—  1)”  . — = V+  0+  Q + ■••+“  ' 

' ' n 1 2 3 n 


2 + 

2 1.2  12 

Assume  that  the  theorem  is  true  for  all  integer  values  up  to  n.  Then  it 
will  be  true  for  n + 1 provided 


/„ !(«  + !)”  | l{n  + l)n{n-l) 
' + ’ 2 1.2  3 1.2.3 


+ ( - l)*+i 


n+ 1 


11  11 

l + 2 + - + « + 7iTI: 


that  is  (by  subtraction),  if 

l 5 
“2  + 

(n  + l)n  (n  + 1)  n(n-l) 


1-BL  Aftfo-1?-  +(-i)»+i^-± 

Si2+  1.2.3  ’ n + 1 n + 1 


or,  if  —^(n+1). 


that  is,  if 


1.2  1.2.3 

1{1-(1-1)"+1}  = -^- 
« + !'  ’ 1 n + 1 


-5+i 


which  is  obvious.  Thus,  if  the  theorem  be  true  for  any  integral  value  of  n, 
it  will  be  true  for  the  next  greater  value.  But  the  theorem  is  true  when 
n=2,  and  therefore  when  n = 3,  and  therefore  when  «=4,  and  so  on. 


240 


KEY  TO  ELEMENTARY  ALGEBRA. 


13.  See  Treatise  on  Algebra , Art.  259,  Ex.  3,  or  Art.  297,  Ex.  3. 

14.  Since  the  coefficients  of  the  terms  equidistant  respectively  from  the 
beginning  and  the  end  are  equal,  every  coefficient  except  the  middle  one, 
when  there  is  a middle  one,  occurs  twice;  and  therefore  the  sum  of  the 
coefficients,  exclusive  of  the  middle  one,  is  even.  But  the  sum  of  all  the 
coefficients  is  even  [Art.  249,  I],  whence  it  follows  that  the  coefficient  of  the 
middle  term,  whenever  there  is  one,  is  even. 


LXXIII.  Pages  330,  333. 

l 1+(-4) 


( - 4)  ( - 5) 


2.  1 + ( - 4)  .2x  + - — y~ 


(2*)a 


1.2. 3.4 

( - 4)  ( - 5)  ( - 6) 
1.2.3 
( — 4)  ( — 5)  ( — 6)  ( — 7) 

1. 2.3.4 


(2a;)3 


(2a;)4+...  = &c. 


3.  (2-*)-3=2-3(l-|)  3 = 2~3  |l  + ( - 3)  ( - ?)| 

, (-3)  (-4)  / a;  \ 2 ( ~ 3)  ( - 4)  ( — 5)  / a;\3 


3)  (-4)/  x\ 

1.2  V V 


1.2.3  V 2 


( - 3)  ( - 4)  ( - 5)  ( - 6)  / gy  , ( - 3)  ( - 4)  ( - 5)  ( - 6)  ( - 7)  / *\« 


1. 2.3.4 


(-1) 


1.2. 3. 4. 5 


(-1)' 


= &c. 


4.  l 


(-!)(- 


1.2 


(-3®)a  + 


KJXJL 


1.2.3 


5.  l + 5l(-6®)  + 


1 . 2 . 3 . 4 


.(-3a;)3 
( - 3a;)4+  ...  =&c. 


( - 5a;)2  + 


1.2.3 


( - 5a;)3 


K-l)(-I)(-¥) 

1"  0.1 


■ (-5a;)4=&c. 

( - 5)  ( - 6)  ( - 7) <-r-4)  5.6.7...  (r+4) 

“• i.Y.iZr  <-*)-  + l£  *• 
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( - n)  (-«-!)( -w-2)  ...  (-w-r+1)  , _ ,r 
7'  1.2.  ..?•  ( ' 


n(n  + \)  (n  + 2)  ...  (n  + r-1)  r 
-+  |r 


IMShk 


2r  + 1 


1 .2 ...  r 


{-xy=  + 


3.5  .7 ... (2r  + l) 


\r2v 


3 /I 
2 


10. 

11. 

12. 

13. 


q)N)(-i)-(-y). 

1.2. 3. 4.../- 

(JKJH-zc) 


(-1) 

1 . 2 

H) 

...  i 

i-l 

( 2r  + 3^ 

(-1) 

1.2...? 

(-D™' 

x*=(-  11 


\r_.  2r 

.2.5...  (3r  - 1) 
[r . 3r  ' 


1 . 2 ...  r 


, 0 ._  5 . 7 ...  (2r  + 3) 

(-2 x)r=+ ’ x\ 


(3xy=  ( - 1)-  4 7 1Q|r  (3r  + 1)  *r- 


J(a2-x*)~ 
And  the  coefficient  of  x 6 is 


a/11  «2) 


a- 


(-i)(-i)(-i)(  & .... 


1.2.3 

14.  General  term  is 


5 £ 
2.4.6a6’ 


In 

15.  {1  - (2*  - 3a;2)}  -*=  1 + (2®  - 3a;2)  + (2a;  - 3a;2)2 

+ (2a;  - 3a;2)3  + (2a;  - 3a;2)4  +t . . . 
= 1 + (2a;  - 3a;2)  + (4&2  - 12a;3  + 9a;4) 

+ (8a;3 -36a;4  +...)  + (16a;4-  ...) 
= 1 + ...  -4a;3-lla;4... 


2 ( 1 

V 4W  3r~5\ 

3 \ 3 

A sj’l  3 / 

1 . 2 . 3 ...  r 

K.  S.  E.  A. 


16 
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16.  {l-tf(l-3z)}-i 


=:l  + |a;(l-  3z)  + *2  i1  - 3xY2 

+ hhi + <x  - 3*>3  + ln£fcs  • 1 (1 ' 3*>4 + 


Coefficient  of  xs  is 
Coefficient  of  xi  is 

17. 

18. 


1.3...,  1.3.5  , 

K— r(-6)+r  ■— =&C. 


2.4 

1.3 


2.4. 

1.3.5 


2.4‘9  + 2.4.6^  9^  + 2.4.6.8  &<?‘ 


7 5 
2 ' 2 


2 2 \ 2/ 


1.2. 3. 4. 5 


(3;r)5  = &c. 


19  13  7 1 

6 ' 6 * 6 ' 6 


1.2. 3. 4. 5 


(3x)B  = &c. 


19. 


(i)  J110 


= \A«>( 


1+ 


= 10  U + K . — 


10. 

1 

10 


1.1 

2.4 


1.1.3  / 1 
2.4.6  \10 


1 . 1 . 3 . 5 / 1 \4) 

2.4.  6.8  \10 / ) 

= 10  {1  + *05  - -00125  + -0000625  - -0000039}  = &c. 

(U)  4/180=^125^(1+3 

= 5 {l  + 5.C04)-L|c0018)HfcA  ( 000064,  - ...} 
= 5 { 1 + -013  - -00017  + -000003 } =&c. 


(iii)  4/630=  ^625  (l+~)=s5  (l  + W 

= 5 |l  + ^ x -008  - x -000064  + ...J- 
= 5 {1  + -002- -000006  + .. .}=&c. 


20.  (l  + a;  + ^2+®3)3=^j-^-^  = (1  - a4)3  x (1  - x)~s 

= (1  - 3a;4  + 3a;8  - a;12)  x | {1 . 2 + 2 . 3x 
+ 3 . 4a;2...  + 5 . 6a;4  + ...  + 7 . 8a;6  + ...  +9 . 10a;8  + ... }. 
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The  coefficient  of  {7 . 8 - 3 . 3 . 4}. 

The  coefficient  of  {3 . 1 . 2 - 3. . 5.  6 + 9 . 10}. 

21 . (1  + x + x2)-1  = = (l-z)  (1- xT1  = (1  - *) (1  + *3  + *6 + • • •) . 

and  the  coefficients  of  x 2 and  x5  are  clearly  zero. 

22.  (1  + a + ^ + & + *4)-3  = 3 = (1  _ xf  (1  _ a;5)-3 

= (1  - 3x  + 3x2  - xs)  x i (1 . 2 + 2 . 3a;5  + 3 . 4a;10  + . . .) 
and  the  coefficients  of  x4  and  x9  are  clearly  zero. 


23.  The  term  is 


27 

22 

37 

12  7 2 / 

5 

‘ 5 ' 

' 5 ' 

’ 5 ‘5’5  V 

5J 

1.2. 3. 4. 5. 6. 7 


24.  The  (r  + l)th  term  is  — ^ ~9'  ^ xr. 

15  . > 

Hence  if  x— — , the  (r  + l)th  term  is  = rth  term, 
17  < 


according  as 


3r  + 2 15  > 

3r  ’ 17  < ’ 


Thus  the  5th  and  6th  terms  are  equal  and  are  greater  than  any  other 
terms. 

25.  The  (r+l)th  term  is 

13 . 14  ...  (r  + 12)  r 
1 . 2 ...  r * ’ 

/.  the  (r  + l)th  term  is  = j-th  term, 


according  as 


r+12 


x = 1, 


r + 12  1> 
r ' 3 < ’ 


Thus  the  6th  and  7th  terms  are  equal  and  are  greater  than  any  of  the 
other  terms. 


16—2 
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26.  The  expansion  is 


1+x< 


. 12.7,  v,  12.7.2, 

•*>+O0(’^+OO5<- 


■*)3+ 


12. 7.2  (-3) 

57 10 . 15 . 2 0 


After  the  4th  term  tioo  additional  negative  factors  are  added  to  each 
successive  term;  the  signs  of  all  the  terms  after  the  4th  are  therefore  all 
negative. 

Thus  only  the  first  and  third  terms  are  positive. 


27.  The  (r  + l)th  term  is 

4.7. 10...  (3r  + l) 
3 . 6 .9  ...  3r  _i 

Hence  the  (r  + l)th  term  is  = rth  term, 
according  as 


3r+ 1 12  > 
~3r~  ’ 13  < 


or  as  r = 4. 

> 

Thus  the  4th  and  5th  terms  are  the  greatest. 


(r  + l)th  term  _ 5r  + 3 22 

rth  term  F~  5 r " 25  * 

5r  + 3 22> 

5 r * 25  < ’ 

r<  4f. 

> ° 

after  the  5th  term  each  term  is  less  than  the  preceding. 
29.  Since 

128  = 125  ^ 1 + = 125  (1  + -024), 

4/128 = 4/125  \/l+-024  = 5 (1  + -024)^ 

=6H  <‘024)  “ 3-rl  c°24>3 + Itlrl  (°24>3  - 

= 5 [1  + -008  - -000064  + -00000085  - . . . ] 

= 5-0396842..., 

33*  = 32^  ^l  + ^“ 


. icq 
^ Ico 

rH  IIO 
+ 

JLi.i 

r 1 v , i-4.9 

( 1 y i 

5.10  ’ 

^32 ) + 5. 10. 15  ' 

W "J 

= 2 [1+ -00625-  -000078] 
= 2-01234.... 


28. 

and 

as 

Thus 
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30.  The  different  types  of  terms  will  clearly  be  the  coefficient  of  x 4 in 
the  continued  product  of  the  four  expressions 

1 + ax  + a2x2  + a3x3  + a4x4, 

1 + bx  + b2x2  + b3x3  + b4x4, 

1 + cx  + c2a;2  + c3x3  + c4x4, 
and  l+dx  + d2x2  + d3x3  + d4x4. 

The  number  of  the  terms  will  therefore  be  the  coefficient  of  x4  in 
(1  + x+ x2  + x3  + a-4)4, 

i.e.  the  coefficient  of  ar4  in  (1  - x5)4  (1  - as)-4. 


/i  , = , / , . 4.5,  4.5.6, 

(1  -4a;5  + ...)  ( l + 4a:+  — a:2+  j-yy  a;3 


4. 5. 6. 7 
1. 2 . 3 . 4 ‘ 


Hence  the  required  number  of  terms  is  35. 

The  coefficient  of  the  term  abed  is  4P4  = 4 .3.2.1. 


31.  The  term  required  is 


m4 


*3(-2/)2(-z)4- 


coefficient 


I9 

l?  I?  I4 


= 1260. 


32.  (1  + a;  + a;2)4=(l  - x3)4  (1  - x)~4 

,,  , , , « 6 , /-  4 4.5,  4.5.6  1 4 . 5 . 6 . 7 . 8 , \ 

"(1- ^ + 6^-...)^l  + i*+0^+r-0«« J+...+  1.2.3.4.5f+"’J- 

tt  - = 4. 5. 6. 7. 8 . 4.5 

Hence  coefficient  of  x5  = - — — - 7 - - 4 x -• - = 16. 

1.2. 3. 4. 5 1.2 

Or  thus:  (1  + x + x3)4  = 1 + 4a;  (1  +x)  + 6a;2  (1  + a;)2  + 4a;3  (1  + x)3  + x4  (1  + a;)4 
= 1 + 4a:  + . . . + x5  (4  x 3 + 4)  + 


33. 


10.9 


(1  + x + a:3)10 = 1 + 10*  (1  + x4)  + yy  a;2  (1  + a;4)2  + 

••+||pa;6(1  + a;4)6  + "-- 

10.9  110 

Hence  coefficient  of  x6=  - --  x 2 + 4=-  =300. 

1.2  lb  U 


34. 

Coefficient  of  a;4  = 


(1  - 2a;  + x2y"$  = (1  - x)~^. 

2.5.8.11 

3.6.9.12' 


35.  (l  + 2a;  + 2a;2)4  = l + 4 . 2*  (l  + a;)  + 6 . 4a-2(l  + x)2 

+ 4 . 8a:3  (1  + x)3  + 16a;4  (1  + a;)4. 
Hence  coefficient  ofa:4=6x4  + 4x8x3  + 16  = 136. 
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36.  (1  + « + a;3)5  = l + 5x  (l  + .r2) + 10x2  (1  + a;2)2 

+ lOx3  (1  + as2)3  + 5 a;4  (1  + a;2)4  + x5  (1  + a;2)5. 
Hence  coefficient  of  x6  = 10  + 5x4  = 30. 


37.  (1  + a;  + a;2  + x3)i=  (1  - a;4)4  (1  - a:)-4 

= (1  - 4a;4  + higher  powers)  ( 1 + 4a;  + . . . + \ ‘ ^ * \ x 4 + 


1.2. 3. 4' 


Hence  coefficient  of  x*=  ^ ‘ ^ ‘ - 4 = 31. 


38.  The  general  term 
3 5 7 2r  + 1 


2 * 2 ’ 2 “ 


2 &,+!).* 


1. 2.3...r  rl  r! 

3.5.7...  (2r  + 1) . 2 . 4 . 6 . . . 2r  r_(2r  + l)l  r 
rl  rl  X rl  r!  X ° 

39.  The  coefficient  of  xn  is  negative  and  numerically  equal  to 

1.3.5...  (2w  - 1)  ■ 1.3.5...  (2n  - 1)  2)l  = 1 . 3. 5 ...  (2n-l).  2".  wl 

2.4.6 2 n n 1 n 1 n ! 

1 . 3 . 5 . . . (2?i - 1) . 2 . 4 . 6 . . . 2n  2n\  _2(2n-l)I 

nl  n\  ~ n ! n ! — n ! (n - 1)  1 


1 1 n(n.-l) 

40.  -.n  + \ „--'  + ■ 

n «- 1 1.2 

_ n wl 

~ + 1 . 2 + " ‘ + r ! («  + 1 - r)  I 


n-r  + 1 r ! (n - r) ! 
+ ...  + 1 


+ 1 


1 r n + 1 (to+1)ot 
= - — . 1 + -=—  + ' ~ + ...  + 
71+1 L 1 1 . 2 


(n  + l)l  n + 1 " 

7*!(7i  + l-r)!+  1 


2 

71  + 1 


-^(1  + 1)*”--^. 

71  + 1 ' ' 71+1 


41.  (1  + 2)"+1  = 1 + (71  + 1)  2 + ,l  22  + . . . 

, (71  + 1)! 


r!  (ti+  1 -r) ! 


2r+...  + (77  + l)  2M  + 2n+1; 


— r-^  = 2(70  + 22 . ^ + ...2r . p^1  + ...+2»+1-^T. 
7i  + l u 2 r 7i  + l 


42.  If  as<l, 
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r 1 x2  l.ii4  "1  r,  l „ l . l , "I 
:2L1  + 2-4-2.416+-J  L1  + 2-"  2.4:X+--j 


1 7 

= 1-^2  + ^*4- 
4 64 


Also,  if  x>2. 


V*2+4-yWi=*  (i  + ^)5_a:(1  + 

r 1 4 1.1  16  1.1.3  64  -| 

~X[}  + 2'x*~  2.4  - x*  + 2 . 4 . 6 * x6  '"J 

-*[ 


11  1.1  1 1.1.3  _1  “j 

1+K-  o ■ - + 2.4.6‘a;'i  + "-J 


2 ' z2  2 . 4 ' x4 


3115  1 63  1 

2x  8 ' x3  + 16  ‘ x^ 


43.  (1  - z)-1  (1  - x2)~p  (1  - a:3)-3  (1  - x4)~r 

= [l  + x + x2+a?  + x4  + ...]  j^l  + px2  + ^p  (p  + 1)  x4+ 

[1  + qx3  + . . .]  [1  + rx4  + . . .] 

= l + a;  + (_p  + l)a;2  + (^  + 1 + q)  x3  + J~p  + 1 + \p  (p  + 1)  + 2 + rj  x4  + ...  . 
If  this  is  equal  to 

1 + x + 2px2  + 2^a;3  + 2 rxf4  + . . . , 
we  have  ^ + l = 2j»,  and  /.  p = 1, 

p + l+q  = 2q,  and  .'.  q = 2, 

p + l + ^p  (p  + l)  + q+r=2r,  and  .*.  r= 5. 

44.  The  coefficient  is 

1.3.5...  (2r+l)  1.3.5...  (2r  + l)  0i.  1.3.5...  (2r+l) .2 r.rl 

2. 4. 6..  .2r  4_  r!  * ~ 7T71 

1.3.5  ...  (2r  + l).  2.4.6  ...  2r  (2r) ! _ 1Wo  „.  . , ...  , 

= —rTT\ = ^j  = 2r.(2r-l)(2r-2)...(r  + l)/r!. 


.c  Gr 

45.  r . -§==-  = r 


n\ 


(r-  1) ! (n  - r + 1) ! 


Or-!  'rl(n-r)l 


n\ 


— =n-r  + 1; 


.-.  Sr.  = n + (ra-l)  + ...  + (n-r+l)  + ...  + l 

°r-l 


= -n(n  + 1). 


46.  Ifz2<l, 


[l-x)~i  = l + ^x  + ^^x2  + ^-^~x2+ ...  to  infinity. 
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Put  x = g ; then 


S=(l-|)  } = 2S  = 2V2. 

47.  If  ur  be  tl>e  rth  term,  three  consecutive  terms  beginning  at  the  rth 


n-r  + 1 (n - r + 1)  (n - r)  „ 

Ur,  . X,  Ur. ; _-r X*. 

r’  r r r r (r  + 1) 

If  these  are  in  continued  proportion 

(n-r  + 1) (n-r)  _ (n-r  + 1' 
r (r  + 1) 

r(n-r)  = (r  + l)  (n-r  + 1)  for  n-r+1  + 0. 
Hence  n=  - 1. 

48.  (l  + noc”)  [l  + 2a;  + 3a;2+ ...  + (p  + 1)  a;P+ 

If  p < n,  coefficient  of  xP  is  p + 1. 

If p=n  + r,  coefficient  of  xn+r  is  n(r+l)  + (n  + r+l). 

49.  If  x2<  1, 

„ 1.3  „ 1.3.5'  A 

(1  - x)~i  = 1 + g x + ~ ®9  ■ + 2y476  as3  + . . . to  infinity. 

1 1.3  1.3.5 


Hence 


1 + 9 + 


+ 7T“ 


6 6.12  6.12.18 

-n-iw 


+ ...  to  infinity 

V?- 

50.  (1  - as)2  (1  — 2a;)-2  = (1  — 2x+x2)  {1  + 2 . 2a;  + 3 . 2?a:2+ ... 

•*»+...}: 

.-.  coefficient  of  xr=  (r  + 1)  2r  - 2 . r . 2r~1  + r - 1 . 2r~2 
= 2r~2{4r  + 4-4r  + r-  1} 

= 2r_2  (r  + 3). 


51. 


(rVc)3  = \ (! 4 3a + 3*2  + a:3)  (!  . 2 + 2 . 3a;  + ...  + r + 1 r + 2 xr+ ...) ; 


/.  coefficient  of  xn  = - {n  + 1 n + 2 + 3n  (n  + 1)  + 3 (n-  1)  n+  (n-  2)  (n- 1)} 


52. 


= 4n2  + 2. 

/i  ,-1,1  1.4  „ 1.4.7 

(1  - X)  ^ = 1 + - # + X2  + ; 


3.6 

3 3.12  3.12.21 

+ 10  + 10.20  + 10.20.30  + 


Hence 
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1.3.5 


a;3  + ... ; 


53.  (1-*)'  f=1+lx+121lx2+ 2 4 „ 

»■  vs-(‘*0(‘-sr 

= (1  + I)|1  + I^+ 

/a.\2r-2  /x\2r-l 

The  coefficients  of  ( -J  and  f - J in  the  above  product  will  clearly 
be  equal. 


er+'f 


LXXVo  Pages  345,  347. 

3.  log  46854  = 4-6707467, 
log  46855  = 4-6707559. 

log  46854-6  = 4-6707467  + ^ of  -0000092 
= 4 -6707467  + -0000055; 

.-.  log  -0468546  = 2-6707522. 

4.  log  58961  -4  = 4-7705648  + ~ of  -0000074 

= 4-7705648  + -0000030; 
log -00589614  = 3-7705678. 

5.  log  4/29  = g log  29  = | of  1-4623980= -2924796. 

log  1-9612  - log  1-9611  = -0000221,  log  N - log  1-9611  = -0000020. 
Hence  N=  1-96111. 

6 . log  4G00  = ^ log  100  = of  2 = -2857142. 

Now  log  1-9308  - log  1-9307  = -0000225, 

log  N - log  1-9307  = -0000006. 

Hence  N= 1-93070. 

7.  log 4^15  = ^ log  15  = | {log  10  + log 3 -log 2} 

=g  (1  + -4771213  - -3010300)  = -2352182. 
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Now  log  1-7188  - log  1 -7187  = -0000252, 

and  log  N - log  1-7187  - -0000181. 

181 

.-.  N=  1-71877,  since  — =-7.... 

8.  log  ^-034277  = | log  -034277 


= - (2-5350028)=  1-5116676, 

log  -32484  - log  -32483  = -0000134,  log  N - log  -32483  = 

115 

Hence  N = -324838,  since  i^=-8... 


•0000115. 


9.  Amount  =(l-05)100.  .-.  log  A — 100  x log  1-05  = 2-11893. 

log  131-51  - log  131-50=  -0000330,  log  A - log  131-50  = -0000042. 

Hence  A = 131-501,  since  ^=  -1.... 

Thus  the  amount  is  £131.  10s. 


10.  A = P(l-04)18.  Hence  A>2P,  if  log  (l-04)18>log  2;  that  is,  if 

18  x -0170333  >-3010300. 

11.  A — 500  (1  + -02)2ft.  Now  log  (l-02)20  = 201og  1-02= -172004. 
log  1-4860  - log  1-4859  = -0000292,  log  N - log  1-4859  = -0000144; 

144 

.-.  N=  1-48595,  since  ggg  — "5. 

Hence  A = 500  x £1  -48595  = £742*975. 

12.  1000=P(1"03)15;  .-.  P=1000(l-03)-15. 

Hence  log  P = log  1000  - 15  log  1-03  = 3 - 15  x -0128372 

= 3 --1925580  = 2-8074420. 

Now  log  641-87 -log  641-86  = -0000068,  log  P- log 641-86  = -0000017. 

17 

Hence  P = 641-862,  since  ^ = -2.... 


13. 


3 log  1728 


9 log  12 


1+^log -36+ Jlog8  1 + log  — + log2 


9 (log  3 + 2 log  2) 


14. 

Hence 


1 + log  3 +-  log  2 - 1 + log  2 
x log  2 = log  125  = 3 log  5 = 3 - 3 log  2. 


3- -90309 

*=  ^30103-  =6  9667"" 
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15.  log«ir|=  2 (2/+|2/3+^5+"')* 

, 1+2  /l  l l ii  \ 

" l0ge  1 — ^ \2  ^ 3 ’ 23 *  ^ 5 ’ 25  ’ 

1 2 

, „ , 11  11 

loge3  = 1 +3*22  + 5-24+  • 

16.  log  ^(-00072  x 2*7)=  l (log  -00072  + log  27  -1) 

o 

= ^ (2  log  3 + 3 log  2-5  + 3 log  3 - 1 ) 

5 

= ^ (5  log  3 + 3 log  2-6) 

= ^ (2-3856065  + -90309  - 6) 

Ug  ( - 5 + 2-2886965)  = 1-4577398, 

l0g  (2®o)1,  = 131°g2»=13(“10g2“3> 

= - 13  x 3-30103=  - 42-91339 
=13-08661. 

Hence  there  are  42  cyphers  before  the  first  significant  figure. 

17.  log  -06  + log  (-6)2  - log  4 - log  54  + 5 = (log  2 + log  3 - 2) 

+ 2 (log  2 + log  3 - 1)  - 2 log  2 - (3  log  3 + log  2)  + 5 = 1. 


18. 


19. 


log  -003125  = log  -^  = - 5 log  2 - 1. 

l0g  (l)f  = f log  I = f ( '4771213  “ •60206) 

= - 1 x -1249387  = - -0892419 

= 1-910758 
= log  -81425. 

i n o a on 

log  20  + 7 log  + 5 log  ^ + 3 log  ^ 


= log  2 + 1 + 7 (log  3 + 1-  5 log  2)  + 5 (log  3 + 5 log  2 - 2) 
+ 3(3  log  2 + 1-4  log  3) 


20. 


=1. 


32x  — 5 . 32x  — 6 = 0; 

(3*  - 3)  (3K-2)=0. 
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If  3* =3, 
If  3*  = 2, 


x = 1. 


a;  log  3 = log  2 ; 


log  2 *30103 


= •6309.... 


log  3 *4771213 

21.  log  385  = log  5 + log  7 + log  11  = *6989700  + *8450980 

+ 1-0413927  = 2*5854607, 


175 


log~  = 2 log  5 + log  7 - 2 log  11  = *1602526. 


From  5*.  7X-1=11X+2,  we  have 

x log  5 + (x  - 1)  log  7 = [x  + 2)  log  11 ; 
log  7 + 2 log  11  2*9278834 


log  5 + log  7 - log  1 1 *5026753 


= 5*824.... 


22. 

S —4 

" -s\(3Y- 

3 : l\2 ) 

2 *L 

Hence 

•{©' 

- lj.  >8000;  or 

*.  n (log  3 -log 2) >3, 
3 3 

n>  log  3 - log  2 > *17609  > 

I* 


>1001 


17. 


Thus  18  terms  must  be  taken. 

23.  loge  (1  + x + x2  + . . . + xm~1)  = log  (1  - xm)  - log  (1  - x) 

X 2 xr  ( xim  x3rn 

=x  + -+...+  r-  + ...~  + - 2-  + _ • 


Hence  coefficient  of  xn  is  - when  n is  not  a multiple  of  to,  and  coefficien 


of  xn  is  - - — when  n is  a multiple  of  to. 
n n 


24.  If  x be  the  required  logarithm  12x  = 180. 
Hence  x log10  12  = log10 180 ; 

logJ0 180  2*2552726 


—^=2*089.... 


' ' log10 12  1*0791813 

25.  In  n years  £1  will  amount  to  (l-03)m  at  3 per  cent,  per  annun 
compound  interest. 

Hence  (l*03)m>2; 

.*.  n log  1 *03  > log  2, 


*30103 


Hence 


*0128372 
n= 24 


->23*4. 
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26. 


27. 


28. 


Now 


and 

Hence 


*log2  = log81  = 41og3: 


4 log  3 1-9084852 


log  2 


•30103 


= 6-3398.... 


Amount  = £100  x (1-05)10, 
log  A = log  100  + 10  log  1-05 
= 2-211893; 

.-.  amount  = £162-89  = £162.  17s.  lOd. 


*=4/510, 

log  * = ^ log  510=  | (log  3 + log  17  + 1) 
= | (-4771213  + 1-2304489  + 1) 


= -9025234. 

log  7-9895=  -9025196,  difference  38, 
log  7-9896= -9025250,  difference  54, 


*=7-98957. 


29.  log  875  = log  7 + 3 log  5 (i), 

log  2 = -30103=log  5 - 1..  (ii), 

log  105  = log  3+ log  7 + log  5 (iff). 


From  (ii)  we  have  log  2 and  log  5,  and  then  (i)  gives  log  7,  and  then 
(iff)  gives  log  3. 

Thus  log  2,  log  3,  log  4 ( = 2 log  2),  log  5,  log  6 (=  log  2 + log  3),  log  7, 
log  8 ( = 3 log  2)  and  log9(  = 21og3)  are  all  found. 

30.  log  2 + log  3 + log  7 =1-6232493, 

2 log  2 + log  3 =1-0791813, 

2 log  7 + 2 log  3 = 2-6444386 ; 

.-.  2 log  7 + 2 log  2 + 2 log  3 = 3-2464986, 

log  7 + 2 log  2 + 2 log  3 = 1-0791813  + 1-3222193 
= 2-4014006. 

Hence  log  7=  -8450980. 

31.  10  (log  3 - log  2)  + 7 (log  5 - 2 log  3 - log  2)  + 4 (log  3 + 4 log  2 - 2 log  5) 

= - log  2 - log  5 = - log  10  = - 1. 

32.  log  77=7  log  1-467799. 

Now  log  1-4677  = -1666373, 

log  1-4678  = -1666669,  difference  296 ; 

log  1-467799=  -1666666, 

.-.  log  N = 1-1666662, 

N = 14-67798. 
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33.  log  N=1‘25  log  277*83 

= 1-25  (3  log  7 + 4 log  3 -2) 

= 1 -25  (2-5352940  + 1 '9084852  - 2) 
= 3-0547240. 

Now  log  1134-2  = 3-0546896, 

and  log  1134-3  = 3-0547279,  difference  383. 

Hence  #=1134-29. 

34.  A = 200  (1-04)50. 

Hence  log  A = log  200  + 50  log  1-04 

= 3-15269695. 

Now  log  1421-3  = 3-1526858, 

log  1421-4  = 3-1527163, 


Hence  amount  =£1421-33, 

and  compound  interest  =£1421-33  - £200 

= £1221.  6s.  8 d. 

LXXVI.  Pages  349,  350. 

1.  a:2  (x  - 1)  - (x  - l)  = (a;2-  1)  (x  - l)  = &c. 

2.  xi  (a-2  — 1)  - (x2  - 1)  = (a;4  - 1)  (*2-l)  = &c. 

3.  (1  - x)  - x4  (1  - x)  = (1  - x)  (1  - £4)  = &C. 

4.  (1  - x2)  - z8  (1  - x2)  = (1  - X2)  (1  - X*)  = (1  - X2)  (1  - X*)  (1  + X*)  = &c. 

5.  (x-a)2-(y  + b)2=& c.  6.  “ (v  + =&c. 

7.  x 2 - 2x  (y  + 1)  - 8y2  + 20y  - 8 = x2  - 2x  (y  + 1)  + (y  + 1)  - - 9y2  + 18y  - 9 

= {^-(l/  + l)}2-  (3i/-3)2=(aj  + 2</-4)  (x-4y  + 2). 

8.  (a  - c)2  - (6  +/)2  = &c.  9.  Cf.  end  of  § 266. 

10.  xn-  an  is  divisible  by  x - a;  (i)  7n-  ln  is  divisible  by  7 - 1,  and 
(ii)  352n+1  - ( - l)2«+i  is  divisible  by  35  - ( - 1) . 

11.  Given  expression 

= { 3a;2  - 2x  + 1 + (2a;2  + 3a;  - 5) } x (3a;2  - 2a;  + 1 - (2a;2 + 3a;  - 5) }. 

12.  (2a  + 36)3  + (3a  + 2b)3~r(2a  + 36)  + (3a  + 26) 

= (2a  + 36)2  - (2a  + 36)  (3a  + 26)  + (3a  + 26)2= &c. 

13.  (2a  + 46-4c)3  + (a-6  + 7c)3=-|  ((2a  + 46 -4c)  + (a- 6 + 7c)} 

= 3 (2a  + 46  - 4c)2  - 3 (2a  + 46  - 4c)  (a  - 6 + 7c)  + 3 (a  - 6 + 7c)2 = &c. 
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14.  l-x-x5  + x^=(l-x)  (l-ar?)  = (l  - x)  (1-a;)  (1  + x + x2 + a?  + x'i). 

15.  1 -x-xn  + xn+l={l  -x)  (1  -ajw)  = (l  -x)  (1-a;)  (lH+...+  £n-1). 

16.  (i)  nxn+1  - (n  + 1)  xn+  l = (a;  - 1)  nxn  ~(xn-  1) 

= (x  - 1)  { nxn  - ( xn~1  + xn~2  + ...  + 1)}. 

But  since  (x  - 1),  ( x 2 - 1),  (x3  - 1),  &c.  are  all  divisible  by  (x  - 1),  so  also  is 
a;”-1  (x  - 1)  + xn~2  (x2  - 1)  + xn~3  (x3-lj  + ...+  (xn  - 1) , 
that  is  nxn  - (xn_1  + xn~2  + . . . + 1) ; &c. 

(ii)  xn-nx  + n - l = xn-  1 - n(x  - l)  = (a;  - 1)  {(xn~1  + xn~2+  ...  + 1)  -n). 
As  before,  ( x - 1)  is  a factor  of  (a;n_1  - 1)  + ( xn~ 2 - 1)  + . . . + (x  - 1) ; that  is, 
of  (.Tn_1  + xn~2  + . . . + 1)  - n. 


Ex.  3.  Assume 


Page  357. 
4a; + 7 A 


B 


(x -3)  (x  -4)  a; -3  a;- 4’ 
then  Ax + 7 = A (x-A)  + B {x-3). 

In  this  identity  put  x = 4;  then  23 =B. 

Put  a;  = 3;  then  19=  -A. 

Ax + 7 23  19 


Thus 


Ex.  4.  Assume 


(a: -3)  (a;- A)  a; -4  a;- 3’ 

x + 1 _ _A__  B G 

[x  - 2)  (x  - 3)  (a;  - 4)  x - 2 + x - 3 + x - 4 ’ 
Then  x + 1 = A (x  - 3)  (x  - 4)  + B (x  - 4)  (x  - 2)  + C (x  - 2)  (x  - 3). 
In  this  identity  put  a;  = 2;  then  3 = 24. 

Put  a;=3;  then  4=  -B. 

Put  x=A;  then  5 = 2(7. 
x + 1 3 4 o 


Hence 


Ex.  5. 


(x  - 2)  (x  - 3)  (x  - 4)  2 (x  - 2)  x - 3 2 (x  - 4)  ‘ 


1 - (a  + b)x  + abx2  a-b  (l-aa;  1 

1 


bx 


a-b 


{1  + ax  + a2x2+ ...  -(l  + 6a;  + 62a;2+  ...)}. 


.".  coefficient  of  xr  is 


br 


a-b 

[a2x2  and  b2x2  must  both  be  < 1.] 


a;  + 5 


(x- 1)  (a;  + l)  (a;+2)  a;-l  a;  + l a; + 2 

1 2 11 


1 + a;  2‘ 


14- 


Ex.  6. 
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- (1  + a;  + a;2+ ...  +#2n,-1+  ...) 


2 (1  - x + x2  - ... 
1 / X X 2 

a^-a  + Si-- 


l+.~) 


2-n' 


n + ... 


coefficient  of  a:2"-1  is  1 


[In  the  above  expansions  a;2  must  be  < 1.  ] 


Ex.  7. 


6 - 7a:  + 2a;2  3 - 2a:  2 - x 


2 


==  1-^x 


2 f 

= 3 l1  + "*  + 


S{‘* 


G-y- 

(IT 


/ • 


Hence  coefficient  of  xr  in  the  required  expansion  ( which  requires  that  -x 


\ /2\r+1  I IX 

should  be  numerically  less  than  1 ) is  ( - J ~ \2j 


lv+i 


LXXVII.  Pages  366 — 369. 

1.  The  expression  a-  (b  -c)  + 62  (c  - a)  + c2  (a  - b)  is  of  the  third  degree 
in  a > b,  and  c,  and  contains  only  three  factors. 

If  6 — c,  the  expression  vanishes;  .'.  (b  - c)  is  a factor.  Similarly  (c  - a) 
and  (a  - b)  are  factors. 

.'.  a 2 (b  - c)  + b2  (c  — a) + c2  (a  - b)  = L(b  - c)  ( c - a)  (a  - b), 
where  L is  numerical. 

Equating  the  coefficients  of  a2b  on  each  side,  we  find  L=  - 1,  &c. 

Exactly  the  same  argument  holds  for  the  other  expression. 

2.  As  in  1,  (b  - c),  ( c - a)  and  (a  - b)  are  factors. 

But  the  expression  is  symmetrical  and  of  the  5th  degree.  Thus  we 
must  have  in  addition  a symmetrical  factor  of  the  second  degree ; i.  e. 
a4  (b-c)  + b*  (c  - a)  + c4  (a  - b) 

~(b-c)(c-a)(a-h){L  ( a 2 + 62  + c2)  + M (be  + ca  + ab) } . 

Equating  the  coefficients  of  a4b,  we  have  1—  -L; 

a3b2,  0 = L-M\ 

L=  - 1,  M=-  1;  A &c. 


whence, 
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3.  As  in  2,  we  have 
(b  - c)5  + (c  - a)5  + (a  - b)5 

= (b  — c)  (c  - a)  (a  - b)  {L  (a2  + b2  + c2)  + M {be  + ca  + ab) } . 
Equating  the  coefficients  of  aAb,  we  have  - 5=  - L; 

a3b2,  10  = L-M; 

whenoe  L — 5,  M— - 5,  &c. 


4.  Putting  a = 0,  the  expression  vanishes;  a is  a factor ; and  similarly, 
for  b and  c.  But  the  expression  is  of  the  fourth  degree  and  is  symmetrical; 
thus  the  remaining  factor  is  symmetrical  and  of  the  first  degree,  and  ,\ 
must  be  ( a + b + c ). 

Whence  (a  + 6 + c)4  - (b  + c)4 - &c.  = Labe  (a  + b + c),  where  L is  numerical. 


Equating  the  coefficients  of  a2bc,  we  have  (by  § 251), 


5.  As  before  ( b-c ),  (c-a),  and  (a-b)  are  factors;  and  the  expression 
being  of  the  4th  degree  and  symmetrical  we  must  have  a 4th  factor  (a  + b + c); 
/.  a(b-c)3  + b (c-a)3  + c (a  - b)3=L  (b -c)  (c-a)  (a-b)  (a  + b + c). 
Equating  coefficients  of  ab3,  we  have  1 = L,  &c. 


6.  As  in  2,  we  have  62c2  (b  - c)  + c2a 2 (c  - a)  + a2b2  (a  - b) 

= (b  -c)  (c-  a)  (a  - b)  {L  (a2  + b2  + c2)  + M (bc  + ca  + ab)}. 
Equating  coefficients  of  a%,  0 = - L ; 

a3b2,  1 = L-M; 

whence  L=0,  M=-l;  &c. 

7.  Exactly  the  same  argument  as  in  6. 


8.  From  1,  a2(b-c)  + b2(c-a)  +c2(a-  b)=  - (b-c) (c-a) (a-b); 
in  this  equation  write  a2  for  a,  b'2  for  b,  c2  for  c ; 

...  a4  (&2  _ CS)  + &4  (C2  _ a2)  + C4  (a2  _ _ _ (&2  _ c2)  (c2  _ fl2)  (fl2  _ J2)  _ &c> 


9.  As  in  5,  be  (b2  - c2)  + ca  (c2  - a2)  + ab  (a2  - b2) 

= L (b  -c)(c-  a)  (a  - b)  (a  + 6 + c). 
Equating  coefficients  of  a3b,  we  have  1 = - L;  .-.  &c. 

10.  Putting  a =0,  the  expression  vanishes;  ,\  a is  one  factor.  Similarly 
for  b and  c.  But  there  can  be  only  3 factors, 

a(b  + c - a)2  + b (c  + a-  6)2  + &c.  =Labc. 

Putting  a = b = c = 1,  we  have  4 = L ; .-.  &c. 


11.  As  in  10,  we  obtain  a2  (b  + c - a) + &c.  = Labc.  Putting  a — b=c=l, 
we  have  2 =L,  &c. 


K.  S.  E.  A. 


17 
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12.  As  in  10,  we  find  a,  b,  and  c are  factors ; a fourth  symmetrical  factor 
is  required ; thus 

a ( b + c ) ( b 2 + c2  - a2)  + Ac.  =Labc  (a  + b + c). 

Equating  coefficients  of  a2bc , we  have  0 + 1 + 1 = L ; .*.  Ac. 

13.  (i)  Putting  y = -z,  the  expression  becomes 

x2n+1  _ x'in+\  + g2n+i  _ zm+i  _ q • (y  + z)  is  a factor. 

Similarly  ( z + x ) and  (x  + y)  are  factors. 


(ii)  When  n= 1,  we  have 

(x  + y + z)3-x3-y3-z3=L  ( y + z ) (z  + x)  (x  + y). 
Equating  coefficients  of  x2y,  we  have  (by  § 251), 

11  _ 


12  II 


L = 3. 


(iii)  When  n = 2,  we  have  (x  + y + z)5  - x 5 - y5  - z° 

= (y  + z)  (z  + x)  (x  + y)  [L  (x2 + y2  + z2)  + M (yz  + zx  + xy)) 

1 5 

Equating  coefficients  of  x^y,  we  have  (by  § 251),  j^jpgj  > 


whence  L = 5,  Jlf=5,  Ac. 


xay\ 


1.5 

]e  + 


14.  (x  + y)3  - x3 -y3  = 3x2y + 3xy2— 3xy  (x  + y). 

(x  + y)5  - x5  - y5  = 5xiy  + 10 xhy2  + 1 0x2y3  + 5 xy4 

= 5 xy  (a;3  + 2 x2y  + 2 xy2  + y3)  = 5 xy  (x  + y)  (x2  + xy  + y 2) . 

- a3  (b  - c)  -b3  (c  - a)  - c3  (a  -b)  _(b-c)  (c-  a)  (a-b)  (a  + b + c) 
(b-c)  (c -a)  (a-b)  ~ (b  - c)  (c  - a)  (a  - b) 

= a + b + c. 


16. 

17. 

18. 


- be  (b-c)  - ca  (c-a)  - ab  (a-b)  _ (6  - c)(e  - a)(a  - b) 

(b-c)  (c- a)  (a-b)  (b  - c)(c  - a)(a  - b) 

This  is  the  expression  in  16,  divided  by  abc. 

- b'2c 2 (b-c)  — c2a 2 (c-a)  - a2b2  (a  - b) 

a2b2c 2 (b  -c)  (c-  a)  (a  - b) 

_(b-c)  (c-a)  (a-b)  (bc  + ca  + ab) 

~ a2b2c 2 (b  - c)  (c  - a)  (a-b) 


[from  6]  = Ac. 


- (b  + c)  (&  - c)  - (c  + a)  (c-a)  - (a  + b)  (a-b)  _ 
(b  -c)  (c  - a)  (a-b)  ~ 


19. 
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nn  -bc(b  + c)  (b-c)-ca(c  + a)  (c-a)  - ab  ( a + b)  (a-  b) 

20.  abc  (&  -.’6^c-a)(a-b) 

_(&-<?)  (c-a)  (a-b)(a  + b + c)_&c 

abc  (b  - c)  (c  - a)  ( a-b ) 

21.  The  expression  on  the  right 

_ - (z  + 6)  (x  + c)  (b  - c)  - (a;  + c)  (#+  a)  (c-a)  - (#  + a)  (x  + b)  (a  - b) 

(b  - c)  ( c - a)  (a  - b)  ( x + a)  (x  + b)  (x  + c) 

This  numerator  = - x2  { (b  - c)  + (c  - a)  + (a  - b) } 

- x {(&2  - c2)  + (c2  - a2)  + (a2  - 62) } - be  (6  - c)  - ca  (c-a)  - ab  (a  - b) 

= (b  — c)  (c  - a)  (a-b);  /.  &c. 

nn  ~a  (x  + b)  (x+c)(b-c)  -b  (x  + c)  (x+a)  (c  - a)  -c  (x  + a)  (x  + b)  (a  - b) 
22‘  ~ (b  - cY(c  - a)  (a  - b)  (x  + a)  (x  i b)  (x  + c) 

This  numerator  = - x2  \ a (b  - c)  + b (c  - a)  + c (a  - b)} 

-x{a  ( b 2 - c2)  + b (c2  -a2)  + c (a-  - b‘2))  - abc  {(b  - c)  + (c  - a)  + (a  - &)} 
—— x (b  - c)  (c  - a)  (a-b);  &c. 

- a2  (x  + b)  (x  + c)(b  - c)  - b2  (x  + c)(x  + a)(c  - a)  - c2(x  + a)  (x  + 6) (a  - b) 

(b  -c)  (c  - a)  (a  - b)  (x  + a)  (x  + b)  (x  + c) 

This  numerator  = - x2  {a2  (b  - c) + b2  (c  - a)  + c 2 (a-b)} 
-x{a2(b2-c2)+b2(c2-a2)+c2(a2-  b2)}  - abc  {a(b-c)  + b(c-  a)  +c  (a  - 6)} 
=x2(b  - c)(c  - a)(a  - b) ; /.Ac. 

24.  We  find  in  the  usual  way  that 

(b  - c)3  + (c  - a)3  + (a  - b)3= L (b  - c)(c  - a)(a  - b); 
and  comparing  coefficients  of  a2b  we  have  L = 3 ; 

/.  (b-c)3  + (c  - a)3  + (a-  b)3  = 3 (b  - c)(c  - a)  (a-  b). 

Thence  also, 

(&2  _ C2)3  + (C2  _ a2)3  + (a2  _ &2)3  = 3 (ft2  _ c2)  (c2  _ a2)  (a2  _ h‘2) ' . 

25.  (i)  (a  + b)(a-b)  = a2-b2;  divide  by  (a-b);  /.  &c. 

(ii)  (b-c)(c-a)(a-b)(a  + b + c)=  - a3  ( b-c )-  b3  (c-a)-  c3  (a-b); 

[§  276,  Ex.  3] ; divide  by  (b  -c)(c-  a)  (a-b);  /.  &c. 

(iii)  We  find  that 

a*(b  -c)(b-  d)  (c-d)-  64(a  - c)  (a  - d)  (c  - d)  + c*(a  -b)(a-  d)  (b  - d) 

- d4(a  - b)  (a  - c)  (b  - c) 

is  divisible  by  (a  - b),  (a  - c),  (a  - d),  (b  - c),  (b  - d),  and  (c  - d). 

Whence  this  expression  must  be  equal  to 

(la  + mb  + nc  +pd)  (a  -b)(a  - c)(a  - d)  (b  - c)(b  - d)(c  - d), 

17—2 
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Equating  the  coefficients  of  a%2c,  b4a'2c,  c^b,  and  dia2b  successively,  we 
find  that  1=  1 —m  — n=p. 

/.  ( a + b + c + d)(a  - b)(a-  c)...&c.  = a4(b  -c)(b-  d)(c-  d)  -Ac. 

Now  divide  by  (a  -b)(a-  c)...& c. 

26.  We  find  a3(b  - c)  (b  - d)(c-  d)  - b3(a  -c)(a-  d)  (c  - d) 

+ c3(a  -b)(a-  d)  (b-d)  - d3(a-  b)  ( a-c ) (b  - c) 
— L(a-b)(a-c)(a~d)(b-c)(b-d)(c-  d). 

Equating  coefficients  of  a3b2c,  L — 1 ; whence  by  dividing  we  obtain  the 
required  result. 

27.  We  find  bcd{b-c)(b-d){c-d)-cda(a-c)(a-d)(c-d) 

+ dab(a  — b)(a  - d)(b  - d)  - abc  (a  -b)(a  — c)  ( b - c ) 
= L(a-b ) (a-  c)  (a  - d)(b-  c)(b  - d)(c-  d). 

Whence,  equating  coefficients  of  a3c2d,  L=  - 1 ; ,\  Ac. 

28.  Expression  on  the  left 

- be  (b  - c)(x  - a)2  - ca  (c  - a)  (x  - b )2  -ab(a-  b)  (x  - c)2 
(b  - c)(c-  a)  (a  - b) 

The  numerator  — -x2 {be  (b  - c)  +ca(c  - a)  + ab  {a  - b)} 

+ 2 abex  { (b  - c)  + (c  - a)  + (a  - b) } - abc  { a (b  - c)  + b (c  - a)  + c {a  - b) } 
=x2(b-  c)  (c  - a)  {a  - b) ; Ac. 

29.  Expression  on  the  left 

=l[{(b  + c)-(c  + a,)}2+{(c  + a)-(a  + b)}2+{(a  + b)-(b  + c)}2] 

= |[(6-a)2  + (c-6)2+(a-c)2]  = Ac. 

30.  (6  + c)3  + Ac.  [by  § 277] 

= { (6  + c)  + (c  + a)  + (a  + b) } {{b  + c)2  + (c  + a)2  + (a  + b)2  - (c  + a)  (a  + b) 

~{a  + b)(b  + c)-  { b + c ) (c  + a)} 
= {2  (a  + b + c)}  {a2  + b2  + c2  - be  - ca  - ab\  [lxxvii.  29] 

= Ac. 

31.  Applying  the  formula 

a3  + /33  + t3  — 3a/3y  = g (a  + /3  + 7)  {(/3  — y)2+  (7  - a)2+  (a  - /3)2} 
the  expression  on  the  left  becomes 

~ (a  + b + c)  { (2c  - 2b)2  + (2a  - 2c)2  + (2b  - 2a)2} 

= 4 (a  + b + c)  {(a2  + b2  + c2 - be  - ca-ab)\  — Ac. 


KEY  TO  ELEMENTARY  ALGEBRA. 


261 


32  The  expression  on  the  left  is  the  product  of  two  factors  of  which 
one  is  '(a:2  + 2 yz)  + ( y 2 + 2zx)  + (z2  + 2 xy) , that  is  {x  + y + z)2 ; and  the  other  is 
[x2  + 2 yz)2  + {y2  + 2 zx)2  + (z2  + 2 xy)2  - (y2  + 2 zx)  (z2  + 2 xy) 

- (z2  + 2x y)  (x2  + 2 yz)  - (x2  + 2 yz)  (y2  + 2 zx) 
=xi  + ij‘i  + zi-2xs(y+z)-2y3(z  + x)-2zs{x  + y)  + 3y2z2  + 3z2x2  + 3 x2y2 
- {x2  + y2  + z2t-  yz-zx-  xy)2. 

Hence  the  expression  on  the  left 

= {x  + y + z)2 (x2  + y2  + z2  -yz-zx-xy)2- (a;3  + y3  + z3  - 3 xyzf. 

33.  If  x2  + y2  + z2=yz  + zx  + xy ; then 

2 (a;2 + y2  + z2)  - 2 [yz  + zx + xy)  = 0,  i.  e.  (y  - z)2  + (z  - x)2  + (x  - y)2  = 0, 
which  requires  that  x=y  — z. 

34.  (i)  If  2 (a2  + 62)  = (a  + 6)2 ; then  a2-2a&  + b2=0,  i.e.  (a-b)2  = 0. 

(ii)  If  3 (a2  + b2+c2)  = (a+b  + c)2 ; then 
2a2+2b2  + 2c2-2ab-2ac-2bc  = 0,  i.e.  {a-b)2  + {a-c)2  + {b-c)2=0, 
whence  a = b = c. 

(iii)  and  (iv)  If  n (a2  + b2  + c2+  ...)  = (a  + b + c+  ...)2;  then 
(n  - 1) (a2 + &2 +...)- 2 (ab  + ac  + ...)  = 0; 

(a-6)2  + (u-c)2+...  = 0,  every  letter  being  taken  with  each  of  the  n-1 
other  letters.  Hence  a = b = c — &c. 


35. 


l / i \2 

x + -=  2 + ( Jx r ) = 2 + square  of  a real  quantity, 

x \ sjxj 

4 / 2 \2 

x-\ — =4  + ( ijx r)  =4+ 

* V n/*/ 

*+i=6  + ('/-'”  Js)  =6+ 


36<  put^  then  x2  (1  - X)  - 3a:  (1 + X)  + 4 (1  - X)  = 0. 

X * oX  “T  4 

Now,  since  a;  is  real,  {3  (l  + \)}2-  16  (1  - X)2>0,  [Art.  147]; 

i.e.  - (7X2  + 50X  - 7)  > 0,  Le.  - (7X  — 1)(\- 7)>0. 

Hence  7\  - 1 and  X - 7 must  be  of  different  signs,  and  .\  X must  lie 
between  ^ and  7. 


37.  For,  if  they  are  not  all  equal,  we  can  always,  without  altering  the 
sum,  make  the  continued  product  greater;  e.g.  take  a and  b,  any  two  which 

are  not  equal,  and  replace  them  by  ^ and 
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Then  the  product  of  the  two  new  quantities  is 


thus  we  have  made  the  continued  product  greater. 

38.  For,  if  they  are  not  all  equal,  we  can  always,  without  altering  the 
continued  product,  make  the  sum  less;  e.g.  take  a and  b,  any  two  which 
are  not  equal,  and  replace  them  by  Jab  and  Jab. 

Then  the  sum  of  the  two  new  quantities  is  2 Jab , and  since 

(Ja-Jb)2>0;  a + b>2  Jab. 

Thus  we  have  made  the  sum  less. 

__  _ . yz-x2  zx  — y2  , 

y+z  z + x 

Then  yz -x2=\{y  + z),  zx-y2=\{z  + x)\ 

X {y  - x)=yz  - zx  + y2  - x2={y  - x){x  + y + z). 


Hene e,  provided  y is  not  equal  to  x,  \—x+y+z L 

Hence  yz  - x2={y  + z){x  + y +z), 

whence  x2  + y2  + z2  + yz  + zx  + xy  — 0 II. 

Then,  from  II.  xy  - z2={x  + y)  {x  + y + z), 


whence  {xy-z2)/{x  + y)  = x + y +z=\. 

40.  For  {{a  - b)  + {c  - d)}  {ad  - be)  = {{a  - b)  - {c  - d)}  {ac  - bd), 

{a  - b)  {{ad  - be)  - {ac  - bd)}  + (c  - d)  {{ad  - bc)  + {ac  - bd)}=  0, 
i.e.  - {a-b)  {a  + b)  {c  - d)  + {c  - d)  {a  - b)  (c  + d)  — 0; 

{a-b)  {c-d)  {c  + d-a-b)  = 0;  &c. 

41.  We  may  write  these  equations  as  follows, 

a2{x  + y + z - 1)  - 2a  {ax  +(3y  + yz  - d)  + {a2x  + /S 2y  + 7 2z  - b2)  = 0,  I 
b2{x  + y +z  - 1)  - 2b  (ax  + [3y  +yz  - 5)  + (a2x  + p2y  + y2z  - 52)  = 0,  II 
c2  {x  + y + z - 1)  - 2c  {ax  + py  + yz  - 8)  + {a2x  + p2y  + y2z  - S2)  — 0.  Ill 
(I  — II)-j-(a - 6) ; .'.  {a  + b)  {x  + y + z - 1)  - 2{ax  + fiy  + yz  - 5)  =0;  IY 

(II  - III)-t-(6  - c) ; /.  (b  + c)(x  + y + z-l)-2(ax  + /3g  + yz-8)  = 0;  V 
(IY-Y )‘-h(a-c);  x + y + z-  1—0; 

.'.  from  IV,  ax  + Py  + yz  - 5 = 0 ; 

and  .'.  from  I,  a2x  + p2y  + y2z  - 52  = 0. 

Thence 

d2  {x  + y +z  - 1) -2d{ax  + py + yz  - 8) + {a2x  + p2y + y2z  - 82)  = 0 ; .-.  &c. 
[See  also  Treatise  on  Algebra,  Art.  127,  Ex.  4.] 
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a c _ d b x (a-  c)  _ x(d-  b) 

' x + a x + c~  x+d  x + b'  " (x  + a)(x  + c)~  (x  + b)(x  + d)  ' 
whence  x {x2(a  + b - c - d)  + 2x(ab-  cd)  + (abd-  bcd  + abc  - acd)}  — 0,  I. 

Now  one  root  of  this  equation  is  x = 0;  the  other  two  roots  will  be  equal 
(§  145)  if 

4 (ab  - cd)2  - 4 (a  + b - c - d)  (abd  - bed  + abc  - acd ) — 0. 

By  the  method  of  § 276,  we  find  that  this  is  equivalent  to 
4 (a  - c)  (a-d)  (b-c)(b-d)  = 0; 
a=c,  or  a — d,  or  b = c or  b = d. 

(i)  Ifa  = c,  I becomes  x{(5-d)(a;2  + 2aa:  + a2)}  = 0; 

If  a = d,  I becomes  x{(b-c)(x2  + 2ax  + a2)}  = 0; 

and  in  each  case  the  roots  are  0,  -a,  -a. 

(ii)  Similarly,  if  b=c,  or  d,  the  roots  are  0,  - b,  - b. 

(iii)  Two  roots  will  be  zero,  if  abd -bcd  + abc  - acd=0;  i.e.  if 

1 1-1  1 

a b ~~  c + d ‘ 

The  third  root  will  then  be  - 2 — ~ — — — . 

a+b-c-d 


But  a + b - c - d — cd  l - 


, + b 1 1 

cd  d c 

(a  + b)  (ab-cd) 
ab 


= cd 


a + b 
cd 


l-l) 

a b) 


the  third  root  is  - 2 


ab 


■b " 


43.  Bor  we  have, 

( y 2 + 22/'2  - 2vy')  - 2xx>  ( y 2 +y'2-yy')+ x'2  (%2 + y"2  - 2 yy') = o ? 

•••  ( x 2 - 2xx>  + x'2)  ( y 2 - 2 yy'  + y'2)  + x2y'2  - 2 xx'yy'  + x'2y2= 0, 
i.e.  (x-x')2(y-y')2  + (xy'  - x'y)2=0. 

Hence  (x  - x')  (y -y')  = 0,  and  xy'-x'y  = 0. 

From  the  first  relation  x—x or  y = y';  and  either  of  these  combined 
with  the  second  relation  shews  that  both  x — x' , and  y = y'. 


44. 


45. 


We  have  (a2  + 3 ad)  (a2  + 3 ad  + 2d2)  + di 

= (a2  + 3 ad)2  + 2d2  (a2  + 3 ad)  +di—  (a2  + 3 ad  + d2)2. 

(i)  £/(x3  - 24 x2y  + 192 xy2  - 512y3)  = (x-  8 y).  Cf.  § 280. 

(ii)  Cf.  § 282. 

1 + Sx  + 6x2  + lx3  + §xi  + 3a;5  + a;6 
13  = 1 

(1  + x)s  = 1 + 3a;  + 3x2  + x:i 
(1  + x + x2)3—l  + 3x  + 6x2  + 7a:3  + 6x4  + 3a:°  + x6 
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(iii)  xe  - 9x5  + 33a;4  - 63a;3  + 66a;2  - 36a;  + 8 
(, x1 2 * *)3=x 6 

(.r2  - 3a;)3 = a;6  - 9a;5 + 27a;4  - 27a;3 
(, x 2 - 3a;  + 2)3= x6  - 9a;5  + 33a;4  - 63a;3  + 66a;2  - 36a;  + 8 

(iv)  8a;6  - 36a;5  + 102a;4  - 171a;3  + 204a;2  - 144a;  + 64 
(2a;2)3  = 8a;6 

(2a;2  - 3a;)3  = 8a;6  - 36a;5  + 54a;4-  27a;3 
(2a;2  - 3a;  + 4)3 = 8a:6  - 36a;5  + 102a;4  - 171a;3  + 204x2  - 144a;  + 64 

46.  Expression  on  the  left 

= (x  + y +z-x)  (x  + y + z-y)  ( x + y + z-z)  + xyz 

~(x  + y + z)3-(x  + y + z)2(x  + y + z)  + (x  + y + z)(yz  + zx  + xy)~  xyz  + xyz 
= (x  + y + z)  (yz  + zx  + xy)  = & c. 

47.  Since  (a2+b2)  x2  - 2b  (a  + c)  x + b2+  c2=0,  (ax  - b)2  + (6a;  - c)2  = 0 ; 

/.  ax-  5 = 0 and  also  6a;-c  = 0,  &c. 


48.  Assume  it  true  that 

(1  + x)(1+x2)(1  + x22)...(1-x 

Then  ( 1 + x)  (1  + x2) . . . (1  + x2"~ 1 ) (1  + a:2")  = 


' 1-x  ' 

(1  - a;2”)  (1  + a;2”)  l-a;2" 


1-a;  l-a; 

Thus,  if  the  theorem  holds  for  any  value  of  n,  it  will  hold  for  the  next 
greater  value;  &c. 


49.  as  + bc  = (a  + b)(a  + c),  bs  + ca=(b  + c)(b  + a)f  cs  + ab=(c  + a)(c  + b); 

&c. 

50.  (a3  + b3  + c3  + d3)2  = {a3  + b3  + c3-(a  + b + c)3}2 

= { -3  (6  + c)  (c  + a)(a  + 6)}2=9  (6+c)2(c  + a)2  ( a + b )2. 
Also  {bcd  + cda  + dab  + abc}2=  {abc  - ( bc  + ca  + ab)(a  + b + c )}2 

- = { - (b  + c)  (c  + a)  (a  + 6)}2  [see  46,  above]. 

Again,  be  - ad  = bc  + a(a  + b + c)  = (a  + b)  (a  + c) ; 

(be  - ad)  (ca  - bd)  (ab  - cd)  = (b  + c)2  (c  + a)2  (a  + 6)2. 


1.  6)2156 
6)  359.. .2 
6)  59.. .5 
6)9.. .5 

1...3 


LXXVIII.  Page  368. 


6 )_7213  / 

6 ) 1202...  1 
6)  200.. .2 
6)33. ..2 

5. ..3 


6 ) 192457 

6)  32076...  1 

6)  5346.. .0 

6 ) 891  ...0 

6)  148... 3 
6)_24...4 

4...0 


Thus  the  numbers  are  13552,  53221  and  4043001. 
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2.  [See  Art.  286,  Ex.  2.] 

2135  in  scale  7={(2x7  + l)x7  + 3}x  7 + 5 = 761, 
4210  in  scale  7={(4x7  + 2)7  + l}x  7 = 1477. 


3.  [See  Art.  286,  Ex.  6.] 


12  )_3152 
12 ) 233.. .e 
12  ) 17...0 
1...4 


12 ) 23678 
12~)  1728...2 
12  ) 132. ..2 
12  JJL0...2 
" 0...9 


Thus  the  numbers  are  140e  and  9222. 


4.  5 ) 23  -42 

4.. .3  £ 

2 TO 
5 

0-50 

5 

2-50 

Hence  23-42  in  scale  10  = 43-202  in  scale  5. 

5)123  -45 

5)24. ..3  £ 

4 4 2-25 

5 

1-25 

Hence  123-45  in  scale  10  = 443-2i  in  scale  5. 


5.  Work  in  the  scale  of  6 throughout. 

E1=2‘3i;  .-.  E1x6=23-i,  and  E1x62  = 231-i. 

231-23  204  ..  . _ 

Fi  = -Si— S-  = ~E7T  • Similarly  F, 


Then 


62-  6 
204  113 

50  X 50  1 


50 

23500  _ 235  ■ 

4100  ~ Tl  _ 


125  - 12 
50 


113 
"50  * 


6 . Let  the  radix  of  the  scale  be  r,  then  121  = r2  + 2r  + 1 = (r + 1)2. 
12321  = r4  + 2r®  + 3r2  + 2r  + 1 = (r2  + r + 1)2, 

1234321  = r6 7  + 2r5  + 3?*4  + 4r3  + 3r2  + 2r  + 1 = ( r 3 + r2  + r + 1)2. 


7.  By  § 290,  if  the  number  is  divisible  by  11,  (2  + 5 + l + fe)-(l  + a + 4 + 3), 
i.e.  (b-a),  must  be  zero  or  some  multiple  of  11.  But  a and  b are  both 
positive  and  less  than  10  ; hence  this  condition  requires  that  b — a. 

By  § 289,  if  the  number  is  divisible  by  9,  2 + l + 5 + a + l + 4 + 5 + 3,  that 
is  16  + a + A or  16  + 2a,  must  be  divisible  by  9 ; which  requires  that  a = 1. 
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8.  As  in  7,  since  the  number  is  divisible  by  11  we  have, 

14  + 6-a=0,  or  11,  or  22,  &c. 
i.e.  b-a  = -14,  or  -3,  or  8,  &c. 

But  since  a and  b are  both  less  than  10,  it  is  only  possible  that 
b - a—  - 3,  or  8. 

Again,  since  the  number  is  divisible  by  9,  30  + a + b is  a multiple  of  9 ; 
.-.  a + 6 = 6,  or  15  (the  other  values  being  impossible). 

The  only  integral  solution  is  obtained  from  6 - a = - 3 and  a + b — 15, 
giving  a = 9 and  6 = 6. 

9.  314=  6 + 2r+6v2;  whence  r = 7 ^or  - — ^ . 

10.  If  x and  y are  the  digits;  then  5y  + x = 2 (5a;  + y) ; whence  y = Sx. 
and  both  being  less  than  5,  the  digits  are  1 and  3. 

11.  We  have  8y  + x=2  (8 x+y) ; .*.  2y  = 5rc;  digits  must  be  2 and  5. 

12.  We  have  ly  + x = 3 (7x  + ?j) ; y — 5x;  digits  must  be  1 and  5. 
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MISCELLANEOUS  EXAMPLES.  VII.  Pages  376-392. 


1.  The  factors  of  the  continued  product  can  be  taken  in  any  order. 
Hence  the  product 

= { (1  — a;)  (1  + a;)  (1  + x2)  (l  + a;4)}2=  (1  — a;8)2=l  - 2x8  + x16. 

2.  (i)  4a:2 -4x- 15  = (2a: -5)  (2a; + 3). 

(ii)  (6  - c)  x2+(c  - a)  x + a-  b — {(6-  c)x-  (a-  b)}  (x- 1). 

(iii)  The  given  expression  is 

\xyz  - aLyz  + a~~2,x  - a3]  ( b - c) 

+ [ xyz  - b'Zyz  + b2 2a;  - 53]  (c  - a ) 

+ [ xyz  - cLyz  + c22a;  - c3]  ( a - b) 

—xyz  (b-c  + c-a  + a-b)-  Xyz  {a  (b  - c)  + b (c  - a)  + c (a  - b)} 

+ 2a;  {a2  (b  - c)  + b2  (c  - a)  + c2  (a  - 6) } - 2a3  (b  - c) 
= —2a; . (b-c)  (c  - a)  (a-b)  + (a  + b + c)  (b-c)  (c-  a)  ( a - b) 

[See  Ex.  3,  p.  359.] 

= (a  + b + c-x-y  -z)  (b-c)  (c-a)  (a-b). 

n 21  49  , 21  12 

3.  (i) = 28  and ! = 9; 

x y x y 

37 


Then 


.-.  — -=37  and  .\  y=  — 1. 

y y 

3 

- + 7 = 4,  and  .*.  x—  — 1. 


(ii)  We  haye  (a  + c)(x  + a)-a(x  + a + c)  _ (x+b)  . 

' (x  + a + c)(x  + a)  (x  + b)  (x  + b -c)  ’ 


Hence  x—0, 


or 

whence 


(x  + a + c)(x+a)  (x  + b)  (x  + b-c)' 


(x  + a)  (x  + a + c)  = (x  + b)  (x  + b-c), 


x=-(a  + b). 

(iii)  ( x 2 — 5a:)2  + 4 (x2-  5x)  + 4 = a:2  - 5a;  + 22  ; 

.*.  (x2  - 5x  + 6)  (x2  - 5x  — 3)  = 0, 

||  2)  (x  - 3)  (a;  - \ + \ V37 ) ■ - \ - \ =0. 


5.  Each  of  the  equal  fractions = A 

ax  -by  -cz 

px  (px  - qy  - rz)  - qy  (qy  - rz  -px)  - rz  (rz  -px  - qy) 
_ ax  - by  - cz  _ ax  -by  - cz 

~p2x2  - (qy  - rz  f ~ (px-qy  + rz)  (px  + qy-  rz) ' 
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Thus  ax  -by  -cz~\  ( px  -qy  + rz)  ( px  + qy-  rz ) 

and  -\  (~px  + qy  + rz). 

a (ax  -by  -cz)  , , . . 

5 = - A z(-px  + qy  + rz)  (px  -qy  + rz)  (px  + qy  - rz). 

Hence  a(ax-by -cz)/p  = b (-  ax  + by  - cz)[q=c(  - ax-by  + cz)/r. 


6.  Put  ( x2+l)/(x2-x  + l)=y ; 

then  x2  (1 -y)  + xy + 1 -y  = 0. 

The  roots  of  this  quadratic  equation  are  real,  and 
•••  y2-4(l-y)2<t0, 
i.e.  (2-y)(3y-2)  <t0. 


Hence 


y> 2 and  y<t~. 


7.  We  have  to  find  the  sum  of  n terms  of 

(2  + 3)  + (5  + 6)  + (8  + 9)  + . . . , 
i.e.  of  5 + 11  + 17  + 


/.  S=J{10  + (rc-l)6}  = 3n2  + 2n. 

A 

8.  First  the  whole  number  231  will  be  changed  into  133,  as  appears  from 
8 | 233 
8 |_1_5...3 
1...3 

And  to  change  '43i  from  the  scale  of  6 to  the  scale  of  8,  we  proceed 
as  in  Art.  288. 

•43i  Thus  *43i  is  changed  into  '60352. 

6-02 

0-24 

3-35 

5T3 

2-02 

1 1 1 1 _if1  x\-i  if  x\ -1 

9-  6 - 5x+  x2  ~ (3  - x)  (2  - x)  ~ 2 - x 3-ff  2VA  2/  3 V1  3/  ' 

•••  coefficient  of  a;”  is  -J+r  - ^ • 


10,  In  the  formula 
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put  m=x2-  1 and  n=x2 ; then 

. x2-l  _ I 1 1 1 ) 

l0ge  x2  - 2 (2a;2-  1 + 3 (2a;2- 1)3 + * 

Hence  log,  (x  + 1)  + loge  (x  - 1)  = 2 log, * - 2 |— ^ + \ • jfo5-  1)3  + • • j • 

11.  If  <z  + b + c + <Z=0, 

be  - ad  = bc  + a (a  + b + c)  = (a  + b)  (a  + c). 

Similarly  ca-bd=(b  + c)  (b  + a), 

and  ab  - cd  = (c  + a)  ( c + b). 

Hence  (be  - ad)  ( ca - bd)  (ab-  cd)  — (b  + c)2  ( c + a)2  (a  + b)2. 

io  o a+x  . a+y  , a+z 

x(x-y)  (x-z)  y(y-z)  (y-x)  z(z-x)(z-y)‘ 

S x xyz  (y  -z)(z-  x)  (x  - y) 

=yz(x  + a)  (z-y)+zx  ( y + a ) ( x-z)  + xy  ( z + a ) (y-x) 

= xyz  (z  - y + x - z +y  - x)  + a2yz  ( z-y ) 

— a(y-z)  (z-x)  (x-y). 

Hence  £=-^-. 

xyz 


13.  (i)  (b-a)2x-(b-a)(c-b)y  = (b-a)(c-a), 

and  (a  - c)  (c-b)x-  (b-a)  (c-b)y  = (b-  c)  (c  - b). 

_(b-  a)  (c  - a)  + (b-c)2  _ a2  + b2  + c 2 -be  - ca-  ab 
" X~  (c-a)  (c -b)  + (b-a)2~  a2+b2  + c2  - be  - ca  - ab 


Hence  b - a - (c  - b)  y — c - a ; 

•■y=- 1- 

(ii)  a^  + (1  - a2)  a;  - a2 =0, 

i.e.  (x  - a2)  (x  + 1)  = 0,  &c. 

(iii)  In  the  second  equation  substitute  3 - y for  x ; then 

(3-y)*+y3=9(3-2y), 
whence  9 y2  -9y  = 0; 

y = 0 or  y = 1. 


If  y = 0, 
.and  if  y = 1, 


a;  = 3; 
a; =2. 


14. 


We  have 


7 a/5  + 5^/3 

+ J5  + JS 

35  + 12^/15  + 15  35-12^/15  + 1 5 

5-3  + 5-3 


= 50. 
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15.  If 

then 


Hence 


a + 6 ; 5 + c — c + d ; d + a, 

(a  + b)  (d  + a)  = (5  + e)  (c  + d)  ; 
a2  + a (b  + d)  + bd  = c2  + c (b  + d)  + bd; 
a2-c2  + (a~c)  (b  + d)=0, 

(a  - c)  (a  + b + c + d)  = 0. 
a=c  or  a + 5 + c + d = 0. 


16.  The  sum  of  all  numbers  from  1 to  1000  = - . 1000 . 1001  = 500500. 

(1)  The  multiples  of  3 are  3,  6,  9,  , 999,  and  the  sum  of  these  is 

3 (1  + 2 + 3 + . . . + 333)  = 3 . ~ . 333  . 334  = 166833. 

Hence  the  sum  of  all  the  numbers  which  are  not  multiples  of  3 is 
500500  - 166833  = 333667. 

(2)  The  sum  of  all  the  even  numbers  is 

2 (1  + 2 + 3 + . . . + 500)  = 500.501  = 250500. 

The  sum  of  all  the  multiples  of  5 is 

5(1+2  + ...+  200)  = 5 . | . 200 . 201  = 100500. 

The  sum  of  the  multiples  of  2 x 5 is 

10  (1  + 2 + ...  + 100)  = 10  . ^ . 100 . 101  = 50500. 

Hence  the  sum  of  all  numbers  which  are  not  divisible  by  2 or  by  5 is 
500500  - 250500  - 100500  + 50500=200000. 

17.  The  different  ways  of  voting  are  shown  as  the  coefficient  of  x 5 in 
the  product 

(1  + ax  + aax2  + aaax3  + aaaax^  + . . .) 
x (1  + bx  + bbx2+bbbx3  + ...) 
x (1  + cx  + ccx2+cccx3+ ...) 
x (1  + dx  + ddx2  + dddx3  + ...) 
x ( 1 + ex  + eex2  + eeex3 + ...). 

Hence  the  number  of  ways  of  voting  is  the  coefficient  of  x5  in 
(l+x  + x2  + x3+  ...)5, 

5 6 7 8 9 

that  is  in  (1  — as)-5,  and  this  coefficient  is  - 2 g 


18.  Any  particular  boy  can  have  two  prizes  in  - (n  + 1)  n ways ; and  when 
this  boy  has  got  his  two  prizes  the  n - 1 remaining  prizes  can  be  given  singly 
to  the  other  boys  in  \n-  1 ways.  Thus  there  are  ^ (m  + 1)  ]n  ways  of  distri- 


KEY  TO  ELEMENTARY  ALGEBRA, 
buting  the  prizes  so  that  a particular  boy  may  have  two  of  them, 
the  whole  number  of  different  ways  of  giving  the  prizes  is  |tc  + 1. 


19.  (1  - x ) (1  + x)~*=  (1  - x){l-2x  + 3x2 iy(r+l)Xr  + 
Hence  the  coefficient  of  xn  is  (-  l),l{  (to + !)  + »}. 


20. 


and 


21. 

22.  (i) 
(ii) 

23.  (i) 

(ii) 


log  (1_  rs)=logrb=  -log<l+*>- 

(4a2  - 2 62  - 2c2  + 5bc  + 2ca  + 2 ab) 

+ ( - 2a2  + 462  - 2c2  + 2 be  + 5 ca  + 2a6) 

+ ( - 2a2  - 2b2  + 4c2  + 26c  + 2ca  + 5 ab) 

= 92  be. 

(a  + 6 + c)2  + a2  - b2  - c2 

= 2a2  + 2 be  + 2ca  + 2 ab 
= 2 (a + 6)  (a  + c). 
l+y(l  + xf  (1  + xy) 

= 1 + y ( 1 + x)2  + y2x  (1  + x)2 
= {i+i/  (l+x)}{l  + yx  (1  + a;)}. 

ax  b 1 . 

b ax  b ’ 

.•.  a?x 2 - ax  (b2  - 1)  - 62  = 0, 

(ax  + 1)  (ax  - 62)  = 0. 
x + y = 1,  x3 -xy  +?/3=4. 


Substitute  for  x ; then 


Hence 


(l-2/)3-2/(l-2/)  + 2/3==4; 

/.  1 - 4ty  -f  4?/2  = 4 ; 

.-.  l-2i/=±2. 

y = K and  then  x=  - ~ , 
J 2 2 

?/=  - ~ and  then  x = 


2 “““  rr*  ~ 2 

24.  The  required  equation  is 

(*-«-!)  H-l)=° 


;e2-a;(a  + /3  + - + |)  + a/3  + 4 + -^  = 0. 
\ n p/  a/3 
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Now 


Hence  we  have 


a + /3  = -p, 
a/3  = 2, 

11  p ,11 

- + and  -3  = -. 

a /3  q a(3  q 


x*  + x(p  + 
qx2  + (pq  + 2p)  x + (q  + 2)2=0. 


+ 2 + 4 + -=0, 
q 


25.  Let  the  trains  from  A and  B travel  at  x and  y miles  per  hour 
respectively ; then  they  will  meet  in  hours.  Also  they  will  take 

hours  and hours  to  complete  the  journey.  Let  x>y. 


Then 


and 


100  _ 3 
x+y  2 ’ 
100  100  _ 75 

x v ~ 60 


and 


x~y=Mxy> 


200 

x + y = ^r  . 


„ 200  1 /200  \ 

2iC-  T = 80a!  (fs — *)• 

whence  3ar2  + 280a;  - 16000  = 0, 

i.e.  (x  - 40)  (3*  + 400)  = 0. 

Hence  a: =40,  since  a negative  value  is  in  this  case  meaningless. 
200 


Also 


y = 40  = 26|. 


__  cy  + bz  az  + cx  bx  + ay 

26.  j * _ - = = = \ suppose. 

I m n 

Then  cy  + bz  = l\. 

. y ^z-„i  x 
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Subtract  the  first  from  the  sum  of  the  other  two  ; then 

2x  . \ 

— — <bm+cn-  al)  — — . 
a abc 


Hence 

27. 


And 


--&c. 


a(bm+cn-al)  2abc 

y/3  /0  f 1 . ) 

J5  + J2  ^500  - ^/200  ~ V W 5 + ^2  10  y 5 - J2)  f 


=J  3 


i 


5 y 16-^6)  v/60  + J24 

^15  + ^6  \/60-n/24  ' 9 36 

= Jg  {20  J15  - 20  ^6  - 2 yi5  - 2 J6} 

{9  V15  - 11  V6}  =)£  (9  V5  - 11 

~ . 18  3 

Q™tient  = ^ = r 


28.  Let  m be  the  first  of  the  integers. 

2ft + 1 


Then 


^2n+l  — g (^m  + 2ft) 

= (m  + n)  (2ft + 1), 

S2n^~{2m  + 2n-l). 

Since  2?ft  + 2ft  - 1 is  odd,  ^2  n is  always  divisible  by  n but  never  by  2ft. 

29.  From  the  terms  containing  a3,  b3,  c3  we  see  that  if  the  given 


expression  is  a perfect  cube  it  must  be 


n 36  c 
2“— 2+3 


O 36 
2ft---  + 


*)’ 


Write  down 


, and  it  will  be  seen  to  be  identical  with  the  given  expression. 


30 


^)2=(i  -2#+a;2){1  + 2.  3a;  + 3 . 32a;2+ ...  +(r  + l)  3rar +...}. 

Hence  the  coefficient  of  xr 

= {r+l)T-2r . S’--1  + (r  - 1)  3»--2 
= 3’--2{9(r  + l)-6r  + (r-l)} 

= 3’-2  (4r  + 8). 

31.  (i)  x5-y6-(x-  yf 

= x5  - y5  — (a:5  - 5 x*y  -f  10x3y2  - 10x2y3  + Bxy^  — y5) 

= 5 xy  (x3  - 2x2y  + 2 xy2  - y3) 

= 5xy  (x  - y)  (x2  -xy  + y2). 

K.  S.  E.  A.  18 
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(ii)  Arrange  in  powers  of  x ; then 

x2y  (y  + 1)  +x  (Zy*  + 2y  + \)  + y (y  + 1) 

= {xy  + y + l}{x{y  + l)  + y\. 


32. 


F.  1 ^ 

abc'  ( c-a)(a-b ) 


. 2a2  (6  -c) 


abc  (b  -c)  (c-  a)  (a  - b) 

(b  - c)  (c -a)  (a-b)  _ 1 

abc  (b  - c)  (c  - a)  (a  - b)~  abc' 

33.  (i)  Multiply  by  a-b;  then 

x2  (a-b)  - a2  (x-b)  + b2  (x  - a)  = 0, 
(a-b)  {x2- (a  + b) x + ab}  = 0, 

.\  (x  - a)  (x-b)  = 0. 

Xs  - a3  - 4 (x  - a)  = 0, 

(x  - a)  (x2  + ax  + a2  - 4)  = 0. 

1 1 


(ii) 


Hence 


x — a or  x=  - 


.^(16-Ba2). 


(iii) 

This  is  the  reciprocal  equation 

2a;4  - 3a;3  + 2a;2  - 3a;  + 2 = 0, 

i.e. 

2(^+i)-3(,+  i)+2=°. 

Put 

w = a;  + -:  then  x2-\ — *=y2- 2. 

X x * 

Hence 

i.e. 

2 (y2  - 2)  - 3y  + 2 =0, 
(2y  + l)(y-2)=0. 

If 

x + - = 2,  (x  - 1)2  = 0. 

X 

If 

a;  + -=-~,  2a;2+a;  + 2=0, 
x 2 

and 

•••  x = \(-l±J^T5). 

Thus  the  four  roots  are 

1,  1,  ^(-lW^15), 


34.  The  condition  for  equal  roots  is 

a2-4(a  + 3)  = 0, 
<z  = 6 or  a—  -2. 


whence 
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35.  The  expression  must  be 

(x2  + ^ x + /Jri'j  -xi  + ax's+  ^ + 2 Jii'j  x2+a,yjnx  + i 

Hence  to  = — + 2 Jn, 


and 


Thus 


4 

c — a 'Jn. 

-.—n  and  vi— —r  + 2 - . 
a-4  4 a 


36.  x is  one  of  the  imaginary  cube  roots  of  unity.  Hence  xA=l  and 
x2  + x + 1 = 0. 

In  the  given  expression  substitute  ic3  = l and  x*=x . x3~x  ; then  we  have 
x - 5 - 12a;2-  13*  - 7=  - 12  (x2  + x + 1)  = 0. 

37.  We  have  to  prove  that 

62c2  + c2a2  + a262  - abc  (a  + b + c)>  0, 

i.e.  ^ { (be  - ca )2  + ( ca  - ab)2  + (u6  - 6c)2 } > 0. 

11  1 


38.  Let  the  series  be  , , 

a a + d a + 2d 

the  (to  + 7i)th  terms  will  be  respectively 

1 1 


and 


. Then  the  mth,  the  ?ith  and 

1 


Hence 


a + (vi-l)d'  a + (n-l)d  a + (m+n—l)d' 

a + (m-1)  d = ~ , 


and 


Hence 


Then 


a + (n-  1 )d  — — . 
v ' m 


(m-n)  d — 11— — — , and  .\  d — —. 

mn  mn 

, 1 1 , 1 

a + (m-  1)  — = and  :.a= — , 
mn  n mn 


Hence  the  (TO  + 7i)th  term 


l + (m  + n-l)  m + n‘ 

1.3,5 
2.4.6* 


39-  (l  — x) 

_i  . 1 1.3  . 

1 + 2X  + 27iX  + 

TT  K 3\ 

-i  3 1.3  32 

Hence  ( 1 - ^ j 

- 1 + p + j— 2 * 26  + 

Thus  the  series 

18—2 
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40.  log  ^{18  x -0015)  = | log  (27  x -001) 

B(31og3-3V*4(-  1-5686361)  = - -3137272 

o 5 

= 1-6862728. 

Now  log -48559  = 1-6862697, 

and  log -48560  = 1-6862787,  and  ^='3, 

Hence  the  approximate  root  is  -485593. 


41.  The  numerator 


-(H)’- 


1 

6 

(q  + 6)2 

a262  ab  ( a - b) 


(a-  6)2  + 4a6 
ab  ( a-b )2 
(a  + 6)2 


(a  + 

\«- 


+ 6\2  j (a-b)2  _ 1 ) / a + 6\2  ( /l  _ 1\2 


5/  ( a262 


a6 


\a-bj  (\a  b)  ab\ 


Hence  the  fraction 


-(£)' 


42.  From  the  first  two  equations 


and 


ax-y  + z=0, 
x + by  — 2 = 0, 


we  have 


V 


1-6  1 + a ab  + 1' 

Substitute  in  the  third  equation  ; then 

1 - 6 - (1  + a)  = c (1  + ab) ; 
.".  a + 6 + c + a6c  = 0. 


43.  (i) 


Thus 


Then 


2 x-y  x-Sy 

10aT36~  4lT’ 


.-.  each  = 


2x  - y - 2 [x  - 3y)  _ y 
10a  + 36-2.46  2a  - 6 


yVb_  y . 

2a  2a  - 6 ’ 
y=2a-b. 


■_y  + &_1. 

10a  +36  2a  ’ 

2#=?/  + 10a  + 3&  = 12a  + 2&; 
.-.  £c=6a  + 6. 
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(ii)  2a;2  + 2a;-l  = 2(a;  + l)  ^-l ); 

(2as2  + 2®  - 1)2  = 4 (a;  + 1)2  (a;2  - 1) ; 

.*.  4a:4  + 8a:3 -4a; + 1 = 4 (a:4  + 2a;3  - 2a:  - 1). 
Hence  4a:  + 5 = 0. 


44.  Let  x tons  be  bought  at  y shillings  per  ton. 

Then  1 cwt.  sold  for  y pence ; 

. . 1 ton 20 y pence. 

Hence  profit  per  ton  = - y^J  shillings  ; 

8 8 

whole  profit  = — xy  shillings  = — ^ xy  pounds. 

Z'xU 

g 

Hence  xy=y,  and  x = 80. 


45.  Having  arranged  in  powers  of  x,  we  have 

4as2a-2  — 12  xa_1  + 25  - 24a;_1a  + 16  x~-a2. 

The  square  root,  namely  2a:a~1  - 3 + 4a;~1a,  can  now  be  seen  by  inspection. 


46.  x:y  = 1J:2§  = 9:16. 

Also  * + 15  :y  + 15  = l§:2J  = 2:3. 

.’.  16a;  = 9y,  and  3x  + 45  = 2y  + 30, 
whence  x = 27  and  y = 48. 


47.  Since  x is  real, 

52  (a  + c)2  - (a2  + 62)  {b2  + c2)  <t  0, 
i.  e.  2 acb2  - a2c2  - 64  <t  0, 

i.e.  ~(ac-b‘2)2< tO. 


Hence 


ac-b2  = 0. 


48.  (i)  1.3  + 3.5+...  + (2n-l)(2n  + l). 

(2 n - 1)  (2 n + 1)  = | {(2n  - 1)  (2 n + 1)  (2 n + 3)  - (2 n - 3)  (2 n - 1)  (2 n + 1) } 


5.7  = ^{5.7.9-3.5.7} 
3.M{3.5.7-1.3.5} 
and  1 .3  = |j{1.3.5  + 1.3}. 

;p|(2n-l)  (2»  + l)  (2n  + 3)  + |.1.3. 


Hence  sum 
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(ii) 


11  1 

2 . 3 + S7l  + '"  +(?z  + l)  {n  + 2)‘ 
1 _1  _ 1 
2 . 3 — 2 3’ 

1 _1_1 
3".  4 “ 3 4 ’ 


Hence 


49. 


(n  + 1)  (n  + 2)  n + 1 n + 2' 

^=1-^2’  ttnd5-=g- 


(!+*)*  + (! -*)*  1 + 2 


5a?+(1-|g) 


l + a;  + (l  + a;)*  l + a;  + l + ^a5 


1 + lx 


x 2 and  higher  powers  of  a;  are  omitted,  since  x is  very  small, 

HO 


2 + ^ ^ 


50. 


51. 


/ 2a:2  \ 1 + a:  - 2a;2 

M rw  ge~TT^=log' 


(1  + 2a:)  (1-x) 


1 +x 


= loge  (1  + 2a;)  + loge  (1  - x)  - loge  ( 1 + a;) 
= 2a;  - ^ (2a;)2  + | (2a;)2  - \ (2a;)4  + ± (2a;)5 


/y3  ‘I’  4 ™5  _ 

3 4*®  5 


1 0 1 , 1 . 1 _ 

-x+^xJ--xs  + ~x4-^x5  + ... 

= - 2a;2  + 2a;3  - 4a;4  + 6a;5. 

(a  + b)(a  + c)  (a  + 2c)  (a2-2ac  + 4c2)  _ 1 

(a  + b)  (a+  2c)  (a  + c)  (a3  — a2c  + 2ac2  + 4c3)  ~~  a + c' 


52.  The  expression  is 

x2a  (b  + c)  + xy  (b2  - c2  - a2)  + y2a  (c  - &) 
= (aa;  - y (c  - 6) } {(b  + c)  x - ay). 
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27-9 


53.  (i)  From 

Substitute  for  x in 


ax+y=x  + by, 
x(a-l)=y  (6-1). 


2x  + 2by  =x  + y + 2, 

2 y (b  - 1)  + 2by  (a  - 1)  =y  (b  - 1)  + y {a  - 1)  + 2 (a  — 1), 
y = 2(a-l)l(2ab  - a-b), 
and  /.  x=2  (b  - l)/(2u6  - a-  6). 

(ii)  We  have 

(3a  - 6)  (10  - 4a)  + (11  - 2a)  (5  - a)  = 7 (5  - 2a)  (5  - a) ; 
whence  24a2  - 138a  + 180 = 0 ; 

.-.  6 (4a - 15)  (a- 2)  = 0. 

(iii)  We  have 

~ (1  + ay)  = 108 (a), 

and  y^1+xy)=\ ($• 

From  (a)  and  (/3)  by  multiplication 

a2y2  (1  + ay)2 =144  ; 

/.  xy  (1  + xy)  = ±12. 
ay  = 3,  ay=-4, 

or  a;y  = J(-l±x/347)* 


From  (a)  and  (/3)  by  division  ^=81; 


r 

and  .'.  a = ±3y  or  a=±3yx/-l. 

From  ay  = 3 and  a=±3y, 

we  have  a=  ±3,  y=  ±1, 

or  a=±3N/-l,  y = t 3 ^^1. 

Similarly  for  the  other  roots. 

54.  A walks  — miles  per  hour,  and  B walks  miles  per  hour. 
n m 


Hence 


m 18n 
n m 


...  2 - ---18  = 0, 
\n ) n 

2f-Y  + --18  = 0. 

\nj  n 
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Prom  (I)  — = 4J  (rejecting  the  negative  value)  and  .\  A walks  at  4|  miles 
an  hour  and  B at  4 miles  an  hour. 

From  (II)  ^=4  = A’s  rate  and  4^  = B’s  rate. 


[( V«  + Jd)  (Jb  + VO]  [(n/«  - s/d)  (V&  - VO!  = (a-d)(b-  c). 


55. 


56.  (i)  + g+^=«-i  = - 


b a\  b2  ab  a 2 
9 


b a 
2 ~ 3 
2 


(ii)  | + 6x  - 17a;2  - 28a;3  + 49a;4  = ^|  + 2a;  - 7.r2^  2 . 


(iii)  xi  - x3y  V2  + o - ^2/3  V2  + 2/4=  ( JAxy  + V 


V2' 


57.  If  the  series  is  a,  a + d,  a + 2d,  &c.,  we  have 
^(2a  + 9d)  : |(2a  + 4d)  = 13  : 4, 


whence 

Again, 

Hence 

58. 


2 

a = 2d. 

20 

115 =y  (2a  + 19d); 
20a  + 190d=  115. 

a = 2d=l. 

a + c 4b-a-c 


ac  4 b'1  - 2b  (a  + c)  + ac  ’ 

4b2  (a  + 0 - 26  { (a  + 02  + 2ac}  + 2ac  (a  + c) = 0 ; 
(2fc  - (a  + c)} {6  (a  + c)  -ac}  = 0 ; 

•••  & = |(a  + c); 

2“-' . 


59.  The  ratio  is  — — 3V2  : I : 


(n-4)(w-5)  ,_7. 
5.6  d ~3’ 
■.  9n2-81n  + 110  = 0, 
(3n  - 22)  (3»-  5)=0 ; 
22  5 
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60.  If  the  square  root  be  found  in  the  ordinary  way,  we  find  that 
( x 2 -3x  + 2)2  agrees  with  the  given  expression  so  far  as  the  first  three  terms 
are  concerned,  but  differs  from  it  by  4a; + 12.  The  given  expression  is  there- 
fore a perfect  square  when  x=  -3. 

Again,  ( x 2 - 3a;  + 4)2 = x4  - 6a^  + 14a;2  - 12a:  + 16. 

Hence  given  expression  will  be  a square  if  x2-  4a;  = 0,  i.e.  if  x = 0 or  x = 4. 

Again,  (x2  -x  + 4)2=x4-  2xs  + 9a;2  - 8a;  + 16. 

This  is  equivalent  to  the  given  expression  when  4a:3-4a:2  = 0,  i.e.  when  x — Q 
or  a;  = l. 

Hence  given  expression  is  a perfect  square  for  any  one  of  the  values 
0,  1,  4 or  - 3. 

61.  N=  1 - 2a2  + 2a262  - a2b2c2  + (abc  + abc'Za 2 - 252c2  - a?b2#) 

= 1 + abc  - 2 a2b2c2  - 2a2  (1  - abc ) 

= (1  - abc)  { 1 + 2abc  - 2a2}. 
fraction  = 1 + 2 abc  - a2  -b2-  c2. 


62.  The  expression  = 2 (x2  + y2  + z2)  - 2y z - 2 zx  -2 xy 

= (y -z)2  + (z-x)2  + (x-y)2. 

63.  a3  + b3  + c3  - 3abc  = ^ (a  + b -(-  c)  { [b  - c)2  + (c  - a)2  + (a.  - b)2} . 


Hence,  if 
either 
If 

Also,  if 


a3  + b3  + c3  — Sabc =0, 
a—b  — e or  a + b + c = 0. 
a=b  = c,  then  a2-bc  = 0=b2  — ca  = c2- ab. 
ci  + b + c = 0, 

a2-  bc=a2+b  (a  + b)  = b2  + a (a  + b)  = b2  - ac. 


Similarly 


b2  - ac  — c2  - ab. 


64.  (i)  x/(5a;-14)-N/(2^  + 1)  = 2v/a;-N/(3a;-lB). 

Square  both  sides ; then 

5a;  - 14  + 2a;  + 1 - 2 ^(53;  - 14)  >J{2x+ 1)  = 4a;  + 3a;  - 13  - 4 * x ^(3®  - 13) ; 
fj(5x  - 14)  ,J(2x  + 1)  = 2 ijx  *J(3x  - 13); 

10a;2  -23a;  -14  = 12a;2  -52a;; 

/.  2a;2 -29a; + 14  = 0, 


i.e. 

(2a; -1)  (a;  - 14)  = 0. 

2 ax  - by  — a2  and  bxy=a3. 

Hence 

2 ax2  - a3=a2x, 

whence 

a 

x=a,  or  x—  - 

And,  if 

rO 

II 

Si 

e 

II 

h 

if 

»=  , y=-2a2jb. 
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(iii)  x+y  = 12,  xi  + y*= 3026. 

x4+y4  = (x  + yY  — 4 x3y  - 6x2y 2 - 4a;?/3 ; 
124  - 2xy  (2x2+3xy  + 2y2)  = 3026; 
xy{2(x  + y)2-xy}=8855-, 
x2y2  - 288xy  + 8855  = 0, 

whence  xy  = 144  ±^(1442  - 8855)  = 144  A 109. 

I.  If  xy  = 35  and  a;  + i/  = 12, 

#=5,  2/  = 7, 

or  a;  = 7,  ?/  = 5. 

II.  If  xy  = 253  and  a;  + ?/  = 12, 

a;  = 6±  V-217,  2/  = 6tV=217- 

65.  We  have  (a;  + 2a/) (a + 46)  = (a + 36)  (t/  + 3a;); 

y (a  + 5b)=x  (2a + 56) ; 
a;  _ a + 56 
y ~ 2a+^6^H 

t/  + 2a;  _ 2a + 56 + 2 (a + 56)  _ 4a + 156 
‘ ' a:+'%  ~ a + 56  + 3 (2a  + 56)  ~ 7a  + 206  ' 

66.  3 (c-l)=  ^100 + 24/10  = 10^  + 2.10^; 
.*.  27 (c - 1)3  = 102+  6 . 10^  + 12.10^  + 8. 10 

= 180  + 60  (10^  + 2.10^) 

= 180  + 60  x 3 (c  - 1)  = 180c ; 
3(c-l)3=20c. 


67.  Put 
Then 

Since  x is  real, 
i.e. 
i.e. 


9 

x+^Tt=^ 

x2  + x (2  — 2/)  + 9 — 2y=0. 
(2  _ y)2  - 4 (9  - 2y)  <t  0, 

2/2  + 4?/  — 32  <t  0, 

iy  + 8)  {y -4)^o. 

/.  «/>4  or  |/<-8. 


68.  x2y2z2  (x~3 +y~3 + z~3)  - x3  - y3  - z3 

= {y3z3  + z3x3  + x3y3  — xyz  (x3 +y3+z3)\ 

xyz 

^~z(yz~  *2)  izx  - y2)  ( xy  - z2) 

xyz 

= 0,  if  x,  y,  z are  in  g.p.  in  any  order. 
Or  thus:  If  x,  y,  z are  in  g.p.,  y2=xz. 

Hence  x2y2z2  ( x~ 3 +y~3+z~3)  — x3z3  ( x~ 3 + z~3)  + y6x  y~s 

=x3  + y3  + z3. 
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6ft.  Multiply  by  xi  + 1 ; then 

x2  + 2 = (A  + Bx)  (x2-xx/2  + l)  + (C+Bx)  (x2  + Xy/2  + l); 

.*.  (B+D)a?  + (A  + C-Bj2  + Dj2-l)x2 

+ (B  + D - A J2  + C J2 ) x + A + C - 2 = 0. 

If  this  is  true  for  all  values  of  x,  we  must  have 

B + D = 0,  A + G-B  J2  + D,J2-l=Qt 
B + D-S/2{A-C)=0  and  A + C-2  = 0. 

Hence  A = G=  1,  B—  -D=^J2. 


70.  Neglecting  powers  of  x above  the  third  in 
(1  — 2x)  ~ ^ — (1  + 2x)^ 
(l-.^-*-(l+a?)*  ’ 

Jj-=1  + i.2x  + ^.4^  + LA|.8x=+- 

1.1.3 
2.4.6 


. 8a;3  + 


")■ 


-i-) 


Hence  fraction 


2x2  + 2x3  4 + 4# 

1 1 .a.T=^) 


2*2+4*3 
= 4 + 2a;. 


1 + 2X 


71.  Five  consecutive  integers  are 

re -2,  re-1,  re,  re  + 1,  re + 2. 

Hence  the  sum  of  their  squares 

= (re  - 2)2 + (re  - l)2  + re2  + (re  + 1)2  + (n  + 2)2 
— 5 n2  + 4 + 1 + 1 + 4 
= 5 (re2 + 2). 

Again  ( n - 3)2  + (re  - 2)2  + (re  - l)2  + re2  + (re  + 1)2  + ( n + 2)2  + (re  + 3)2 
=7re2+9+4+l+l+4+9 
= 7 (re2 + 4). 


x — a = b 


(a  - b)2 
4 (o  + &) 


(a  + b)2  + 4b2 

4 (a + 6) 


= 4 («  + &)  + 


b2 

CL  -I-  b 


72. 
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Hence 


{^(“+">8-§sa+^ 


= Z>2. 


73.  (i)  We  have  1-H+S+jL  =4+jL  ; 

1 19 

a: - 2 + sc-  3 ~ ar  + 2 ’ 

/.  (x  - 3)  (as + 2)  +.(a?  + 2)  (a;  - 2)  = 9 (a;  - 2)  (a;  - 3) ; 
/.  7a;2  - 44ar  + 64  = 0, 

i.e. 

(a; -4)  (7a;  - 16)  = 0. 

(ii) 

From  the  first  equation  subtract  four  times  the  second 
(x  - y)2  - 9 {pc  - y)  + 14  = 0, 

i.e. 

{x-y-2)  (x -y  - 7)—0. 

If 

x-y  = 2,  (a;  + ?/)2  + 6 = 30; 
.-.  ar  + 2/=±2v/6. 

Hence 

a;  = l±N/6  and  y=  -l±*J6. 

If 

x-y  = 7,  (x  + y)2  + 21  = 30; 
x + y = ± 3. 

Hence 

x = 5 and  y = - 2, 

or 

a;  = 2 and  y=  —5. 

74.  Let  G be  the  capital,  and  x per  cent,  the  rate  of  interest. 


Then 

and 

Hence 


°'ioo=100’ 

(o+soo)^=m. 


(C  + 500)  (Cx  -G)  = 10000C ; 

(C  + 500)  (10000  - G)  = 10000G ; 

C2  + 500(7  - 5000000  = 0, 
i.e.  {G- 2000)  (G  + 2500)  = 0. 

Hence  the  sum  invested  was  £2000. 

75.  Multiply  by  x6 ; then,  since  xy~x2+ 1,  we  have 

(x2  + 1)6  + x (x2  + 1)5  - 5x2  (x2  + 1)4  - 4a:3  ( x 2 + 1)3 
+ 6xi  {x2  + 1)2  + 3a;5  (x2  + l)-x6=0. 

Arrange  in  powers  of  x,  and  we  have 

a;12  + x11  + x10  + x9  + a;8  + x7  + x6  + x5  + x4  + xz  + x2  + x + 1 = 0, 
i.e.  (x12-l)l(x-l)  = 0. 
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76. 


x_  = (2a  (1  + v/3)| 

3 a ( . 2a  ^/3  j 


^(1  + 2^3) 


= |(4  + 2x/3)-|(1  + 2V3)  = 1. 


77.  We  have 
and 


1 

2 


(*+y)=J{xy)+ 2, 


2s?/  1 

— = 7^ 

a;  + ?/  5 


Hence  10xy=x2  + xy, 

.'.  x = 9 y (rejecting  x—0). 

Hence,  from  the  first  equation,  we  get  y — 1.  Thus  the  numbers  are 
9 and  1. 


3s  -1  1 2 

6-s-a;2  2-cc  3 + a; 


Hence  the  coefficient  of  xn  is 


2^T+(-1)m+1- 


2 

3TC+1  * 


79.  Put  4a;  + - = w; 

a;  17 

then  4a;2  - xy  + 9 = 0. 

Since  x is  real, 

?/2-4.4.9-jr0, 

i.e.  (t/  — 12)  (t/  + 12)  <t  0. 

Hence,  if  y is  positive,  it  cannot  be  less  than  12. 

£ + 2 

4a;2  + 16s + 25“ 2/5 
4?/s2  + (16?/  - 1)  x + 25y  - 2=0. 

(16?/  - l)2  - 4 . iy  . (25 y - 2)  + 0, 
l-144?/  + 0. 

Hence  y cannot  be  greater  than  ~ . 


Again,  put 
then 

Since  x is  real, 
i.e . 
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80.  I5  + 17  = 2 = ^ . I4 . 24. 

O 

Thus  the  theorem  is  true  when  n=  1. 

Assume  that  /S2n=  5 ni  («+ 1)4* 

O 

Then  S0,  <n+1)  = | • «4  (n  + 1)4  + (n  + 1)5  + (n+ 1)7 

= 5 (n  + 1)4  {«4  + 8 («  + l)  + 8 (ra  + 1)3} 

o 

= i (n + l)4  {«4  + 8#  + 24 n2  + 32 n + 16} 

o 

= ^(»  + l)4(«  + 2)4. 

Thus  the  theorem  is  true  for  2 (n  + 1)  terms  if  it  is  true  for  2 n.  But  it  is 
true  for  2,  and  for  4,  and  for  6 ; and  so  on. 

81.  (c  - a)5  + (a  - 6)5  = { (c  - a)  + (a  - 6)  }5 

- {5  (c  - a)4 (a  - b)  + 10  (c  - a)3  (a-  6)2+ 10  (c  - a)2  (a-  6)3  + 5 (c  -a)  (a  - &)4}, 
/.  (&  - c)5  + (c  - a)5  + (a  - b)5 

— -5  (c-a)  (a-b)  {(c— a)3  + 2 (c-a)2  (a-b)  + 2 ( c-a ) (a  - b)2  + (a  - 5)3} 

= -5  (c-a)  ( a-b ) {(c  - a)  + (a- b)}{(c  - a)2+(c  - a)  (a  - b)  + (a  - b)2} 

= 5 (b-c)  (c-a)  (a-b)  (a2  + b2+c2-bc-ca-ab). 

Or  thus:  Put  b—c  and  the  given  expression  vanishes  ; b - c is  a factor. 
Similarly  c-a  and  a-b  are  factors.  The  given  expression  is  of  the  fifth 
degree,  the  remaining  factor  must  therefore  be  of  the  second  degree  and 
symmetrical  in  a,  b and  c. 

Thus  S (b-c)5  = (b-c)  (c-a)  (a-b)  {L  (a2  + b2  + c2)  + M (bc  + ca  + ab)), 
where  L and  M are  numerical. 

Comparing  the  coefficients  of  64c  we  have  - 5 = -L.  Also  comparing 
the  coefficients  of  b3c2  we  have  10  = L - M.  Hence  L = 5 = - M. 

82.  We  have 

(x  + y + z)  (x  + y -z)  (z  + x-y)  (z-x  + y) 

= {(x  + y)2-z2\z2~(x-y)2 
= 2xy  x2xy,  since  z2—x2  + y2 
= Ax2y2. 


83.  (i)  (x  + 2)(x  + l)-(x-l)(x-2)  = ^(x-2)(x  + l), 


i.e. 


6x  x 44  = 3x  (x  - 2)  (x  + 1) ; 
.-.  x=0, 


or 

whence 

i.e. 
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88  = (*-2)  (x  + 1), 


x2 -x- 90  = 0, 
(a; -10)  (*  + 9)  = 0. 


Thus  the  roots  are  0,  10,  - 9. 


(ii) 

i.e. 


5 x _ 4x  + 30 

( x - 2)  (x  - 3)  (x  - 3)  (a;  - 4)  — (x  - 2)  (x  - 4) ? 

5(a;-4)-a;(a;-2)  = (4a;  + 30)(a;-3); 
/.  5a;2  + 11a  -70  = 0, 

(5a;  - 14)  (x  + 5)  = 0. 


(iii) 


i.e. 

Hence 


or 


x(y+y2)  = 12, 

a;  (1+7/3)  = 18; 

V (1  + 2/)  12  2 

■*  (l+y)(l-y+y*)  18  3’ 

Sy  = 2 (1  -y  + y2).  [If  y + 1 = 0,  x = ao  .] 

.*.  2y2  - 5y  + 2=0, 

(2y-l)(y-2)  = 0. 
y = 2,  and  then  x = 2, 

2/  = ^,  and  then  a;=16. 


84.  Let  the  man  walk  at  x miles  per  hour. 


Then 


mis, 

X - 1 X 

63  1 

4 x{x-l)  ’ 
4a;2  — 4a;  — 63  = 0, 


i.e.  (2x  + 7)(2x-9)  = 0. 

Hence  x = 4£,  for  the  negative  value  is  meaningless. 
Thus  the  rates  are  4^  and  3J  miles  per  hour. 


85. 

and  S*  for  the 


|b4  + 49  ^ J 


S50=~  <34  + 49 


= 500, 

200  + 120  + 72+ . 

_ 200 

~i4 


= 500. 


86.  The  h.m.  between  a and  c is , so  that  b=  — -111 

a+c  a+c 


288 


KEY  TO  ELEMENTARY  ALGEBRA. 


a3  - ft3  + c3  + 3 aftc 

= (a  - 6 + c)  (a2  + ft2  + c2  + 6c  - ca  + ab) 

= (a  - b + c)  { a2  + b2  + c2  + b (c  + a)  - ca} 

= (a-6  + c)  (a2  + 62  + c2) 

= (a-  6 + c)  {a2  + ft2  + c2-  26  (a  + c)  + 2ac} 

= (a  - b + c)3. 

87.  a~2 + 2a-1  (2  - b~2)  + (2  - 6“2)2 = (a"1  + 2 - ft-2)2. 


«*■« 

2U5  + J3)2 

5-3 

(ii)  { 3sc  — 1 + 2 s/[2x2+ x — 6)} 

=J{Zx  -1  + 2 s/(2x  - 3)  JO* + 2)} 

= {2a;  — 3 + a;  + 2+2^/  (2a;  — 3)  ^/(a;  + 2)} 

= V(2a;-3)+N/(^  + 2). 

89.  (y-^)2+(2-a;)2  + (a;-?/)2>0,  unless  x=y=z. 

Hence  22x2>2  ~Lyz. 


\ 

J-  —\f5-\rij3. 


90.  Let 
Then 
and 


wr=(3r  + l)  7r  - 1. 
un+1  = (Sn  + 4)  ln+l  - 1, 
un  = (Zn  + l)  7TO  - 1 ; 

“n+1  - un—  7n  { (3»  + 4)  7 - (3 n + 1)} 
= 7n  {18^  + 27} 

= multiple  of  9. 


Hence  un+l  is  a multiple  of  9 if  un  is  a multiple  of  9. 

But  ux  = (3  + 1)  7 - 1 = multiple  of  9,  whence  the  theorem. 

91.  (i)  xi  + ^yi—{x2  + 2y2)2  - 4a;2?/2 

= (a;2  + 2 xy  + 2 y2)  (a;2  - 2 xy  + 2y2). 
(ii)  (a2  + ft2)  {2  (a4  - a262  + ft4)  - aft  (2aft  - 3a2  + 362) } 

= (a2  + ft2)  {2a4  + 3a3ft  - 4a2ft2  - 3aft3  + 264} 

= (a2  + ft2)  {2  (a2  - ft2)2  + 3aft  (a2  - ft2) } 

= (a2  - ft2)  (a2  + ft2)  { 2a2  + 3aft  - 262} 

= (a  - 6)  (a  + 6)  (a2  + ft2)  (2a  - 6)  (a  + 2 ft). 

92.  Arrange  in  powers  of  a;  then  we  have 

2a3bc  - a2  (ft3  + c3)  - 2aft2c2  + be  (ft3  + c3) 

= 2abc  (a®  - 6c)  - (a2  - 6c)  (ft3  + c3) 

= ( a 2 - 6c)  (2aftc  - ft3  - c3) 

= 0,  since  a2  - ftc  = 0. 
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93.  (i)  Multiply  by  ^/(l  + 2a;) ; then 
l + 2z+V(l-4a:2)  = ^; 

(lOx-  7)2  = 25  (1-4*2); 

200a:2-  140a:  + 24=0; 

(10x-3)  (5x-2)=0. 
x 2 + 3 xy  = 12  - xy, 
a;2  + 3 xy  = 16  y2  - xy  - x2. 

2x2  + 4 xy  - 1 Gy2 = 0 ; 

(*  + 4 y)  {x  - 2y)  — 0. 

4y2  + Gy2-12-2y2: 
y~J=l,  and  a;=±2. 

16y2  - 12  y2  = 12  + 4 y2 ; 

x 3 + 8 y3  = 7 xy=  -7; 

' x6  — 8==  — 7a;3; 

(x3-8)  (a;3  + l)  = 0. 
x = 2 or  2 « or  2w2, 

1 1 , 1 

,2/=__or__u2°r__M. 

x=  - 1 or  - o>  or  - w2, 
y = 1 or  + w2  or  w. 

In  the  above  w is  one  of  the  imaginary  cube  roots  of  1. 

94.  The  roots  are  equal  if 

36  {2k  - l)2  + 12  (/c  + 2)  (38*  + 11)  = 0 ; 

/.  50/c2  + 75/c  + 25  = 0 ; 

(k +1)  (2k  + 1)  = 0. 

Thus  the  values  required  are  K=-lor/c=~|. 

95.  We  have 

( ma3  + nc 3)  (pb3  + qd3)  = {pa3  + qc3)  ( mb3+nd 3); 

( mq  - np)  ( a3d 3 - b3d3)  — 0. 

Hence  mq  - np  = 0,  and  p : q=m  : n, 

or  else  a3d3=b3d3  and  ,\  ad=bd , 

{a,  b,  c,  d being  all  real),  so  that  a : b=c  : d. 

96.  Let  the  population  be  P0  at  the  beginning,  P5  after  5 years,  P10  after 
10  years,  and  P20  after  20  years. 

Then  P0:P5  = P5:PI0; 

•••  P52=P0xPx  o- 


(ii) 

and 

Hence 

If  x = 2 y, 

Ii  x=  -4 y, 

(iii) 
i.e. 

If  a:3- 8 = 0, 
and 

If  a;3+l  = 0, 

and 


K.  s.  E.  A. 
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B“‘  ^4oo-p»; 

P5  = Pov/1-08 

= 100000  X 1-03928 
. =103923. 

Also  P0  : P10  = P10  : P20 ; 

P0P20  = ^o2=  (1-08)2.  P0^; 
P20  = 100000  x (1-08)2 
= 116640. 

97.  The  coefficient  of  - I - A. +]|  + Ag 

__L__L  } i.-0 

360  24  + 60  + 36~  * 


98. 


\{a+b)=^jab-, 


Jab  - 


. 4 (a  + 6)2  = 25a&; 

4a2-17a6  + 462=0, 

(4a -6)  (a  - 46)  = 0. 

2 ab  _ 4 
a + b ~ 5 ‘ 
a = 46; 

862  __  4 
56  ~5; 

Thus  the  numbers  are  8 and  2. 

Ill 

r 1 1 r 

6 - c c-a  a - 6 

_ (c  - a)  (a  - 6)  + (a  - 6)  (6  - c)  + (6  - c)  ( c - a) 
(b  -c)  (c-  a)  ( a - b) 

— a2  — b2  — c2  + be  + ca  + ab 


i.e. 

i.e. 

Also 

Substitute 

then 


26 


6=2. 


99. 


(6  - c)  (c  - a)  (a  - 6) 

__  1 (6  - c)2+  (c  - a)2  + (a  - 6)2 

— 2 (b -c)(c-a)(a-b) 

_ 1 (6  - c)2  + (c  - a)2  + (a  - 6)2 
2 (6  - c)  (a  - c)  (a  - 6)  ’ 

which  is  positive  if  a>b>c. 

(\~x)2  _ (1 ._-_*)* 

1 + X + X2  1 - X2 


■ (1  - 3a;  + 3a;2  - x3)  (1  + x3  + a6+  ...  +x3r+  ...). 


100. 
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The  coefficient  of  #3n  = 1-1  = 0. 

a“  = 3. 

x5n+1=  -3. 

Hence  a.in+2  - aZn+l  = 3 - ( - 3)  = 6. 

101.  a(b-c)  + b(c-a)  + c(a~b)  = 0. 

Hence  {a(b-c)  + b (c-a)  + c (a-  6)}2=0, 

i.e.  a2(b-c)2+b2(c-a)2  + c2(a-b)2 

+ 2 be  ( c -a)  (a  - b)  + 2ca  (a  -b)  (b  - c)  + 2ab  (b  - c ) (c-a)  = 0. 
Hence  2a2(6-c)2=226c(a-6)(a-c). 

102.  (i)  Arrange  in  powers  of  x ; then 

x*  (y  + z)+x  (y2  + 2 yz  + z2  + 2 yz  + 2 yz  - 4yz)  + yz(y  + z), 
i.e.  a:2  (y  + z)  + x(y  + z)2  + yz(y  + z), 

i.e.  (y  + z){x2  + x(y+z)  + yz}, 

i.e.  (y  + z)(z  + x)(x  + y). 

(ii)  The  expression  is 

{ (1  + y)2  - x2  (1  - 2/)2}(l  - #2)  = {1  +y  - x (1  - y)}  {1  +y  +x  (1  - y)}{l  - x)  (1  + x). 


1 3 

103.  (i)  2x-y—l,2y--  = l,  and  -7#+-  = l; 

.•.  Qy  - 7#  = 4, 

and  12#  - &y  = 6. 

.-.  # = 2 and  .'.  y — 3,  and  z = g . 

(ii)  ax  (ax  + 2by)  = Sa2b2  — Sby  (2a#  - by) ; 

.'.  a2x2-4abxy  + 3b2y2  = 0, 
i.e.  (ax -by)  (ax -Sby)  — 0. 

If  ax  — by,  Sax2  = Sab2]  :.  #=±6,  and  then  y=  ±a. 
If  ax  = Sby,  5 by2=a2b] 

a _ 36 

and  I=±v5- 


104. 


Put 


3#2  + 6#  + 1 
4#2  + 2#  - 1 


= y ; then 


(3  - 4y)  x2  + (6  - 2 y)  x + 1 + y =0. 
The  roots  of  the  above  quadratic  will  be  real,  if 
(3  - 7/)2  - (3  - 42/)  (1  + 2/)  0, 

i.e.  if  by'2  - by  + 6 <t  0, 


and  this  is  the  case  for  all  values  of  y,  and  .\  real  values  of  # correspond  to 
any  proposed  value  of  y. 


19—2 
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105.  (a;2  - Sxy^1  + 4?/~2)2. 

Given  expression  = (a:2  - x + 2)2  - 6a;2  + 5x. 

the  given  expression  is  a square  if  6x2  - 5x=0, 

■ A 5 

i.e.  it  x = 0,  or  x = ^. 

6 

Again,  the  expression  = (a:2-  x - l)2  - x + 3,  and  is  a square  if  x = 3. 

106.  If  the  series  is  a,  a + d,  a + 2d,  ...,  we  have 

145  = y{2a  + 9d}, 

and  (a  + 3d)  + (a  + 8d)  = 5 (a  + 2d). 

Whence  a — l and  d— 3. 

l + \/2-v/3  + l + \/2  + V3  -1  + V2  + V/3  + 1-V/2  + V3 

1U/l  (l  + v/2)2-3  + 3- (1  - V2)2 

2 + 2J2  2V/3_1  1 -s/3 

2J2  + 2J2~  + ^2  + J2 

= i{2  + V2  + V6(. 


108.  The  families  can  be  represented  in  (4C3,  i.e.  in)  4 ways.  And  in 
each  case  either  the  husband  or  the  wife  can  be  taken.  Hence  the  whole 
number  is  4 x 23  = 32. 


Or  tlius : The  different  committees  are  shewn  by  the  coefficient  of  x3  in 
the  product 

{l  + ^ + w^a;}  {1  + (h2  + w2)x}  {l  + ^ + Wg)#}  {1  + (hi  + w4)x}. 


Hence  the  number  of  ways  of  choosing  the  committee  is  the  coefficient  of  x3 
in  (1  + 2a;)4,  and  this  number  is 


4.3.2 

1.2.3 


23  = 32. 


109.  (1  - 2a;  - 3a;2)-2  = 1 + 2a;  (2  + 3a;)  + 3a;2  (2  + 3a;)2 

+ 4a:3  (2  + 3x)3  + 5a;4  (2  + 3a;)4  + 6xs  (2  + 3a;)5  + . . . . 
Hence  the  coefficient  of  x3  is 

3 x 12  + 4 x 23  = 68, 

and  the  coefficient  of  x5  is 

4.3.2.32  + 5.4.23.3  + 6.25  = 888. 


no.  

_ 1.3.5  ...  (2n - 3) 

2.4.6  ...  2n 

(1  -a;)-1  = l + a;  + a;2+ +a++ 
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Hence  the  coefficient  of  xn  in  (1  - x)  ^ is  equal  to 


11  1.3  1.3.5  ...  (2n  - 3) 


2 2.4  2.4.6  2.4.6  ...  2n  * 


Hence 


1-5=- 


1^3.5  ...  (2n - i) 
2.4.6...  2n  ’ 

_ 1.3.5  ...  (2n  — 1) 


2.4.6  ...  2n 


Or  thus : 

1.3.5  ...  (2n - 3)  1.3.5  ...  (2?i-3)  1.3.5  ...  (2n-l) 

2.4.6...  2 n “2.4.6  .7  (2n-2)  2.4.6...2ra  ’ 


1.3.5  1.3.5  1.3. 5. 7 

2 . 4.  6 . 8 “ 27476  7 2. 4. 6.8’ 
1.3  1.3  1.3.5 

2.4.6“  274  2.4.6’ 

1 1 1.3 

274“2  “ 2.4’ 


Hence  by  addition 


111.  2 a3  (Z>2  - c2)  = a3  (62  - c2)  - a2  (b3  - c3)  + bW  (b  - c) 

= {b-c){a3{b  + c)~  a2  (62  + be  + c2)  + 62c2} 

= (6  - c)  {62  (c2  - a2)  --  6a2  (c  - a)  - ca2  (c  - a)} 


1.3.5  ...  (2n-l) 
2.4,6...  2n  * 


= (6  - c)  (c  - a)  {62(c  + a)  - a2(6  + c)} 
= (b  -c)  ( c - a ) {c  (52  - a2)  + ba  (b  - a) } 
= (6  - c)  (c  - a)  ( b - a ) (be  + ca  + ab). 


112. 


Hence 


1 2 1_  b-a  2 (b  -a)  1 

#-2a  + a;  + 5 + b “a  (b  + 2a)  b (b  + 2aj  + b 


rv  + rTYTo  \ + 


(6  - a)  (6  + 2a)  1 

a&(6  + 2a)  + 6 

6-o  1 1 
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113.  (i)  Multiply  by  ( x -a)(x-  b) ; then 

b (x  - b)  + a (x  - a)  = 2 (x  - a)  (x  - b)  ; 
2x2  - 3 (a  + b)  x + (a  + b)2=0, 
i.e.  {2x  - (a  + b)}  {x  - (a  + b)}  =0. 


(ii)  Put 

then 


Hence 

and 

whence 

or 

and 

whence 

(iii) 

By  division 

Hence 

or 

When 
and  when 

Thus  the  roots  are 


x + 2 

a^l  = 2/; 

1 25 

y+y- 12; 

. 12?/2-25y  + 12  = 
(4y-9)  (3y  - 4)  = 
x + 2 4 

<“>  ljtl  = 8' 

4a:2  -3a:-  10  = ( 

o 5 

x — 2 or  x—  — - : 


03) 


a;  + 2 _ 3 
x2  - 1 ~ 4 
3SC2 -4a: -11 


= 0, 


a:  = g(2±x/37). 

a;  (os  + 1)  = 6y,  and  a;:i  + 
x(x  + l)  _6 
(x  + l)(x2-x  + l)  ~ 9 ' 


1 = 9y. 
2 

"3’ 


a; + 1 = 0 and  then  y — 0, 
3a:  = 2 (x2  - x + 1)  ; 

2a;2  - 5a:  + 2 = 0, 

(2a;  — 1)  (x-2)  = 0. 


a;= 2, 


y= !. 
1 

»=8- 


-1,0;  2,1  A, 


1 

8 ’ 


114.  Let  A do  the  whole  work  in  x days  and  B in  y days.  Then 
between  them  they  do  ^ + ^th  per  day,  and  they  will  do  the  whole 

in  -^-  days. 
x + y 


XV  _x  . 

+ y * 2 


x 


Hence 
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and 


Hence  x—y  - 6, 

V (?/  ~ 6)  V_  9 . 

2y  - 6 2 

•••  2y  (y  - 0)  = (y  - 4)  (2 y - 6) ; 
.\  y = 12  and  x = 6. 

Hence  the  time  required  = J^-g  = 4 days. 


115. 


a;  + 2a.  x + 2 b 


x-2 a x-2 b 

if  x2  + 2 (a  - b)  x - 4 ab  + x2  -2  (a-b)x  - 4ab  — 2 { x 3 - 2x  (a  + b)  + 4abj, 
i.e.  if 
i.e.  if 


4x  (a  + b)  = 16ab, 
x = 4ab/(a  + b). 

HG.  The  expression  arranged  in  powers  of  x is 

x4  + 2a;3  (y  + z)  + x2  (y2  + z2  + 4 yz)  + 2 xyz  (y  + z)  + y2z2 
= {x2  + x{y  + z)+yz}2 
= {x  + y)2(x  + z)2. 

117.  ^2n4-i  = (w2  + 1)  + (w2  + 2)  + ...  to  (2n  + 1)  terms 

= 2n+i{2«2  + 2 + 2»} 

= (n2  + 7i  + l)  (2/i + 1) 

— 2?i3  + 3?i2  + 3ft  + 1 = 7i3  + (ft  + 1)3. 

118.  Eliminate  z ; then 

c2  ( a-b)2xy  - { a (b  - c)  y + b (c  - a)  x}  {a  (b  - c)  x + b (c  - a)  y}  =0 ; 
-ab  (b-  c)  (c  - a)  (x2  + y2)  + {c2  (a  - b)2  - a2  (b  - c)2-  b2(c  - a)2}  xy  — 0 
.-.  - ab(b  - c)  (c  - a)  ( x 2 - 2 xy  + y2)  — 0, 
for  c2  (a  - b)2  -a2  (b  - c )2  - b2  ( c - a.)2=  - 2ab  (c  - a)  (c  - b). 

Hence  x—y,  for  ab  ( b - c)  (c  - a)  is  not  zero.  Similarly  x=z. 

119.  (1  - 2x  - 4a;2)-3  = 1 + 3a;  (2  + 4x)  + a;2  (2  + 4a;)3 

+ —g  x3  (2  + 4a:)3  + X'1  (2  + 4a;)4  + .... 


Hence  the  coefficient  of  as3 


=o-»+o+6#- 


Also  the  coefficient  of  x4 


=iil-24+rr2-3-22-4+i-T2-16 

= 240  + 480  + 96-816. 
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120. 


a i 1 1-1  9 1.1.3  3 


(1  -x)~x=l  + x + x2  + x2  + .... 

Hence  the  coefficient  of  xn  in  (1  - x )%  x (1  - x)  is 


i-R 


2 2.4  2.4.i 


- . . . ton  terms. 


113  1 

Hence  the  sum  of  — 5 + ...  to  infinity  is  equal  to  A if  the  coeffi- 
Z . 4 Z . 4: . t>  Z 

cient  of  the  nth  term  of  the  expansion  of  (1-a:)- i vanishes  when  n is  very 
great. 

Thus  we  have  to  prove  that 

l,3.5...(2n-l) 

2.4. 6. ..2 n 

vanishes  when  n is  very  great. 

1 2 3 4 2n- 1 2 n 

2 < 3 ’ 4 < 5 ’ 2 n <2n  + l* 

1.3. 5...(2n-  1)  2.4. 6...2n 


Now 

Hence 


But  s r 

2n  + 1 


2.4. 6...2n  3.5. 7...2n  + l ’ 

C 1 . 3 . 5...(2n  - 1) ) 2 _ 1 

' 1 2.4. 6TT2n  ) < 2n+  l ' 

...(2  n- 

2 . 4 7677 TffiT 


A , , 1 . 3 . 5...(2n-l)  . , 

= 0 when  n is  oo  ana  /.  — ^ s — - = (J  when  n is  qo  . 


m y _ * =t 

b-c  c - a a-b  ’ 
x (5  + c)  = t {b-c)  (6  + c), 
y (c  + a)  — t(c-a)(c  + a), 
z (a  + b)  — t(a-b)  (a  + b), 

2®  (&  + c)  = t (&2-c2  + c2-a2  + a2-52)  = 0. 

122.  Divide  in  the  usual  manner,  and  the  remainder  will  be  found  to  be 

-a6-^p6=  -~(p6  + 27a6). 

Hence  the  required  condition  is  that  p6  + 27a6  = 0. 

123.  We  have  to  prove  that 
(1  - a)  x + (1  - b)  y + (1  - c)z  = 0, 

(1  - a2)  x + (1  - b2 ) y + (1  - c2)  z= 0. 


121.  If 

then 


and  that 
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Now  2(1  - a)  x 

= (x  - «)  (!  " b)  (!  - c)  {(^Zj)  (aZ ~C)  + (b-c)  ( b-a ) + (c  - a)  (c  -T) 


c) 

(l-a)(l-6)  (1-c)  , t , > 

= ;1 fy fy A {c-b  + a-c  + b-a} 

(b  -c)(c-  a)  ( a-b ) *• 

= 0. 


1 -1-  (L 


1+6 


1 + c 


Also  2 (1  - a2)  a 

— (1  a)  ( 1 6)  (1  c)  j(a_j^a_c)  1 (b-c)  (b-a)  ' (c-a)(c-b) 

-{ftIgT^^^{(1+a)(c~ft)+(1+&)(tt~c)+(1+c)(5~g)} 

=o. 


124.  We  have 


*2  + a:+l  = 3^/{3  (a;2  + a;  + l)  - 14}, 
(a;2  + a;  + l)2=27  (a:2  + a;  + 1)  - 126, 
(a;2  + x + 1 - 6)  (a;2  + x + 1 - 21)  = 0, 


whence  the  roots  are 


4,  -5,  -2-(-l±N/21). 


125.  Let  the  trains  travel  at  x and  y miles  per  hour  respectively,  then 
they  approach  one  another  at  x + y miles  per  hour,  and  we  have 
15  _L5_18_15_8^ 
x + y~~  x 60  y 60  * 


Hence 


15y  _ 18  and  15a;  _ 8 

x (x  + y)  ~ 60  ’ an  y (x  + y)  ~~  60  ‘ 


Hence 


152  _ 18  1 _ Jy 

(x  + y)2  ~ 60  X 60“  25  ’ 

/.  x + ?/  = 15  x 5 = 75. 


Then 

whence  a;  = 30  and 


15  _ 15  _ 18 
75  “ x 60  ’ 


126.  Put 
then 

Since  x is  real, 


6a;2  - 22a;  + 21  _ 

'5a;2 -18a; + 17" 2/5 

a;2  (6  - 5 y)  - 2x  (11  - 9y)  + 21  - 17y  = 0. 


i.e. 

i.e. 


(11  - 9j/)2  - (6  - 5y)  (21  - 17y)<t0, 
-42/2  + 9y-5<t0, 
- (4y  — 5)  (y  — 1)  <t  0. 
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Hence  ?/  must  lie  between  1 and  V • 

J 4 

Also  when  y = 1,  x = 2; 

and  when  ?/  = -,  * — 1. 


127. 


128. 


(4  + yi5)*  + (4-N/15)*  = (8  + 2yi5)t+(8-2>v/15)^ 

(6  + ^35)$  - (6  - ^35) t (12  + 2 ^35)^  - (12  - 2 ^35)$ 

W5  + V3)3  + (^5  - V3)3  _ 2 (5  ^5  + 3 .v/5 . 3) 

, (x/7  + V5)3 - (x/7 - >^/5)3  2(3. 7^5  + 5 ^5) = 

N1  = l + 2 + 3 + to  n terms. 

N2  = 2 + 5 + 8 + 


Hence 


Sm=m+(m  + 2in-  1)  + to  n terms. 

S1=|{2  + (»-l)},  Ss=^{4+(n-l)31, 


Nw=-  {2m  + n - 1 2m  - 1 } ; 

•*•  + $2  4" + £>m  = 71  (1  + 2 + + TO  ) 


+ -7i(n-l){l  + 3 + 5+ + (2  m — 

= ^ nm  (m  + 1)  + ^ n {n  - 1) . m2 


— g wm  (to  + 1 + mn  - to) 
= ~ mn  (mn+ 1). 


129.  The  expansion  is 


and 


an  + nan~x  b + ” ^ ^ a,l~2^2+ 

Hence  am=l,  «are_1&  = l, 

5^1  «-»•=?. 


Hence  a = l,  then  vh—  1,  and  Y~2  ~ = f ’ 

= -3 

-r 


whence 


6=  - - and  n=  - 3. 


Thus  the  expansion  is  that  of  ( 1 
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130.  The  coefficient  of  x2n  in  (l  + a;)4ri  is 
4 n ! 


2ft  I 2 nl‘ 

Also  {1  + a;  (2  + a;)}2ri=l  + 2ft  . x (2  + #)  + ... 


(2n)! 


(2  n)  I /n 

+ — ; ; a;™  (2  + x)n  + i \ i / i \ ■ ■ 

n ! n 1 (ft  + 1) ! (ft  - 1)  1 

(2  ft)! 


(2  + x)” 


■ (n+2) ! 

The  coefficient  of  x2n  in  the  last  expression 

= W1  , (2n)l  (ft  + 1)  1 

n 1 »!  + (n  + 1)!  (?i  — 1) ! ' (n-1)!  2! 

Ml  (n  + 2)1  .4[ 


(n + 2)1  (ft - 2) ! ' (ft - 2) ! 4! 
(2ft) ! (ft  + r) ! 


Hence 


(ft  + r)!  (ft-r)!  {n-r)\  (2r)\ 

(4 n)\  _ (2 ft)!  (2ft)! 


22r  + 


- 22'1. 


(2ft)!  (2ft)!  ft!  ft!  (ft  - 1)!  (ft-1)!  2! 

(2  ft)! 


(ft-r)!  (ft-r)!  2r! 


22  + . . . 

22r+...+22fl. 


131. 


But 


/ i i i y_  i i i 

\?/-2  z-x  x-y)  ~(y-z)2+ (z-x)2  + (x-y)2 

2 , 2 , 2 
(2  - x)  {x  - y)  + (x  - y)  ( y - z)  + (y  - z)  (z  - x)  ' 

2 1 _ (y-g)  + (g-«)  + (g-y)_0 

(z-a:)  (x-y)  {y  - z)  (z  - x)  {x  - y) 


a 


132.  Any  common  factor  of  the  given  expressions  A and  B is  also 
factor  of 

A-xyB,  that  is  of  {y2  + y)  x + 5y  - 1. 


Also  any  common  factor  of  B and  (y2  + y)  x + 5y  - 1 is  a factor  of 
2 ( y 2 + y)x2+(lly-2)x  + 4:-  2x  [(?/  + y)  x + 5y-  1], 
that  is  of  xy  + 4. 

Hence  if  A and  B have  a common  factor  which  contains  x,  the  expressions 
(y2  + y)  x + 5y-l  and  (y  + 1)  {xy  + 4} 

must  be  identical.  Hence  5y-l  = 4y  + 4,  so  that  y = 5 and  when  y = 5 the 
common  factor  is  5x  + 4 or  a numerical  multiple  of  5a; +4. 

133.  ixy  ~ l)2  >(x2  -1)  (y2  - 1), 

if  x2y2  - 2 xy  + 1 > x2y2  - x2  - y2  + 1, 

if  x2  - 2 xy  + y2>  0, 

and  (a;  - y) 2 is  > 0 for  all  real  values  of  x and  y. 
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134,  (i) 


1,1  jppii. 

x y 6 ’ 

6 (x  + y)=xy  ( x + y ). 


Hence  xy  = 6,  for  x + y cannot  be  zero. 


Also 

i.e. 

From 

we  have  the  solutions 
From 
we  have 

(ii)  We  have 


Hence 


and 


(x  + ij)2  + {x  + y ) - 30  = 0, 

(x  + y + 6)  {x  + y-  5)  =0. 
x + y = 5 and  xy  — 6, 

2,  3;  3,  2. 
x+y  — -6  and  xy  = 8, 
.r=  — 3±/y/3  and  ?/=  — 

(y-  i-i)  (*  + i)=i8, 

0 + i)  0 + i)=  9, 

0 + 1)(?/  + 1)=  8; 

0 + 1)2  = 9 x 8+- 18=4. 
a:  + 1=  ±2; 
y + l=  ±4, 

—1- 


Hence  1,  3,  3 -3,  -5,  - 5 J are  the  solutions. 


135. 


£ s.  d. 
x y z 
2 19  9 
z y X 


£ s.  d. 
x y z 
2 9 


x z y 

It  is  obvious  that  z>  x. 

Hence,  from  the  first  condition,  we  have 

9 + z=x  + 12]  z=x  + 3. 

And,  from  the  second  condition,  we  have  y >z,  and 
^ + 12  — 9 = ?/;  /.  y=z  + 3=cc  + 6. 

If  now  £5.  14s.  be  added,  we  have 

j/  + 14=x  + 6 + 14=a:  + 20, 
and  then  a;  + 5 + l=x  + 6 =y. 

Hence  x and  y are  interchanged. 

a2  a 2 

136.  From  x+— =y  + - , 

x y 

we  have  x -y +a2  (- = 0,  i.e.  (x  - y)  ( 1 - — 

\xy)  \ *y 

Similarly  (x  - z)  ^ 1 - = 0. 
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Hence  (i)  x=y  and  x=z, 
a2 

or  (ii)  x—y  and  1 =0, 


or  (iii)  x=z  and  1 =0, 

xy 


or  (iv)  1 — — 0 and  1 = 0. 


From  (i) 
From  (ii) 
From  (iii) 
From  (iv) 


xy 


x=y=z=  anything. 
x—y  = a2Jz  = anything. 
x = z=  a?ly  = anything. 
y = z=  a? lx = anything. 


137. 


and 


1 _3^/2-4_3 

V2  + 4 18-16  2V 


Hence  the  three  are  in  a.p.  whose  common  difference  is  - *J2  - 1. 

CL 


138.  If  b,  c,  d are  in  a.p., 

a-d  = 3 (a  — b)  = 3 (c  — d); 

Sb  = 2a  + d and  3e  = a + 2d. 
And,  if  a,  g,  h,  d are  in  H.p. 

1 


Sad  , , Sad 

— and  h=  - 

a + 2d  2 a+d 


Hence  bh  = ad  and  gc  = ad. 
Also,  if  a,  e,  f,  d are  in  g.p., 


a = and  /.  ad=ef 1 


2 

139.  Substitute  for  x ; then  we  have 

2 — x 

{ 16/(2  - a;)4  - 32/(2  - x)3  + 16/(2  - x)  - 4 }2 
{4/(2  - x)2  - 4/(2  -aj)  + 2}4 
{4  - 8 (2  - x)  + 4 (2  - a;)3  - (2  - a;)4}2 
{2-2(2-x)+(2-xfY 
(4  - 8a:  + 4a;3 -a:4)2 
" j2-2x-\-x2)i  * 
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140. 


{(1  - x - y - z)  (1  - x — y — z + \xyz) 


= (1  -x-y-z)[  1 + 


4 xyz 


= (1  -x-y-z)  |l  + ^.  x 
Hence  the  coefficient  of  xyz  is  2. 


1 -x-y-z 
4xyz 


16  x2y2z2 


x-y-z  2.4  (1- x-y-z)2 


141.  Arrange  the  dividend  in  ascending  powers  of  a ; then 
x + y - 4a  )x3  + y3  - 6a  ( x2  + y 2)  + 11a2  (x  + y)  - 12a3  (x2-xy  + y2-2a(x+y)  + 3a2 
x3  + y3  - 4a  (x2  - xy  + y 2) 

-2  a(x  + y)2  + lla2(a;  + f/) 

-2a  (a;  +y)2+  8 a2  (x  + y) 

3a2  (x  + y)  - 12a3 
3a2  (x  + y ) - 12a3 


142.  (cy  + bz)3  + (ay  + cz)3  + (by  + az )3  -3  (cy  + bz)  (ay  + cz)  (by  + az) 

= {(cy  + bz)  + (ay  + cz)  + (hy  + az)\  {2  (cy  + bz)2 - 2 (cy  + bz)  (ay  + cz)}. 
Now  (cy + bz)  + (ay + cz)  + (by + az)  = (a  + b + c)  (y  + z)  = 0, 

since  a + 6 + c = 0. 

Hence  the  sum  of  the  cubes  of  cy  + bz,  ay  + cz  and  (by  + az)  minus  thrice 
their  product  is  zero. 

143.  (i)  Multiply  by  ^/(x  - 3);  then 

(x-3)^(a;-2)  + 5^(x-2)  = V{(tf  + 2)(a;  + 4)  (*~3)}. 

Square  both  sides ; then 

(x  -3)2  (x  — 2)  + 25  (a;  - 2)  + 10  (x  -3)(x-2)  = (x  + 2)  (x  + 4)  (x  - 3) ; 

.*.  x3  - 8a;2  + 21a;  - 18  + 25a;  - 50  + 10a;2  - 50a;  + 60  = x3  + 3x 2 - 10a;  - 24 ; 

.\  a;2-6x- 16  = 0,  i.e.  (x  - 8)  (x  + 2)  = 0. 

(ii)  ax -by  — a, 2 + b2, 

and  (a2  - b2)  (bx  + ay)  = (a2  + b2)  xy . 

Substitute  for  y ; then 

(a2  - b2)  {b2x  + a2x  - a (a2  + b2)}  = (a2  + b2)  x (ax  -a2- b2) ; 

( a 2 - b2)  {x-a}=x  (ax  -a2  - b2) ; 

.*.  x2-2ax  + (a2-Z>2)  = 0; 
x — a^b. 

And  then  y = (ax-a2-b2)/b=  ±a-b. 

(hi)  x3  + l = 81  (y2+y), 

and  x2  + x—  9(?/3  + l); 

.'.  x3  + 3x2+3x  + 1 = 27  (y3  + 3y2  + 3y  + 1), 

(x  + l)3  = 27(y  + l)3; 

,\  a; + 1 = 3 (y  + 1),  or  x + l = 3o>  (y  + 1),  or  x + 1 = 3w2  (y  + 1). 


i.e. 


If 

we  have 
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# + l = 3(t/  + l), 


(3?/  + 2)3  + l=81  (y2  + y)', 
3ys  - 3y2  -ay  + l — 0, 
(y  + 1)  (3y2-Qy  + l)  = 0; 


Then 


x=  -1  or  x = 5 i^/6. 


The  imaginary  roots  can  be  found  in  a similar  manner  from 
® + l = 3w  (y  + 1). 

144.  Let  there  be  x gallons  of  wine  and  y of  water. 

Then  - = |. 

V 3 

Now  16  gallons  of  the  mixture  contains  10  gallons  of  wine  and  6 of 
water.  Hence  after  the  substitution  of  the  water,  there  will  be  x — 10  gallons 
of  wine  and  ?/  + 10  of  water,  so  that 


146.  Let  a,  ar,  ar 2 be  the  three  quantities  in  g.p.  ; then  we  have  to 
prove  that 


and 

whence 


Hence 


a; -10  _ 3 
y + 10  5 ' 

3x  = 5y, 

5x  - 50  = 3y  + 30, 

x — 25  and  y = 15. 


145.  Each  fraction 


(bx  - ay)  + ( cx  - az)  + a (z  + y) 
(cy  - az)  + (by  - ax)  + a (x  + z) 


a + ar,  2 ar,  ar  + ar2 


are  in  h.p.,  or  that 


1_ 

a (1  + r)  ’ 2 ar 


- — and 


ar  (1  +r) 


1 


are  in  a.  p.  ; or  that 


_2_  1 1 

2ar  a ( 1 + r)  ar  (1  + r) 


which  is  obvious. 


147.  We  have  26  = a + c and  b2=a(c  + l). 

Hence  b2  - a = ac  = ‘2ab  - a2 ; a = (a-b)2=(b  — c)2. 
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148.  If  x and  y are  positive  and 


it  follows  that 
Then  from 


149. 


Then 

Hence 


1 + 2/’ 

y<  1 and  x<l. 

x + xy<l-y, 
xy  + y<\~x\ 


y< 


1-x 

1+x' 


,yj__  (x,y\*_ 

:i2  + b2  \a  bj  ab ’ 


2 = (<r/a  + ?//b)2  + 2,  and  xja  + y/b^O, 

x = 


bx 


2-b2  , a2  - ft2 

— — and  y — . 

b J a 


- (a2  - 62)2/a6  — xy=  — ab  ; 
(a2  — b2)2=a3b2. 


150.  (1  — * + a:2)-1  = (1  + #)  (1  +#3)-1 

= (l+x)  (1  — a;3  + a;6  - l)r£C3r+  ...). 

Hence  coefficient  of  x3n  is  ( - l)n=p3n. 


Also 


Hence 


T3^»  = i(1-2*)-1+5(l+*)-1 

= ^{l  + 2x  + (2x)2+...  + (2x  f+...} 

+ g {1  ~X  + X2  + ...  + (-  l)rXr  + 

qn=§.2"+~(-l)» 

3qn  = 2n+i  + (-l)”  = 2n+i+p3n. 


151.  42  (<r3 - a3)  (s-a)  = (-a3  + b3  + cs)  (-  a + b + c ) 

+ (a3  — bii  + c3)  (a  - 6 + c)  + (a3  + 63  - c3)  (a  + Z>  - c) 
= {32a4 -263c}. 


Also 


2a4-s<r3=2a4- ^(a3  + 63  + c3)  (a  + b + c) 

= | {42a4 -2a4 -26%}. 

2 (a3  - a3)  (s  - a.)  = 2a4  - scr*. 


Hence 
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152.  ( bz-cy ) (a  + x)  + (cx-az)  (b  + y)  + (ay  - bx)  (c  + z)  = 0. 

Divide  the  terms  in  order  by  a2  - x 2,  62  - y2,  c2  - z2  which  are  all  equal ; 
then 

(bz-cy)  (a  + x)  (cx-az)  ( b + y ) ( ay-bx ) (c  + g)  . 

a2 -a:2  b2-y2  c2-z 2 ’ 

zt3=o. 

a-x 

153.  Since  a;  + i/  + 3=0,  2a;2  + 22?/2  = 0 ; 

and,  since  a + 6 + c = 0,  2a2  + 226c  = 0. 

Now  2 (x2  + a2)  (yz  - be) 

= Zx2yz  - Za2bc  + Za2yz  - Zx2bc 
= xyzZx  - abcZa  + Za2yz  - 2 x2bc 
= 2 a2yz  - 2 x2bc 

= 2 a2  (z  + x)  ( x + y ) - 2a;2  (c  + a)  ( a + b ) 

= 2a2a;2  + 2 a2 . Zyz  - 2 x2a2  - 2a;2 . 2 be 
= - 22 be  . "Zyz  + 22 yz  . 26c  = 0. 

154.  (i)  x(y  + z)  = li, 

y (2  + a;)  = 18, 
z (x  + y)  = 20. 

Subtract  each  from  the  sum  of  the  other  two  ; then 
2yz  — 24:,  2zx =16,  2xy  = 12. 

Hence  a;2y222=12  x 8 x 6 ; 

.'.  xyz  = ± 24 ; 

...  * = i. 

2 3 4 

(ii)  y + z — Qxyz, 

z + x = 10  xyz, 
x + y — 12  xyz. 

Subtract  each  from  the  sum  of  the  other  two  ; then  we  have 
a;  = 8 xyz,  y — ^xyz,  z = 2xyz. 

Hence  xyz  = 8.4.2  (xyz)3 ; 

xyz  = 0 from  which  we  get  x=y  — z = 0, 

1 

or  xyz=±~. 

Hence  x — 2y~4:Z  = ± 1. 

155.  Let  A travel  x miles  per  day  ; then  B travels  x - 6 miles  per  day. 
They  approach  at  2a;  - 6 miles  per  day,  and  .*.  meet  in  180/(2a;  - 6)  days. 

K.  S.  E.  A.  20 
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Hence 


whence 

i.e. 


a 360 
*-6  = 2^6’ 
a;2  -9a;  -162  = 0, 

(x  - 18)  (a?  + 9)  = 0. 

Thus  A goes  18  miles  and  B goes  12  miles  a day.  [The  negative  value 
of  x is  meaningless.] 

156.  y-z  + x : z-x+y=x-y+z  : x + y + z, 

if  (y  -z  + x)  (x  + y + z)  = (z-x+y)  (x-y  + z), 

i.e  if  x2 +y2  - z2  + 2xy = z2  - x2  - y2  + 2xy , 

i.e.  if  x2  + y2=z2. 

157.  Let  a and  b be  the  given  quantities,  then  the  inserted  means  will 
be  ^ (2 a + b)  and  ^ (a  + 26). 


Now 


| (2 a + b)  . ^ (a  + 26)  > ab, 
o o 


if 

i.e.  if 
i.e.  if 

which  is  obvious. 


(2a  + b)  (a + 26)  - 9a6>0, 
2a2-  4a6  + 262>0, 

2 (a  - 6)2>0, 

te' 

■j$y 

158.  If  a,  b,  c are  in  h.p.,  b — 2acj{a  + c).  f 
Hence  a + c>26, 

4ac 

if  a + c > , 

a + c 

i.e.  if  (a  + c)2>4ac, 

since  a and  c are  both  positive  ; 


i.e.  if 

Again,  since 


if  n be  positive,  and 
Hence 


159.  Put 
then 

Hence 


(a  - c)J>0. 

(a  + c)2>22ac, 
n n 

(a  + c)n>2na2c2, 
n n 

an  + cn>2d2c2. 

(an  + cn)  (a  + c)n  > 2n+1  an  cn, 

.-.  an  + cn>2.  (— \ >2bn. 

\a  + cj 

ax2  =.by2—cz2— X2 ; 
x=\/*Ja,  y^=\/Jb  and  z = X/N/c. 

2 X3  _^2  X3  2 X3  5 

a2. r +62.  rr+c2  . — r = pJ; 

a*/ a b sjb  c^/c 

:.  \3=p5l(s/a+s/b  + s/c). 
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Also 

sJalX+^blX+^cimi/p ; 

X3=p3  {Ja  + Jb  + ^cf. 

Hence 

li2  = (fJa  + Jb  + fJc)4, 

ijp—fja  + is/b  + tjc. 

160.  ( 

l\~2n  2 n 1 2rc(2«  + l)/l\2 

2/  “ + 1 ‘ 2+  1.2  \2 J 

2 n (2ra  + l)  (2n  + 2) 

+ 1.2.3 


1 +n  + 


(»+ 1) 


1 . 2 

2 n 1 2n  ( 2n  - 1) 


1.2.3 

1\? 


1 ' 2 


1.2 


G) 


2 n (2n  - 1)  (2n-2) 
1.2.3 


: 1 + n + 


b(*"5 


(»-l) 


1.2 


1.2.3 


Hence  the  product  of  the  two  series 


®amtmtig£ : 

PRINTED  BY  JOHN  CLAY,  M.A„ 
AT  THE  UNIVERSITY  PRESS. 


WORKS  BY  THE  REV.  J.  B.  LOCK,  M.A. 

ARITHMETIC  FOR  SCHOOLS.  New  Edition, 

revised  and  enlarged.  With  or  without  Answers.  Globe  8vo. 
4s.  6 d.  Also  issued  in  Two  Parts.  Part  I.  2s.  Part  II.  3s. 

KEY  TO  ARITHMETIC  FOR  SCHOOLS.  By  the 

Rev.  It.  G.  Watson,  M.A.,  formerly  Head  Master  of  the  Grammar 
School,  Halstead,  Vicar  of  Gussage,  All  Saints,  Dorset.  Grown 
8vo.  10s.  6d. 

EXAMPLES  IN  ARITHMETIC  FOR  SCHOOLS. 

Globe  8vo.  3s.  Answers.  Globe  8vo.  Sewed.  6d. 

ARITHMETIC  FOR  SCHOOLS.  Revised  and  en- 
larged with  the  assistance  of  V.  M.  Turnbull,  M.A.  Part  I.  With 
Answers,  2s.  Part  II.  With  Answers,  3s.  Complete  with  or  without 
Answers.  Extra  crown  8vo.  4s.  6d. 

ARITHMETIC  FOR  BEGINNERS.  A School  Class- 

Book  of  Commercial  Arithmetic.  Globe  8vo.  2s.  6 d. 

KEY  TO  ARITHMETIC  FOR  BEGINNERS.  By 

the  Rev.  R.  G.  Watson,  M.A.  Crown  8vo.  8s.  6 d. 

A SHILLING  BOOK  OF  ARITHMETIC.  Pott  8vo. 

Is.  Also  with  Answers.  Is.  6 d. 

KEY  TO  SHILLING  ARITHMETIC.  By  Henry 

Carr,  B.A.,  of  Her  Majesty’s  Education  Office,  Lagos,  West 
Africa.  Crown  8vo.  8s.  6 d.  net. 

A TREATISE  ON  ELEMENTARY  TRIGONO- 

METRY. Extra  Fcap.  8vo.  4s.  6 d. 

KEY  TO  ELEMENTARY  TRIGONOMETRY.  By 

Henrv  Carr,  B.A.,  of  the  Grammar  School,  Lagos,  West  Africa. 
Crown  8vo.  8s.  6d. 

A TREATISE  ON  HIGHER  TRIGONOMETRY. 

Globe  8vo.  4s.  6 d. 

A TREATISE  ON  ELEMENTARY  TRIGONO- 
METRY AND  HIGHER  TRIGONOMETRY.  Extra  Fcap.  8vo. 
7s.  6d. 


MACMILLAN  AND  CO.,  Ltd.,  LONDON, 


DATE  DUE  SLIP 

F.  255 

r 


QA  152  S64  1906  SOL- 
SMITH  CHARLES  1844-1916 
ELEMENTARY  ALGEBRA 


39455022  CURR  HIST 


*0000085067 1 9* 


CA  152  S64  1906  scl. 

Smith,  Charles,  1844-1816* 
Elementary  algebra 


39455022  CURR  EIST 


